232 Rings

|
R

Ai=ta+vilavez) | o0 ={a+b2labe g,
Q/

i s
I NN

10Z

VAVaVi

12Z 18Z
Figure 12.1 Partial subring lattice diagram of C.
In the next several chapters, we will see that many of the fundamemaf

concepts of group theory can be naturally extended to rings. In particy-
lar, we will introduce ring homomorphisms and factor rings.

‘Exercises

f There is no substitute for hard work.

Thomas Alva Edison, Life

1. Give an example of a finite noncommutative ring. Give an example
of an infinite noncommutative ring that does not have a unity. f
2. The ring {0, 2, 4, 6, 8} under addition and multiplication modulo
10 has a unity. Find it. :
3. Give an example of a subset of a ring that is a subgroup under
addition but not a subring.
4. Show, by example, that for fixed nonzero elements a and b in &
ring, the equation ax = b can have more than one solution. HO'
does this compare with groups? 1
3. Prove Theorem 12.2,

6. Find an integer n that shows that the rings Z need not have the fol3
lowing properties that the ring of integers has. i
a. @ = aimpliesa = 0 orgq = 1.
b. ab = 0 implies g = Oorb =0.
C. ab=acanda # 0imply b = ¢.
Is the n you found prime?

7. Show that the three properties listed in Exercise 6 are valid for 4
where p is prime. i
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Show that a ring is commutative if it has the property that ab = ca
implies b = ¢ when a # 0,

Prove that the intersection of any collection of subrings of a ring R
is a subring of R,

Verify that Examples 8 through 13 in this chapter are as stated.

Prove rules 3 through 6 of Theorem 12.1.

Let a, b, and ¢ be elements of a commutative ring, and suppose that

a is a unit. Prove that b divides c if and only if ab divides c.

Describe all the subrings of the ring of integers.

Let a and b belong to a ring R and let m be an integer. Prove that

m - (ab) = (m - a)b = a(m - b).

Show that if m and 7 are integers and a and b are elements from a

ring, then (m - a)(n - b) = (mn) - (ab). (This exercise is referred to in

Chapters 13 and 15.)

Show that if » is an integer and a is an element from a ring, then

n-(—a)=—@-a).

Show that a ring that is cyclic under addition is commutative.

Let a belong to aring R. Let S = {x € Rl ax = 0}. Show that S is a

subring of R.

Let R be a ring. The center of R is the set {x € R | ax = xa for all

a in R}. Prove that the center of a ring is a subring.

Describe the elements of M,(Z) (see Example 4) that have multipli-

cative inverses. _

Suppose that R, R,, . . ., R, are rings that contain nonzero ele-

ments. Show that R, © R @ - - - @ R, has a unity if and only if

each R, has a unity.

Let R be a commutative ring with unity and let U(R) denote the set

of units of R. Prove that U(R) is a group under the multiplication of

R. (This group is called the group of units of R.)

Determine U(Z[i]) (see Example 11).

If R, R,, , R, are commutative rings with unity, show that

U(R GBR@ EBR)-—U(R)EBU(RQ@ EBU(R)

Determme U(Z[x]) (This exercise is referred to in Chapter 17.)

Determine U(R[x]). .

Show that a unit of a ring divides every elen?ent of the ring.

In Z,, show that 4 | 2; in Z,, show that 317, in Zi's’ show'that 9.l 12,

Suppose that @ and b belong to a commutative ring R with unity. If

ais a unit of R and b* = 0, show thatiz % 1; lfhatu,l;:t of Rt: i
integer n > 1 such tha x for all ele-

fnl;ilz: fceo?sact)rﬁl: 1:“; aIl;’]m 1sgal positive integer and a™ = 0 for some

a, show that a = 0.
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Give an example of ring elements a and b with the properties thy
ab = 0 but ba # 0. |
Let n be an integer greater than 1. In a ring in which x* = x for a]| %
show that ab = 0 implies ba = 0.
Suppose that R is a ring such that x> = x for all x in R. Prove that 6x =
0 forall x in R.
Suppose that a belongs to a ring and a* = a?. Prove that a* = a2 for
alln = 1.
Find an integer #n > 1 such that @ = a for all a in Z,. Do the same
for Z,,. Show that no such » exists for Z_ when m is divisible by the
square of some prime.
Let m and n be positive integers and let k be the least common mul-
tiple of m and n. Show that mZ N nZ = kZ.
Explain why every subgroup of Z under addition is also a subring of Z -
Is Z, a subring of Z,,? '
Suppose that R is a ring with unity 1 and a is an element of R such
that > = 1. Let § = {ara | r € R}. Prove that § is a subring of R.
Does S contain 1?7

Let M,(Z) be the ring of all 2 X 2 matrices over the integers and let R =
a a+b

{ [a T 0 ]

of M(Z).

