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2.6 OPEN SETS, CLOSED SETS, COMPACT SETS, AND LIMIT POINTS __g ass

The open ball in R with center a € R and radius 6 > 0 is the set __e__‘____)_____

B(a;8) = (a— 5,2+ 6). .

I Y

Definition 2.6.1 A subset A of R is said to be open if for each a € A, there exists 0 > 0 such that

B(a;6) C A.
s Example 2.6.1 (1) Any open interval A = (c,d) is open. Indeed, for eacha € A, onehasc <a < d.
Let
=d-a
5=min{a—c,d—a}. M—é d
Then |
B(a;6)=(a—6,a+6) CA. C &y d
) W J WA
Therefore, A is open. 3= o -C

(2) The sets A = (—eo,¢) and B = (c, o) are open, but the set C = [c, o) is not open. The reader can
easily verify that A and B are open. Let us show that C is not open. Assume by contradiction that C
is open. Then, for the element ¢ € C, there exists 6 > 0 such that

S 1
B(c;8)=(c—8,c+0)CC. ——
R
However, this is a contradiction because ¢ — 6/2 € B(c;6), butc—6/2 ¢ C.
- Ce (c,d]

Theorem 2.6.1 The following hold:

(a) The subsets @ and R are open. VX)O (C - 8/ c+§ ) ¥ (-c/dj

(b) The union of any collection of open subsets of R is open. - (S) O s t BS (C) c [c‘ JJ

(c) The intersection of a finite number of open subsets of R is open.

o (e, d] not open.
Proof: The proof of (a) is straightforward.
(b) Suppose {Gy, : & € I} is an arbitrary collection of open subsets of R. That means G is open
for every & € I. Let us show that the set

G=|JGa

ael

is open. Take any a € G. Then there exists ¢ € I such that
a € Gg,.
Since G, is open, there exists 6 > 0 such that
B(a;6) C Ggy. & U Go( =G

This implies
B(a;0)C G

because Go, C G. Thus, G is open.
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(¢) Suppose G;,i=1,....n, are open subsets of R. Let us show that the set

is also open. Take any a € G. Then a € G; fori = 1,...,n. Since each G; is open, there exists & > 0
such that '

B(a; &) C G;.
Let § =min{&:i=1,...,n}. Then & > 0 and

B(a;8) C G. °\""" R by
Thus, G is open. [J K- [c,d] = L"°° c) "l °°)

rl;efiniﬁon 2.6.2 A subset S of R is called closed if its complement, S = R\S, is open.J
= Example 2.6.2 The sets [a,b], (—0,d], and [a,c) are closed. Indeed, (—oo,a]® = (a,=) and
[a,0)¢ = (—o0,a) which are open by Example 2.6.1. Since [a,b]¢ = (—o0,a) U (b, ), [a,b]® is open
by Theorem 2.6.1. Also, single element sets are closed since, say, {b}¢ = (—o0,b) U (b, o).

Theorem 2.6.2 The following hold: ﬂz—- { l:o} = (- 9, b)U ( bl .-,o)‘

(a) The sets @ and R are closed.
(b) The intersection of any collection of closed subsets of R is closed.
(c) The union of a finite number of closed subsets of R is closed.

Proof: The proofs for these are simple using the De Morgan’s law. Let us prove, for instance, (b).
Let {Sq : @ € I} be a collection of closed sets. We will prove that the set

S={)Sa
ae gc'—'lR"S

= <ﬂsa)cz L) S

oel ael

is also closed. We have

Thus, S° is open because it is a union of opens sets in R (Theorem 2.6.1(b)). Therefore, S is closed. [

s Example 2.6.3 It follows from part (c) and Example 2.6.2 that any finite set is closed. Z o, laz I 7&, 5

Theorem 2.6.3 A subset A of R is closed if and only if for any sequence {a, } in A that converges a }
to a point a € R, it follows that a € A. l n

Proof: Suppose A is a closed subset of R and {a, } is a sequence in A that converges to a. Suppose by @ 8)
contradiction that a € A. Since A is closed, there exists € > 0 such that B(a;€) = (a— €,a+€) C A°. BB(“\ B
Since {a,} converges to a, there exists N € N such that

a—e<ay<ate e\ |0y~ < ‘é)

This implies ay € A®, a contradiction.
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Let us now prove the converse. Suppose by contradiction that A is not closed. Then A€ is not
open. Since A° is not open, there exists a € A° such that for any € > 0, one has B(a;€) NA # 0. In
particular, for such an a and for each n € N, there exists a, € B(a; %) NA. It is clear that the sequence
{a,} is in A and it is convergent to a (because |a, —a| < % for all n € N). This is a contradiction

since a ¢ A. Therefore, A is closed. [J MO (011) d.n.e.

