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1.2 the cross product

We saw that the dot-product gives us a natural way to check if a pair of vectors is orthogonal. You
should remember: ~A, ~B are orthogonal iff ~A •

~B = 0. We turn to a slightly different goal in this
section: given a pair of nonzero, nonparallel vectors ~A, ~B how can we find another vector ~A × ~B

which is perpendicular to both ~A and ~B? Geometrically, in R
3 it’s not too hard to picture it:

My intent in this section is to motivate the standard formula for this product and to prove some
of the standard properties of this cross product. These calculations are special to R

3.

Remark 1.2.1.

Forbidden jitzu ahead, In R
n the story is a bit more involved, we can calculate the orthogonal

complement to span{ ~A, ~B} and this produces an (n − 2)-dimensional space of orthogonal
vectors to ~A, ~B. If n = 4 this means there is a whole plane of vectors which we could choose.
Only in the case n = 3 is the orthogonal complement simply a one-dimensional space, a
line.

Therefore, suppose ~A, ~B are nonzero, nonparallel vectors in R
3. I’ll calculate conditions on ~A× ~B

which insure it is perpendicular to both ~A and ~B. Let’s denote ~A × ~B = ~C. We should expect ~C

is some function of the components of ~A and ~B. I’ll use ~A = 〈A1, A2, A3〉 and ~B = 〈B1, B2, B3〉
whereas ~C = 〈C1, C2, C3〉

0 = ~C •
~A = C1A1 + C2A2 + C3A3

0 = ~C •
~B = C1B1 + C2B2 + C3B3

Suppose A1 6= 0, then we may solve 0 = ~C •
~A as follows,

C1 = −
A2

A1

C2 −
A3

A1

C3

Suppose B1 6= 0, then we may solve 0 = ~C •
~B as follows,

C1 = −
B2

B1

C2 −
B3

B1

C3

It follows, given the assumptions A1 6= 0 and B1 6= 0,

A2

A1

C2 +
A3

A1

C3 =
B2

B1

C2 +
B3

B1

C3
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Multiply by A1B1 to obtain:

B1A2C2 +B1A3C3 = A1B2C2 +A1B3C3

Thus,
(A1B2 −B1A2)C2 + (A1B3 −B1A3)C3 = 0

One solution is simply C2 = A1B3 − B1A3 and C3 = A1B2 − B1A2 and it follows that C1 =
A2B3 − B2A3. Of course, generally we could have vectors which are nonzero and yet have A1 = 0
or B1 = 0. The point of the calculation is not to provide a general derivation. Instead, my intent
is simply to show you how you might be led to make the following definition:

Definition 1.2.2. cross product.

Let ~A, ~B be vectors in R
3. The vector ~A× ~B is called the cross product of ~A with ~B and

is defined by

~A× ~B = 〈 A2B3 −A3B2, A3B1 −A1B3, A1B2 −A2B1 〉.

We say ~A cross ~B is ~A× ~B.

It is a simple exercise to verify that

~A • ( ~A× ~B) = 0 and ~B • ( ~A× ~B) = 0.

Both of these identities should be utilized to check your calculation of a given cross product. Let’s
think about the formula for the cross product a bit more. We have

~A× ~B = (A2B3 −A3B2) x̂1 + (A3B1 −A1B3) x̂2 + (A1B2 −A2B1) x̂3

distributing,

~A× ~B = A2B3 x̂1 −A3B2 x̂1 +A3B1 x̂2 −A1B3 x̂2 +A1B2 x̂3 −A2B1 x̂3

The pattern is clear. Each term has indices 1, 2, 3 without repeat and we can generate the signs
via the antisymmetric symbol ǫijk which is defined be zero if any indices are repeated and

ǫ123 = ǫ231 = ǫ312 = 1 whereas ǫ321 = ǫ213 = ǫ132 = −1.

With this convenient shorthand we find the nice formula for the cross product that follows:

~A× ~B =

3∑

i,j,k=1

AiBjǫijk x̂k

Interestingly the Cartesian unit-vectors x̂1, x̂2, x̂3 satisfy the simple relation:

x̂i × x̂j =
3∑

k=1

ǫijk x̂k,
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which is just a fancy way of saying that

x̂× ŷ = ẑ, ŷ × ẑ = x̂, ẑ × x̂ = ŷ

There are many popular mneumonics to remember these. The basic properties of the cross product
together with these formula allow us to quickly calculate some cross products (see Example 1.2.7 )

Proposition 1.2.3. basic properties of the cross product.