Let M,(Z) be the ring of all 2 X 2 matrices over the integers and let R =

{{ a a—b)
a—b b |
of M(Z).

_fla a :
LetR = {[ b b} a,be Z}. Prove or disprove that R is a subring,
of M(Z). |
LetR=ZOZ®Zand S = {(a,b,c) ER | a + b = c). Prove Of
disprove that § is a subring of R. |

Suppose that there is a positive even integer n such that @* = @ fof
all elements a of some ring. Show that —a = 4 for all a in the Ting

LetRbe aring with unity 1. Show that § = {n-1ln€Z}is a sub-
ring of R.

Show that 2Z U 3Zis not a subring of Z, '

Eleterréﬁpe the smallest subring of Q that contains 1/2. (That is, ﬁn);
¢ subring § with the property that S contains 1/2 and, if T i 27
subring containing 1/2, thep T contains §.) |

a,beEZ } . Prove or disprove that R is a subring

a,beZ } Prove or disprove that R is a subring;
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48. Determine the smallest subring of Q that contains 2/3.

49. Let R be a ring. Prove that a> — b2 = (a + b)(a — b) foralla, b in
R if and only if R is commutative.

50. Suppose that R is a ring and that a2 = a for all a in R. Show that R
1s commutative. [A ring in which a*> = a for all a is called a
Boolean ring, in honor of the English mathematician George Boole
(1815-1864).]

51. Give an example of a Boolean ring with four elements. Give an ex-
ample of an infinite Boolean ring.

52. If a, b, and c are elements of a ring, does the equation ax + b = ¢
always have a solution x? If it does, must the solution be unique?
Answer the same questions given that a is a unit.

53. Let R and S be commutative rings. Prove that (a, b) is a zero-divisor
in R @ S if and only if a or b is a zero-divisor or exactly one of a or
bis0.

54. Show that 4x> + 6x + 3 is a unit in Zy[x].

55. Let R be a commutative ring with more than one element. Prove
that if for every nonzero element a of R we have aR = R, then R has
a unity and every nonzero element has an inverse.

56. Find an example of a commutative ring R with unity such that a,
bER,a# b,a" = b" and a™ = b™, where n and m are positive inte-
gers that are relatively prime. (Compare with Exercise 39, part b, in
Chapter 13.)

57. Suppose that R is a ring with the property that xy = 0 implies that
x = 0 or y = 0 and that R contains a nonzero element b such that
b? = b. Show that b is the unity for R.

Computer Exercises - BUPLLATE

Software for the computer exercises in this chapter is available at the website:

http://www.d.umn.edu/~jgallian

Suggested Reading

D. B. Erickson, *“Orders for Finite Noncommutative Rings,” American
Mathematical Monthly 73 (1966): 376-3717.

In this elementary paper, it is shown that there exists a noncommutative ring
of order m > 1 if and only if m is divisible by the square of a prime,
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| Exercises

Itlooked absolutely_ i"ﬂpt‘:vssible. But it so happens that you go on worrying
away at a problem in science and it seems to get tired, and lies down and lets

you catch it.

William Lawrence Bragg'

1. Verify that Examples 1 through 8 are as claimed.
2. Which of Examples 1 through 5 are fields?
3. Show that a commutative ring with the cancellation property (under
multiplication) has no zero-divisors.
4. List all zero-divisors in Z,,. Can you see a relationship between the
zero-divisors of Z,, and the units of Z,,?
5. Show that every nonzero element of Z_is a unit or a zero-divisor.
6. Find a nonzero element in a ring that is neither a zero-divisor nor a
unit.
7. Let R be a finite commutative ring with unity. Prove that every non-
zero element of R is either a zero-divisor or a unit. What happens if
we drop the “finite” condition on R?
8. Let a # 0 belong to a commutative ring. Prove that a is a zero-
divisor if and only if a®b = 0 for some b # 0.
9. Find elements a, b, and ¢ in the ring Z @ Z & Z such that ab, ac, and
be are zero-divisors but abc is not a zero-divisor.
10. Describe all zero-divisors and units of Z BODZ
11. Let d be an integer. Prove that Z[Vd] = {a+bVdla,b€EZ}isan
integral domain. (This exercise is referred to in Chapter 18.)
12. InZ, give a reasonable interpretation for the expressions 1/2, —2/3,