Theorem 2.6.4 If A is a nonempty subset of R that is closed and bounded above, then max A exists.
Similarly, if A is a nonempty subset of R that is closed and bounded below, then minA exists

Proof: Let A be a nonempty closed set that is bounded above. Then supA exists. Let m = supA. To
complete the proof, we will show that m € A. Assume by contradiction that m ¢ A. Then m € A¢,
which is an open set. So there exists 6 > 0 such that

(m—06,m+8) C A"
This means there existsnoa € A with QA € (M-Slmfﬂ — %0\ “’m" W\"84 i M*‘S
m—0<a<m.

This contradicts the fact that m is the least upper bound of A (see Proposition 1.5.1). Therefore,
maxA exists. [

Definition 2.6.3 A subset A of R is called compact if for every sequence {a,} in A, there exists a
subsequence {ap, } that converges to a point a € A.

m Example 2.6.4 Let a,b € R, a < b. We show that the set A = [a,b] is compact. Let {a,} be a
sequence in A. Since a < a,, < b for all n, then the sequence is bounded. By the Bolzano-Weierstrass
theorem (Theorem 2.4.1), we can obtain a convergent subsequence {a,,k}. Say, limy_ye ay, = s. We
now must show that s € A. Since a < a,,, < b for all k, it follows from Theorem 2.1.5, thata < s < b
and, hence, s € A as desired. We conclude that A is compact.

[ Theorem 2.6.5 A subset A of R is compact if and only if it is closed and bounded_._]

Proof: Suppose A is a compact subset of R. Let us first show that A is bounded. Suppose, by
contradiction, that A is not bounded. Then for every n € N, there exists a, € A such that

|an| > n.
Since A is compact, there exists a subsequence {a,, } that converges to some a € A. Then
|ay,| > ne >k forall k.

Therefore, limy_,o |a,, | = oo. This is a contradiction because {|ay, |} converges to |a|. Thus A is
bounded.

Let us now show that A is closed. Let {a, } be a sequence in A that converges to a point a € R.
By the definition of compactness, {a,} has a subsequence {a,, } that converges to b € A. Then
a=>b € A and, hence, A is closed by Theorem 2.6.3.

For the converse, suppose A is closed and bounded and let {a, } be a sequence in A. Since A
is bounded, the sequence is bounded and, by the Bolzano-Weierstrass theorem (Theorem 2.4.1), it

IThis definition of compactness is more commonly referred to as sequential compactness.
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has a convergent subsequence, {a,, }. Say, limy_,e ay, = a. It now follows from Theorem 2.6.3 that
a € A. This shows that A is compact as desired. [J

Definition 2.6.4 (cluster/limit/accumulation point). Let A be a subset of R. A point @ € R (not
necessarily in A) is called a limit point of A if for any 6 > 0, the open ball B(a; §) contains an infinite

number of points of A.
A point a € A which is not an accumulation point of A is called an isolated point of A.

LI
s Example 2.6.5 (1) Let A=[0,1). Then a = 0 is a limit point of A and » = 1 is also a limit {_B—H’)_h
point of A. In fact, any point of the interval [0, 1] is a limit point of A. The set [0,1) has no

isolated points.
(2) Let A =Z. Then A does not have any limit points. Every element of Z is an 1solated pomt of
. 1_. Y B % Q 2 Z
z PUAPBES 4 e HSL_L |z}
(3) LetA={1/n:n e N}. Then a = 0 is the only limit point of A. All elements of A are 1solated foe £<|

points.

= Example 2.6.6 If G is an open subset of R then every point of G is a limit point of G. In fact,
more is true. If G is open and a € G, then a is a limit point of G\ {a}. Indeed, let § > 0 be such that
B(a;06) C G. Then (G\ {a})NB(a;6) = (a— 6,a) U(a,a+ &) and, thus B(a; §) contains an infinite
number of points of G\ {a}.