Let ~A, ~B, ~C be vectors in R
3 and c ∈ R

1. anticommutative: ~A× ~B = − ~B × ~A,

2. distributive: ~A× ( ~B + ~C) = ~A× ~B + ~A× ~C,

3. distributive: ( ~A+ ~B)× ~C = ~A× ~C + ~B × ~C,

4. scalars factor out: ~A× (c ~B) = (c ~A)× ~B = c ~A× ~B,

Proof: once more, the proof is easy with the right notation. Begin with (1.),

~A× ~B =

3∑

i,j,k=1

AiBjǫijk x̂k = −

3∑

i,j,k=1

AiBjǫjik x̂k = −

3∑

i,j,k=1

BjAiǫjik x̂k = − ~B × ~A.

The key observation was that ǫijk = −ǫjik for all i, j, k. If you don’t care for this argument then
you could also give the brute-force argument below:

~A× ~B = 〈 A2B3 −A3B2, A3B1 −A1B3, A1B2 −A2B1 〉

= −〈 A3B2 −A2B3, A1B3 −A3B1, A2B1 −A1B2 〉

= −〈 B2A3 −B3A2, B3A1 −B1A3, B1A2 −B2A1 〉

= − ~B × ~A. (1.4)

Next, to prove (2.) we once more use the compact notation,

~A× ( ~B + ~C) =
3∑

i,j,k=1

Ai(Bj + Cj)ǫijk x̂k

=
3∑

i,j,k=1

(AiBjǫijk x̂k +AiCjǫijk x̂k)

=

3∑

i,j,k=1

AiBjǫijk x̂k +

3∑

i,j,k=1

AiCjǫijk x̂k

= ~A× ~B + ~A× ~C.
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The proof of (3.) follows naturally from (1.) and (2.), note:

( ~A+ ~B)× ~C = − ~C × ( ~A+ ~B) = − ~C × ~A− ~C × ~B = ~A× ~C + ~B × ~C.

I leave the proof of (4.) to the reader. �

The properties above basically say that the cross product behaves the same as the usual addition
and multiplication of numbers with the caveat that the order of factors matters. If we switch the
order then we must include a minus due to the anticommutivity of the cross product.

Example 1.2.4. .

There are a number of popular tricks to remember this rule. Let’s look at a particular example a
couple different ways:

Example 1.2.5. .
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Example 1.2.6. .

Therefore,

Technically, this formula is not really a determinant since genuine determinants are formed from
matrices filled with objects of the same type. In the hybrid expression above we actually have one
row of vectors and two rows of scalars. That said, I include it hear since many people use it and
I also have found it useful in past calculations. If nothing else at least it helps you learn what a
determinant is. That is a calculation which is worthwhile since determinants have application far
beyond mere cross products.
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Example 1.2.7. .

The calculation above is probably not the quickest for the example at hand here, but it is faster
for other computations. For example, suppose ~A = 〈1, 2, 3〉 and ~B = x̂ then

~A× ~B = ( x̂+ 2 ŷ + 3 ẑ)× x̂ = 2 ŷ × x̂+ 3 ẑ × x̂ = −2 ẑ + 3 ŷ.

For me, this is quicker than the determinant formula.

Example 1.2.8. once more I contrast the calculational strategies:
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There are a number of identities which connect the dot and cross products. These formulas require
considerable effort if you choose to use brute-force proof methods.

Proposition 1.2.9. nontrivial properties of the cross product.