\/=3, and —1/6.
13. Give an example of a commut
is not an integral domain.
14. Find two elements a and b in aring such that both a and b are zero-
divisors,a + b # 0,anda + b is not a zero-divisor.
15. Let a belong to a ring R with unity and suppose that a" = 0 for
(Such an element 1§ called nilpotent.) Prove

some positive integer 7. . : ; ;
that 1 — @ has a multiplicative inverse I R. [Hint: Consider (1 — a)

(I+a+a+ - +a ™l
16. Show that the nilpotent elements O

ative ring without zero-divisors that

f a commutative ring form a subring,

on of x-ray crystallography. He

- bel Prize for the inventi
on the No e

'Bra 24, w
8B L BER S son ever Lo receive the Nobel P

remains the youngest per




17. Show that 0 is the only nilpotent element in an integra] domajp,
18. A ring element a is called an idempotent if a® = a. Proye th
only idempotents in an integral domain are O and 1. 4 the
19. Let a and b be idempotents in a commutative ring. Show that eagp
of the following is also an idempotent: ab, a — ab, g + p _ 4
a+ b — 2ab. :
20. Show that Z_ has a nonzero nilpotent element if and only if , i di.
visible by the square of some prime.
21. Let R be the ring of real-valued continuous functions on [~1, 1.
Show that R has zero-divisors. j.
22. Prove that if a is a ring idempotent, then a”

gers n.
23. Determine all ring elements that are both nilpotent elements g
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= a for all positive ipta. }’

idempotents.
24. Find a zero-divisor in Z[i] = {a + bila,b€EZj}.
25. Find an idempotent in Z,[i] = {a + bi | a, b € Z}. ‘{
26. Find all units, zero-divisors, idempotents, and nilpotent elements i m‘“f
Z,DZ,.
27. Detenmne all elements of a ring that are both units and 1dempotems
28. Let R be the set of all real-valued functions defined for all real num ;
bers under function addition and multiplication.

a. Determine all zero-divisors of R.

b. Determine all nilpotent elements of R.
c. Show that every nonzero element is a zero-divisor or a unit.

29. (Subfield Test) Let F be a field and let K be a subset of F with at}
least two elements. Prove that K is a subfield of F if, for any
a,b (b # 0)in K, a — b and ab™! belong to K.

30. Let d be a positive integer. Prove that Q[Vd] = {a + b\/_

a, b € Q} is a field.
31. Let R be a ring with unity 1. If the product of any pair of nonzere

elements of R is nonzero, prove that ab = 1 implies ba =

32. Let R = {0, 2, 4, 6, 8} under addition and multiplication modulo
10. Prove that R is a field. _

33. Formulate the appropriate definition of a subdomain (that is, &

“sub” integral domain). Let D be an integral domain with unity 1.

Show that P = {n - 1| n € Z} (that is, all integral multiples of 1)1
a subdomain of D. Show that P is contained in every subdomail °f
D. What can we say about the order of P?

34. Prove that there is no integral domain with exactly six elements. Can
your argument be adapted to show that there is no integral domam
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with exactly four elelﬁents? What about 15 elements? Use these ob-

servations to guess a general result about the number of elements in a
finite integral domain,

Let F be a field of order 2. Prove that char F = 2.

- Determine all elements of an integral domain that are their own in-

verses under multiplication,

Characterize those integral domains for which 1 is the only element
that is its own multiplicative inverse.

Determine all integers n > 1 for which (n — 1)! is a zero-divisor
in Z,.

Suppose that @ and b belong to an integral domain.

a. If @® = b° and @® = 13, prove that g = b.

b. If a” = b™ and ¢" = b", where m and  are positive integers that
are relatively prime, prove that a = b.

- Find an example of an integral domain and distinct positive integers

m and n such that ™ = b and g" = b*, but a # b.

If a is an idempotent in a commutative ring, show that 1 — g is also
an idempotent.

