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1.3 lines and planes in R
3

There are two main viewpoints to describe lines and planes. The parametric viewpoint introduces
parameters which label points on the object of interest. For a line we need one parameter, for a
plane we need two parameters. On the other hand, we can view lines and planes just in terms of
the solution sets of the cartesian coordinates x, y, z. In constrast, we need one equation to describe
a plane whereas we need two equations to fix a line. In between these two viewpoints is the concept
of a graph. A graph takes one or more of the Cartesian coordinates as parameter(s) and as such it
can easily be thought of as a parametrization. On the other hand, a graph is given by an equation
involving only cartesian coordinates so it is easy to think of it as a solution set9. Connecting
these viewpoints and gaining a geometric appreciation for both is one of the main themes of this
course. Finally, I return to the projection to the plane and we examine the connection between the
dot-product based projection and the normal to the plane.

1.3.1 parametrized lines and planes

The parametric equations10 for lines and planes are very natural if you have a proper understanding
of vector addition.

Definition 1.3.1. parametrized line.

The line L which points in the ~v-direction and passes through some point ~ro has the natural
parametrization given by

~r(t) = ~ro + t~v

Definition 1.3.2. parametrized plane.

The plane S which contains the point ~ro and the vectors ~A, ~B has a natural parametrization
is given by

~r(u, v) = ~ro + u ~A+ v ~B.

9in later sections we will refer to the solution set formulation as a level set formulation
10 I assume the reader has familarity with these terms from calculus II, although, I do provide general definitions

later in this chapter. These are the two most basic examples
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If you wish to select a subset of the line or plane above you can appropriately restrict the domain
of the parameters. For example, one is often asked to find the parametrization of a line-segment
from a point P to a point Q. I recommend the following approach: for 0 ≤ t ≤ 1 let

~r(t) = P (1− t) + tQ.

It’s easy to calculate ~r(0) = P and ~r(1) = Q. This formula can also be written as

~r(t) = P + t(Q− P ) = P + t [
−−→
PQ].

If we let t go beyond the unit-interval then we trace out the line which contains the line-segment PQ.

Example 1.3.3. Find the parametrization of a line segment which goes from (1, 3) to
(5, 2). We use the comment preceding this example and construct:

~r(t) = (1, 3) + t[(5, 2)− (1, 3)] = 〈1 + 4t, 3− t〉

On the other hand, if we wish to parametrize just the parallelogram in the plane with corners ~ro,
~ro + ~A, ~ro + ~B and ~ro + ~A + ~B we may limit the values of the parameters u, v to the unit square
[0, 1]× [0, 1]; that is, we demand 0 ≤ u ≤ 1 and 0 ≤ v ≤ 1.
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Example 1.3.4. Find parametrization of plane containing the vectors
〈1, 0, 0〉, 〈0, 1, 0〉 and the point (1, 2, 0). We use the natural parametrization:

~r(u, v) = (1, 2, 0) + u〈1, 0, 0〉+ v〈0, 1, 0〉 = (1 + u, 2 + v, 0).

If we allow (u, v) to trace out all of R
2 then we will find the parametrization above covers the

xy-plane. Scalar equations which capture the same are x = 1 + u, y = 2 + v, z = 0. If we restrict

the parameters to 0 ≤ u, v ≤ v then the mapping ~r just covers [1, 2]× [2, 3]× {0}.

Example 1.3.5. Suppose ~r(u, v) = (1 + u + v, 2 − u, 3 + v) with (u, v) ∈ R
2 parametrizes

a plane. Find the two vectors which lie in the plane and a point on its surface. The

solution is to work backwards in comparison to the last example. We wish to rip apart the formula

so that we can identify ~ro and ~A, ~B for the given ~r.

~r(u, v) = (1 + u+ v, 2− u, 3 + v) = (1, 2, 3) + u(1,−1, 0) + v(1, 0, 1)

Identify the point (1, 2, 3) is on the plane, in fact it ~r(0, 0) = ~ro. Moreover, the vectors 〈1,−1, 0〉
and 〈1, 0, 1〉 lie on the plane. You can verify that 〈1,−1, 0〉 connects ~r(0, 0) = (1, 2, 3) and ~r(1, 0) =
(2, 1, 3) whereas 〈1, 1, 0〉 connects ~r(0, 0) = (1, 2, 3) and ~r(0, 1) = (2, 2, 4).

1.3.2 lines and planes as solution sets

Definition 1.3.6. vector equation of plane.