Let ~A, ~B, ~C be vectors in R
3

1. ~A× ( ~B × ~C) = ( ~A •
~C) ~B − ( ~A •

~B) ~C

2. Jacobi Identity: ~A× ( ~B × ~C) + ~B × ( ~C × ~A) + ~C × ( ~A× ~B) = 0,

3. cyclicity of triple product: ~A • ( ~B × ~C) = ~B • ( ~C × ~A) = ~C • ( ~A× ~B)

4. Lagrange’s identity: || ~A× ~B||2 = || ~A||2 || ~B||2 −
[
~A •

~B
]2

Proof: I leave proof of (1.) and (2.) to the reader. Let’s see how (3.) is shown in the compact
notation. Note ( ~B × ~C)k =

∑
ij BiCjǫijk hence

~A • ( ~B × ~C) =

3∑

k=1

Ak

3∑

i,j=1

BiCjǫijk

=

3∑

i,j,k=1

BiCjAkǫijk

=

3∑

i,j,k=1

CjAkBiǫjki

=

3∑

i,j,k=1

AkBiCjǫkij

where we have used the cyclicity of the antisymmetric symbol ǫijk = ǫjki = ǫkij . The cyclicity of
the triple product follows. Try to prove this without summations, it takes considerable patience.
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Now we turn our attention to Lagrange’s identity. I begin by quoting a useful identity connecting
the antisymmetric symbol and the Kroenecker delta,

3∑

k=1

ǫijkǫlmk = δilδjm − δimδjl

Consider that,

|| ~A× ~B||2 =

3∑

k=1

( ~A× ~B)2k

=

3∑

k=1

( 3∑

i,j=1

AiBjǫijk

)( 3∑

l,m=1

AlBmǫlmk

)

=

3∑

i,j,k,l,m=1

3∑

k=1

AiAlBjBmǫijkǫlmk

=

3∑

i,j,l,m=1

AiAlBjBm(δilδjm − δimδjl)

=

3∑

i,j,l,m=1

AiAlδilBjBmδjm −

3∑

i,j,l,m=1

AiBmδimBjAlδjl

=

3∑

i,j=1

A2

iB
2

j −

3∑

i,j=1

AiBiBjAj

=
3∑

i=1

A2

i

3∑

i=1

B2

j −
3∑

i=1

AiBi

3∑

j=1

BjAj

= || ~A||2|| ~B||2 −
[
~A •

~B
]2
.

I leave derivation of the crucial identity to the reader. �.

Use Lagrange’s identity together with ~A •
~B = AB cos(θ),

|| ~A× ~B||2 = A2B2 − [AB cos(θ)]2 = A2B2(1− cos2(θ)) = A2B2 sin2(θ)

It follows there exists some unit-vector n̂ such that

~A× ~B = AB sin(θ)n̂
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The direction of the unit-vector n̂ is conveniently indicated by the right-hand-rule. I typically
perform the rule as follows:

1. point fingers of right hand in direction ~A

2. cross the fingers into thr direction of ~B

3. the direction your thumb points is the approximate direction of n̂

I say approximate because ~A× ~B is strictly perpendicular to both ~A and ~B whereas your thumb’s
direction is a little ambiguous. But, it does pick one side of the plane in which the vectors ~A and
~B reside.

Example 1.2.10. .

Example 1.2.11. .
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Example 1.2.12. .

Example 1.2.13. Another important application of the cross product to physics is the Lorentz

force law. If a charge q has velocity ~v and travels through a magnetic field ~B then the force due to

the electromagnetic interaction between q and the field is ~F = q~v × ~B.

Finally, we should investigate how the dot and cross product give nice formulas for the area of a
parallelogram or the volume of a parallel piped. Suppose ~A, ~B give the sides of a parallelogram.

Area = || ~A× ~B ||

The picture below shows why the formula above is true,
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On the other hand, if ~A, ~B, ~C give the corner-edges of a parallelogram then

V olume =
∣∣ ~A • ( ~B × ~C)

∣∣

These formulas are connected by the following thought: the volume subtended by ~A, ~B and the
unit-vector n̂ from ~A× ~B = AB sin(θ)n̂ is equal to the area of the parallelogram with sides ~A, ~B.
Algebraically:

∣∣ n̂ • ( ~A× ~B)
∣∣ =

∣∣ n̂ • (AB sin(θ)n̂)
∣∣ = |AB sin(θ)| = || ~A× ~B||.

The picture below shows why the triple product formula is valid.

Example 1.2.14. .

Moreover, given this geometric interpretation we find a new proof (up to a sign) for the cyclic
property. By the symmetry of the edges it follows that | ~A • ( ~B × ~C) | = | ~B • ( ~C × ~A) | =
| ~C • ( ~A× ~B) |. We should find the same volume no matter how we label width, depth and height.