Construct a multiplication table for Z,[1], the ring of Gaussian inte-
gers modulo 2. Is this ring a field? Is it an integral domain?

The nonzero elements of Z,[i] form an Abelian group of order 8 un-
der multiplication. Is it isomorphic to Z, Z, ® Z,, or Z, @ Z2,DZ,?
Show that Z;[V3] = {a + bV3la, b € Z,} is a field. For any
positive integer k and any prime p, determine a necessary and suf-
ficient condition for Z[Vk] = {a + bVkla,b € Z } to be a field.
Show that a finite commutative ring with no zero-divisors and at

least two elements has a unity.

Suppose that a and b belong to a commutative ring and ab is a zero-
divisor. Show that either a or b is a zero-divisor.

Suppose that R is a commutative ring without zero-divisors. Show
that all the nonzero elements of R have the same additive order.

- Suppose that R is a commutative ring without zero-divisors, Show

that the characteristic of R is 0 or prime.

Let x and y belong to a commutative ring R with prime characteristic p.

a, Show that (x + y)? = xP + y?,

b. Show that, for all positive integers n, (x + y)r" = xo" + yP",

¢. Find elements x and y in a ring of characteristic 4 such that
(x + y)* # ¥* + y*. (This exercise is referred to in Chapter 20.)

Let R be a commutative ring with unity 1 and prime characteristjc.

If a € R is nilpotent, prove that there is a positive integer & such that
A +a)=1.



5 .

51. Show that any finite field has order p”, where p is a prime. Hipy.
facts about finite Abelian groups. (This exercise is referred ¢, 1:

Chapter 22.)
Give an example of an infinite integral domain that has characte,.
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52.
istic 3.

Let R be a ring and let M,(R) be the ring of 2 X 2 matrices with entrie
from R. Explain why these two rings have the same characteristic,

Let R be a ring with m elements. Show that the characteristic of g

53.

54.

divides m.
Explain why a finite ring must have a nonzero characteristic.

B9,
Find all solutions of x2 — x + 2 = 0 over Z;[{]. (See Example 9.)

56.

57. Consider the equation x* — 5x + 6 = 0.
a. How many solutions does this equation have inZ,?

b. Find all solutions of this equation in Z.

c. Find all solutions of this equation in Z,,.

d. Find all solutions of this equation in Z,.
58. Find the characteristic of Z, © 4Z.
59. Suppose that R is an integral domain in which 20 - 1 = 0 and
12 -1 = 0. (Recall that n - 1 means thesum 1 + 1 + - - - + 1 with
n terms.) What is the characteristic of R?
In a commutative ring of characteristic 2, prove that the idempo-

tents form a subring.
Describe the smallest subfield of the field of real numbers that con-

tains V2. (That is, describe the subfield K with the property that K
contains V2 and if F is any subfield containing \/2, then F con-

61.

tains K.)

|
62. Let F be a finite field with n elements. Prove that x*~! = 1 for all |

nonzero x in F.
63. Let F be a field of prime characteristic p. Prove that K = {x € F|

x? = x} is a subfield of F.
64. Suppose that a and b belong to a field of order 8 and that a®> + ab +
b* = 0. Prove that a = 0 and b = 0. Do the same when the field has

order 2" with n odd.

65. Let £ be a field of characteristic 2 with more than two elements.
Show that (x + y)* # x* + y* for some x and y in F.

66. Suppose that F is a field with characteristic not 2, and that the nonzero
'elemgnts of F form a cyclic group under multiplication. Prove that F
is finite,

67. SUPPQSe that D is an integral domain and that ¢ is a nonconstant
function frorr3 D to the nonnegative integers such that ¢(xy) =
$()p(). If x is a unit in D, show that ¢(x) = 1.