We say that S ⊂ R
3 is a plane with base point ~ro and normal vector ~n iff each ~r ∈ S

satisfies
(~r − ~ro) •~n = 0. (vector equation of plane)

The geometric motivation for this definition is simple enough: the normal vector is a vector which
is perpendicular to all vectors in the plane. If we take the difference ~r−~ro then this will be a vector
which lies on the plane and consequently we must insist they are orthogonal. Here’s a picture of
why the definition is reasonable:

Note that the same set of points S can be given many different base points and many different
normals. This reflects the fact that we can choose the base point anywhere on the plane and the
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normal either above or below the plane and can be given many different lengths.

Let ~r = 〈x, y, z〉 be an arbitrary point on the plane S with base point ~ro = 〈xo, yo, zo〉 and normal
~n = 〈a, b, c〉 then we can write our plane equation explicitly:

(~r − ~ro) •~n = 0 ⇔ 〈x− xo, y − yo, z − zo〉 • 〈a, b, c〉 = 0

⇔ a(x− xo) + b(y − yo) + c(z − zo) = 0. (scalar equation of plane)

I expect you to know the vector and scalar equations for a plane. We will use both in concept and
calculation.

Example 1.3.7. Suppose the plane S contains the point (1, 2, 3) and the vectors ~A = x̂ and
~B = 〈1, 3, 4〉. Find the scalar equation of S.

Solution: we are given the base point (1, 2, 3) so we need only find a normal for S. Recall that the

cross product of ~A with ~B gives a vector which is perpendicular to both vectors and by the geometry

of R
3 it must be colinear with the normal vector we seek. After all, one we use up two of the

dimensions then there is only one left to use in R
3. Calculate:

~A× ~B = x̂×
[
x̂+ 3 ŷ + 4 ẑ

]
= x̂× x̂+ 3 x̂× ŷ + 4 x̂× ẑ = 3 ẑ − 4 ŷ.

Thus, we choose ~n = 〈0,−4, 3〉 meaning a = 0, b = −4, c = 3 hence

−4(y − 2) + 3(z − 3) = 0.

equations of intersecting planes

Given two planes they may intersect in a line. Suppose S1, S2 are planes which intersect along some
line L then we have that L is the simulataneous solution to the equations of both planes. That is
to say (x, y, z) ∈ L iff (x, y, z) ∈ S1 ∩ S2. In particular, if (xo, yo, zo) ∈ S1 ∩ S2 then we can write
the equations of S1, S2 as:

a1(x− xo) + b1(y − yo) + c1(z − zo) = 0 and a2(x− xo) + b2(y − yo) + c2(z − zo) = 0
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We must solve both at once to find an equation for L. Generally there is no simple formula, however
if a1, b1, c1, a2, b2, c2 6= 0 then we are free to divide by those constants. First to get the equations
to match divide both by the coefficient of their (z − zo) factor,

a1
c1

(x− xo) +
b1
c1
(y − yo) + z − zo = 0 and

a2
c2

(x− xo) +
b2
c2
(y − yo) + z − zo = 0

Thus, solving both equations for z − zo we find,

a1
c1

(x− xo) +
b1
c1
(y − yo) =

a2
c2

(x− xo) +
b2
c2
(y − yo)

Multiply by c1c2 and rearrange to find
[
a1c2 − a2c1

]
(x− xo) +

[
b1c2 − b2c1

]
(y − yo) = 0

Consequently,
x− xo

b1c2 − b2c1
=

y − yo
a2c1 − a1c2

⋆ .

Following the same algebra we can equally well solve for x− xo,

b1
a1

(y − yo) +
c1
a1

(z − zo) =
b2
a2

(y − yo) +
c2
a2

(z − zo)

and multiply by a1a2 to find
[
b1a2 − b2a1

]
(y − yo) +

[
c1a2 − c2a1

]
(z − zo) = 0

Hence,
y − yo

c1a2 − c2a1
=

z − zo
b2a1 − b1a2

⋆ ⋆.

We combine ⋆ and ⋆⋆ to obtain the symmetric equations for the line L

x− xo
b1c2 − b2c1

=
y − yo

c2a1 − c1a2
=

z − zo
c2a1 − c1a2

If we denote ~n1 = 〈a1, b1, c1〉 and ~n2 = 〈a2, b2, c2〉 then recognize that

~w = ~n1 × ~n2 = 〈b1c2 − b2c1, c2a1 − c1a2, c2a1 − c1a2〉
Therefore, with the notation ~w = 〈a, b, c〉, the symmetric equation is simply:

x− xo
a

=
y − yo

b
=

z − zo
c

.