a



13 | Integral Domains 247

68. Let F be a field of order 32, Show that the only subfields of F are
F itself and {0, 1},

69. Suppose that F is a field with 27 elements. Show that for every
elementa € F, 5a = — g,

§ | computer Exercises
Computer exercises for this chapter are available atthe website:

http://www.d.umn.edu/~jgallian

3 I Suggested Readings
Eric Berg, “A Family of Fields,” Pi Mu Epsilon 9 (1990): 154-155.
In this article, the author uses properties of logarithms and exponents
to define recursively an infinite family of fields starting with the real
numbers.
N. A. Khan, “The Characteristic of a Ring,” American Mathematical Monthly
70 (1963): 736-738.
Here it is shown that a ring has nonzero characteristic # if and only
if n is the maximum of the orders of the elements of R.
K. Robin McLean, “Groups in Modular Arithmetic,” The Mathematical
Gazerte 62 (1978): 94-104.
This article explores the interplay between various groups of integers under
multiplication modulo 7 and the ring Z . It shows how to construct groups
of integers in which the identity is not obvious; for example, 1977 is the
identity of the group {1977, 5931} under multiplication modulo 7908.
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nity, it follows from Theorems

When a commutative ring hasau '
ideal. The next example .
shOWa

and 14.4 that a maximal ideal is a prin;e
that a prime ideal need not be maximal.
B EXAMPLE 17 The ideal (x) is & prime ic{eal in Z[x] but not a —y
ideal in Z[x]. To verify this, we bggm with the qbservation that ) i
{fx) € Z[x] 1 A0) = 0} (see Exercise 31). Thus, if g(x)h(x) € () 5
g(Oh(©0) = 0. And since g
h0) = 0. _ e x

To see that (x) is not maximal, we simply note that (x) C (; 3 e
Z[x] (see Exercise 39). .

(0) and h(0) are integers, we have g(0) “ 'gle::

I Exercises
One Problem after another presents itself and in the solving of them we cap,

find our greatest pleasure.
Karl Menninger

. Verify that the set defined in Example 3 is an ideal.

Verify that the set A in Example 4 is an ideal and that A = ().
Verify that the set / in Example 5 is an ideal and that if J is any
ideal of R that contains a;, a, . . . , a,, then [ C J. (Hence, (a,
Ay v a ) is the smallest ideal of R that contains a,, a,, . . ., a )
4. Find a subring of Z @ Z that is not an ideal of Z® Z.

LetS = {a + bila,b € Z, bis even}. Show that § is a subring of
Z[i], but not an ideal of Z[i].
6. Find all maximal ideals in
a. Z,. b. Z, ¢ Z), d. Z.
7. Let a belong to a commutative ring R. Show that aR = {ar | r ER} s
an ideal of R. If R is the ring of even integers, list the elements of 4R.
8. Prove that the intersection of any set of ideals of a ring is an ideal.
9. Ifn i§ an integer greater than 1, show that (n) = nZ is a prime ideal
of Z if and only if n is prime. (This exercise is referred to in this
chapter,)
10. If A and B are ideals of a ring, show that the sum of A and B,A + B~
{a+bla€A,bEBY,isan ideal
11. ;n t(l:; r;n%;))f in(tg;;.ers, find a positive integer a such that
b. (a) = (6) + (8).
c. <a> i (m) + (n)

N
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If A and B are ideals of a ring, show that the product of A and B,AB
={ab,tab,++ - +ab laEA, b,€B,n a positive integer},
is an ideal.

Find a positive integer a such that

a. (a) = (3){4).

b. (a) = (6)8).

c. {a) = (m)n).

Let A and B be ideals of a ring. Prove that AB C A N B.

If A is an ideal of a ring R and 1 belongs to A, prove that A = R.
(This exercise is referred to in this chapter.)

If A and B are ideals of a commutative ring R with unity and A + B = R,
show that A N B = AB.

If an ideal I of a ring R contains a unit, show that I = R.

If R is a finite commutative ring with unity, prove that every prime
ideal of R is a maximal ideal of R.

Give an example of a ring that has exactly two maximal ideals.
Suppose that R is a commutative ring and IRl = 30. If I is an ideal
of R and 11| = 10, prove that / is a maximal ideal.

Let R and I be as described in Example 10. Prove that [ is an ideal
of R.

Let I = (2). Prove that /[x] is not a maximal ideal of Z[x] even
though 7 is a maximal ideal of Z.

Verify the claim made in Example 10 about the size of R/I.

Give an example of a commutative ring that has a maximal ideal
that is not a prime ideal.

Show that the set B in the latter half of the proof of Theorem 14.4 is
an ideal of R. (This exercise is referred to in this chapter.)

If R is a commutative ring with unity and A is a proper ideal of R,
show that R/A is a commutative ring with unity.

Prove that the only ideals of a field F are {0} and F itself.

Let R be a commutative ring with unity. Suppose that the only ide-
als of R are {0} and R. Show that R is a field.

List the distinct elements in the ring Z[x)/(3, x* + 1). Show that this
ring is a field.

Show that R[x]/(x* + 1) is a field,

In Z[x], the ring of polynomials with integer coefficients, let / =
{f(x) € Z[x] | f(0) = 0}, Prove that / = (x). (This exercise is re-
ferred to in this chapter and in Chapter 15.)

Show that A = {(3x, y) | x, y € Z} is a maximal ideal of Z @ Z.
Generalize. What happens if 3x is replaced by 4x? Generalize.



258 Rings

33. Let R be the ring of continuous functions from R to R. Spy, th
A = {f€ R | f(0) = 0} is a maximal ideal of R, a
34. Let R = Z, ® Z,. Find all maximal ideals of R, and for each p,,.
mal ideal /, identify the size of the field R//. Ak
35. How many elements are in Z[i)/(3 + i)? Give reasons for your answer
36. In Z[x], the ring of polynomials with integer coefficients, [et ;.
{ f(x) € Z[x] | £(0) = 0}. Prove that / is not a maximal idea].
ImZ®Zletl = {(a, 0) | a € Z}. Show that / is a prime ideg but
not a maximal ideal.
Let R be a ring and let / be an ideal of R. Prove that the factor ring
R/I is commutative if and only if rs — sr € I for all r and s in R,
39. In Z[x], let I = {fx) € Z[x] | f(0) is an even integer}. Prove thyt
I = {x, 2). Is I a prime ideal of Z[x]? Is I a maximal ideal? How
many elements does Z[x]/I have? (This exercise is referred to in this
chapter.)
40. Prove that / = (2 + 2i) is not a prime ideal of Z[i]. How many
elements are in Z[i]/I? What is the characteristic of Z[i]/I?

InZJx], let/ = (x¥* + x + 2). Find the multiplicative inverse of 2x +

+ Iin Zx)/I.
42. Let R be a ring and let p be a fixed prime. Show that [, = {r ER
additive order of r is a power of p} is an ideal of R.

43. An integral domain D is called a principal ideal domain if every
ideal of D has the form {(a) = {ad | d € D} for some a in D. Sho
that Z is a principal ideal domain. (This exercise is referred to 1

Chapter 18.)
a,b,dEZ} sl {[r S]
0 ¢

4. Let R = { [ R ]
is even}. If § is an ideal of R, what can you say about r and 7

37.

38.

41.

r,S,fEZ’

0 d

45. If R and § are principal ideal domains, prove that R © S is a princt
pal ideal ring. (See Exercise 41 for the definition.)

46. In a principal ideal domain, show that every nontrivial prime ide
1s a maximal ideal.

47. LetR b(? a commutative ring and let A be any subset of R. ShoV 14
the annihilator of A, Ann(A) = {r € R | ra = O forall a in A}, ®
ideal.

48. Let R be a.commutative ring and let A be any ideal of R. Show -
the nil radical of A, N(A) = {r ER|r" € A for some positive inte

ger n (n depends on 7)) ; : e led the ol
radical of R.] )}, is an ideal of R. [N((0)) is ca
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LetR = Z,.. Find

a. N((0)). b. N((3)). c. N((9)).

LetR = Z, . Find

a. N({0)). b. N((4)). c. N(6)).

Let R be a commutative ring. Show that R/N((0)) has no nonzero
nilpotent elements.

Let A be an ideal of 3 commutative ring. Prove that N(V(A)) = N(A).
Let Z,[x] be the ring of all polynomials with coefficients in Z, (that
is, coefficients are Q or 1, and addition and multiplication of coeffi-
cients are done modulo 2). Show that Z[x]/(x* + x + 1) is a field.
List the elements of the field given in Exercise 51, and make an ad-
dition and multiplication table for the field.

Show that Z,[x]/(x* + x + 1) is not a field.

Let R be a commutative ring without unity, and let @ € R. Describe
the smallest ideal  of R that contains g (that is, if J is any ideal that
contains a, then I C J).

Let R be the ring of continuous functions from RtoR. LetA =
{f € R1f(0) is an even integer}. Show that 4 is a subring of R,
but not an ideal of R,

Show that Z[i}/(1 — i) is a field. How many elements does this field
have?

If R is a principal ideal domain and / is an ideal of R, prove that ev-
ery ideal of R/l is principal (see Exercise 43).