We can use these equations to parametrize the line L. Let t = x−xo

a
hence x = xo + at is the

parametric equation for x, likewise, y = yo + bt and z = zo + ct. We identify that 〈a, b, c〉 is
precisely the direction-vector for the line L since we can group the scalar parametric equations
above to obtatin the vector parametric equation below:

~r(t) = 〈xo + at, yo + bt, zo + ct〉 = 〈xo, yo, zo〉+ t〈a, b, c〉.
We find the following interesting geometric result:



1.3. LINES AND PLANES IN R
3 45

The line of intersection for two planes has a direction vector which is colinear
with the cross product of the normals of the intersected planes.

If we take a step back and analyze this by pure geometric visualization this is rediculously obvious.
The line of intersection lies in both planes. Therefore, if ~v is the direction vector of L and ~n1 is the
normal of plane S1 and ~n2 is the normal of plane S2 then

1. ~v •~n1 = 0 because ~v lies on S1

2. ~v •~n2 = 0 because ~v lies on S2

3. if ~v is perpendicular to both ~n1 and ~n2 then it must be colinear with ~n1 × ~n2.

This is an example of how geometry is sometimes easier than algebra. In fact, that is often the
case, however, you must get used to both lines of logic in this course. This is the beauty of analytic
geometry.

Let’s examine how we can get from the parametric viewpoint to the symmetric equations. Suppose
we are given the vector parametric equations for a line with base point ~ro = (xo, yo, zo) and direction
vector ~v = 〈a, b, c〉 with a, b, c 6= 0:

~r(t) = ~ro + t~v = (xo + ta, yo + tb, zo + tc).

Further suppose we denote ~r = 〈x, y, z〉 then the scalar parametric equations for the line are:

x = xo + ta, y = yo + tb, z = zo + tc.

These can be solved for t,
x− xo

a
=

y − yo
b

=
z − zo

c
.

and once more we find that the symmetric equations for a line reveal the direction of the line. Well,
to be careful, we can multiply this equation by 1/k 6= 0 and we’d still have the same solution set
but a→ ka, b→ kb and c→ kc hence the direction naturally identified would be 〈ka, kb, kc〉. This
is an ambiguity we always face with lines. The direction vector is not unique, unless we add further
criteria. For example,

x

2
=

y

3
=

z

4
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suggest the line has direction 〈2, 3, 4〉 whereas
x

−2 =
y

−3 =
z

−4
suggests the line has direction 〈−2,−3,−4〉.

Finally, recall that I insisted that the intersection of the planes was a line from the outset of this
discussion. There is another possibility. It could be that two planes are either parallel and have
no point of intersection, or they could simply be the same plane. In both of those cases the cross
product of the normals is trivial since the normals of parallel planes are colinear.

1.3.3 lines and planes as graphs

Suppose S is the plane a(x− xo) + b(y− yo) + c(z− zo) = 0 then if c 6= 0 we can solve for z to find

z = zo −
a

c
(x− xo)−

b

c
(y − yo).

If we define f(x, y) = zo − a
c
(x− xo)− b

c
(y − yo) then we can write S as the graph z = f(x, y).

Definition 1.3.8. graphs of f(x, y), g(x, z) or h(y, z).

graph(f) = {(x, y, f(x, y)) | (x, y) ∈ dom(f)}
graph(g) = {(x, g(x, z), z) | (x, z) ∈ dom(g)}
graph(h) = {(h(y, z), y, z) | (y, z) ∈ dom(h)}

clearly S = graph(f) in this context. You could also write S as the graph y = g(x, z) or x = h(y, z)
provided b 6= 0 and a 6= 0 respective. I hope you can find the formulas for g or h. These graphs
provide parametrizations as follows, once more consider the case c 6= 0, let

x = u, y = v, z = f(u, v)

Equivalently,

~r(u, v) = 〈u, v, f(u, v)〉.
In this way we find a natural parametrization of a graph. Likewise, if a 6= 0 or b 6= 0 then

~r(u, v) = 〈u, g(u, v), v)〉 or ~r(u, v) = 〈h(u, v), u, v〉

provide natural parametrizations. Parametrizations created in these ways are said to be induced
from the graphs g, h respective.

Writing the line as a graph requires us to solve the symmetric equations for two of the cartesian
coordinates in terms of the remaining coordinate. For example, solve for y, z in terms of x:

x− xo
a

=
y − yo

b
=

z − zo
c

⇒ a(y − yo) = b(x− xo) & a(z − zo) = c(x− xo).
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hence,

y = yo +
b

a
(x− xo)

︸ ︷︷ ︸
let this be h(x)

& z = zo +
c

a
(x− xo)

︸ ︷︷ ︸
let this be g(x)

Define f(x) = (h(x), g(x)) then graph(f) = {(x, f(x)) | x ∈ R} and it is clear that graph(f) = L.