- How many elements are in Z[i}/(1 + i)?
- Show, by example, that the intersection of two prime ideals need

not be a prime ideal.
Let R denote the ring of real numbers. Determine all ideals of RER.
What happens if R is replaced by any field F?

. Find the characteristic of Z[i]/(2 + i).

Show that the characteristic of Z[i]/a + bi) divides a2 + p2.
Prove that the set of all polynomials whose coefficients are all even
is a prime ideal in Z[x].

Let R = Z[V/—5]and let I = {a + BV=5 | a, b € Z, g — p is
even}, Show that / is a maximal ideal of R,

Let R be a commutative ring with unity that has the property that
a* = aforall ain R. Let / be a prime ideal in R. Show that IR/J| = .
Let R be a commutative ring with unity, and let / be a proper ideal
with the property that every element of R that is not in / is a unit of R.
Prove that / is the unique maximal ideal of R,
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69. Let [, = {Aix) € Z[x] | f0) = 0}. .Fo_r any pOSi'tive'integer P, shoy § |
that there exists a sequence of strictly increasing ideals sy, tha} |
l,cl,cl,c: - Cl, CZxl.

70. Let R = {(a,, Gy Gy - - )} where each a, € Z. Let | = “al’“zv’
a,, ...)}, where only a finite number of terms are nonzero, Prg,, |

that / is not a principal ideal of R.
71. Let R be a commutative ring with unity and let a, b € R. Show thy
(a, b), the smallest ideal of R containing a and b, is [ = {ra + g "
r, s € R}. That is, show that / contains a and b and that any idea]

that contains a and b also contains /.

Computer exercises for this chapter are available at the website:

http://www.d.umn.edu/~jgallian

Thomas Sonar, “Brunswick’s Second Mathematical Star: Richard Dede-
kind (1831-1916),” The Mathematical Intelligencer 34:2 (2012): 63-67.

This beautifully illustrated short biographical sketch of Dedekind em-
phasizes the breadth of his talent and interests. Dedekind was the last
doctoral student of Gauss, and a steadfast friend of Bernhard Riemann.
He gave the first lectures on Galois theory in Germany, edited the
collective works of Lejeune Dirichlet, and promoted the work of Georg
Cantor. He was also an accomplished musician on the piano and the
cello, and played chamber music with Brahms in the home of Dirichlet
whose wife Rebecka Mendelssohn was the sister of Felix Mendelssohn,
As the first president of the Technical University of Brunswick,
Dedekind supervised the construction of the new university. In his
honor, the council of mathematics students at the university still call
themselves the Dedekinder, the “children of Dedekind”.
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We can work it out.

S

7.

10.

11.

12.

13.

14.

“Copyright © 1965 (Reneweq
Sony/ATV Music Publishing, 8) I\E/;Ituosrjly /ATV Tunes LLC. Al rights administered ¥

reserved.

John Lennon and Paul Moggrgy
“We Can Work It Out,” singxei

Prove Theorem 15.1.
Prove Theorem 15.2.
Prove Theorem 15.3.

Prove Theorem 15.4.
Show that the correspondence x — 5x from Z to Z,, does not pre~

serve addition.
Show that the correspondence x — 3x from Z, to Z,, does not pr,

serve multiplication.
Show that the mapping ¢: D — F in the proof of Theorem 15.6 is z

ring homomorphism. i
Prove that every ring homomorphism ¢ from Z, to itself has the
form ¢(x) = ax, where a? = a.
Suppose that ¢ is a ring homomorphism from Z to Z . Prove thatif
¢(1) = a, then a® = a. Give an example to show that the converse is

false.

a. Is the ring 2Z isomorphic to the ring 32?
b. Is the ring 2Z isomorphic to the ring 47?
Prove that the intersection of any collection of subfields of a field E
is a subfield of F. (This exercise is referred to in this chapter.)
LetZ,[i)={a+ bila,be Z,} (see Example 9 in Chapter 13). Show
that the field Z,[/] is ring-isomorphic to the field ZxVx2+1). 8§

(I

Show that ¢: C — § given by
c,b(a+bi)=[ Z b]

is a ring isomorphism, ¢
Let Z[V2] = {4 + bV2la,b € 7} and

a,bER}.

¢ Square West, Nashville, TN 37203. All righ®