We say f : R → R
2 is a R

2-valued function of a real variable. Some texts call such functions
mappings whereas they inist that functions are real-valued. I make no such restriction in these
notes. In any event, there is a natural parametrization which is induced from the graph for L, use
x = t hence11

~r(t) = 〈t, f(t)〉 = 〈t, g(t), h(t)〉

parametrizes L. We could also solve for y or z provided b 6= 0 or c 6= 0. I leave those to the reader.

1.3.4 on projections onto a plane

There are two ways to look at projections onto a plane. Let S be the plane of interest. If we have
a pair of orthogonal unit-vectors û1, û2 on S then we can project a general vector ~v to the plane by

ProjS(~v) =
(
~v • û1

)
û1 +

(
~v • û2

)
û2.

In three dimensions we can calculate this projection via subtracting off the piece of the vector which
is in the normal direction. If ~n is the normal to S then I claim

ProjS(~v) = ~v − Proj~n(~v)

Here is a picture for this formula:

11we use the notation ((a, b), c) = (a, (b, c)) = (a, b, c) which implicits a bijective correspondance between these
technically distinct triples, this is a common notation.



48 CHAPTER 1. ANALYTIC GEOMETRY

Let’s see why in n = 3 these formulas are equivalent. Construct the normal corresponding to the
unit vectors in the usual manner: ~n = û1 × û2. Orthogonality of the unit vectors implies θ = π

2
hence ||û1 × û2|| = 1 and it follows ~n = n̂. Let us define

ProjS(~v) = ~v − (~v • n̂)n̂ ⋆

Observe this formula produces a vector on the plane,

ProjS(~v) • n̂ = ~v • n̂− (~v • n̂)n̂ • n̂ = ~v • n̂− ~v • n̂ = 0.

Notice that n̂ • û1 = 0 and n̂ • û2 = 0. Take the dot-product of ⋆ with û1 and û2 to obtain,

ProjS(~v) • û1 = ~v • û1 and ProjS(~v) • û2 = ~v • û2

It follows that ProjS(~v) =
(
~v • û1

)
û1 +

(
~v • û2

)
û2. The formulas agree. They both produce the

same projection onto the plane. If we attach ~v to the plane at some point P ∈ S then ProjS(~v)
attached to P will point to the point on the plane S which is closest to the end of the vector ~v.

Perhaps the example that follows will help you understand the discussion above.

Example 1.3.9. Let S be the plane through (0, 0, 1) with normal ~n = 〈1, 0, 1〉. Notice that ~u1 =
〈1, 0,−1〉 and ~u2 = 〈0, 1, 0〉 are orthogonal as ~u1 • ~u2 = 0 and they are both on S as ~n • ~u1 = 0 and

~n • ~u2 = 0. Normalize the vectors,

û1 =
1√
2
〈1, 0,−1〉, û2 = 〈0, 1, 0〉 n̂ =

1√
2
〈1, 0, 1〉

Let ~v = 〈a, b, c〉. Calculate,

ProjS(~v) =
(
~v • û1

)
û1 +

(
~v • û2

)
û2

=
1

2

(
a− c

)
〈1, 0,−1〉+ b〈0, 1, 0〉

= 〈 1

2
(a− c), b,

1

2
(c− a) 〉.
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On the other hand, the normal formula says,

ProjS(~v) = ~v − (~v • n̂)n̂

= 〈a, b, c〉 − 1

2
(a+ c)〈1, 0, 1〉

= 〈a− 1

2
(a+ c), b, c− 1

2
(a+ c)〉

= 〈 1

2
(a− c), b,

1

2
(c− a) 〉.

We typically use the normal formulation of the projection since it’s easier to find a normal than it is
to find a pair of orthonormal vectors on the plane. That said, the orthonormal projection formula
naturally generalizes to higher dimensional studies. We discuss applications of such formulas in
linear algebra. It is the math behind least squares data fitting and Fourier analysis.

Example 1.3.10. .
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1.3.5 additional examples

Example 1.3.11. .

Example 1.3.12. .

Example 1.3.13. .

Example 1.3.14. .
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Example 1.3.15. .

Example 1.3.16. .
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Example 1.3.17. .

Example 1.3.18. .
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Example 1.3.19. .

Example 1.3.20. .