The following theorem is a variation of the Bolzano-Weierstrass theorem.

Uheorem 2.6.6 Any infinite bounded subset of R has at least one limit point. ]
Proof: Let A be an infinite subset of R and let {a, } be a sequence of A such that

am # a, form#n

(see Theorem 1.2.7). Since {ay,} is bounded, by the Bolzano-Weierstrass theorem (Theorem 2.4.1),
it has a convergent subsequence {a, }. Set b = limy_;e ap,. Given § > 0, there exists K € N such
that a,, € B(b; 6) for k > K. Since the set {ay, : k > K} is infinite, it follows that b is a limit point of
A.0O

The following definitions and results provide the framework for discussing convergence within

subsets of R. == RL\‘-‘\YQ Top. ‘0“ -
Definition 2.6.5 Let D be a subset of R. We say that a subset V of D is openinD if foreverya eV,
there exists 6 > 0 such that

B(a;8)ND C V.

——

Theorem 2.6.7 Let D be a subset of R. A subset V of D is open in D if and only if there exists an
open subset G of R such that

VjDﬂG.

Proof: Suppose V is open in D. By definition, for every a € V, there exists &, > 0 such that
B(a;6,)ND C V.

Define
G = UaevB(a; 6,)
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Then G is a union of open subsets of R, so G is open. Moreover,
V C GND = Uy [B(a;6,)ND] C V.

Therefore, V = GND.
Let us now prove the converse. Suppose V = GND, where G is an open set. For any a € V, we
have a € G, so there exists 6 > 0 such that

B(a;8) C G.
It follows that

B(a;6)NDC GND=V.
The proof is now complete. [

n Example 2.6.7 Let D = [0,1) and V = [0,1). We can write V = DN (~1,1). Since (—1,3) is
open in R, we conclude from Theorem 2.6.7 that V is open in D. Notice that V itself is not an open
subset of R.

The following theorem is now a direct consequence of Theorems 2.6.7 and 2.6.1.

Theorem 2.6.8 Let D be a subset of R. The following hold:

(a) The subsets @ and D are open in D.
(b) The union of any collection of open sets in D is open in D.
(c) The intersection of a finite number of open sets in D is open in D.

k Definition 2.6.6 Let D be a subset of R. We say that a subset A of D is closed in D if D\ A is open ]
in D.

_ﬁeorem 2.6.9 Let D be a subset of R. A subset K of D is closed in D if and only if there exists a
closed subset F' of R such that

K=DNF.

Proof: Suppose K is a closed set in D. Then D\ K is open in D. By Theorem 2.6.7, there exists an
open set G such that

D\K=DnNG.
It follows that
K=D\(D\K)=D\(DOG)=D\G=DDGC.

Let F = G°. Then F is a closed subset of R and K = DNF.
Conversely, suppose that there exists a closed subset F of R such that K = DN F. Then

D\K=D\(DNF)=D\F =DNF°".

Since F° is an open subset of R, applying Theorem 2.6.7 again, one has that D\ K is open in D.
Therefore, K is closed in D by definition. [
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m Example 2.6.8 Let D =[0,1) and K = [1,1). We can write K = DN [3,2]. Since [3,2] is closed
in R, we conclude from Theorem 2.6.9 that K is closed in D. Notice that K itself is not a closed
subset of R.

G)rollary 2.6.10 Let D be a subset of R. A subset K of D is closed in D if and only if for ev@

sequence {x} in K that converges to a point X € D it follows that ¥ € K.

Proof: Let D be a subset of R. Suppose K is closed mF'Bky Theorem 2.6.9, there exists a closed
subset F' of R such that

K=DnNF.

Let {x;} be a sequence in K that converges to a point X € D. Since {x;} is also a sequence in F' and
F is aclosed subset of R, x € F. Thus, xe DNF =K.

Let us prove the converse. Suppose by contradiction that K is not closed in D or D\ X is not
open in D. Then there exists ¥ € D \ K such that for every § > 0, one has

B(x;6)ND ¢ D\K.

In particular, for every k € N,
1
B (x;%> ND ¢ D\K.

For each k € N, choose x; € B(%; 1) ND such that x; ¢ D\ K. Then {x} is a sequence in K and,
moreover, {x;} converges to X € D. Then X € K. This is a contradiction. We conclude that X is
closedin D. O

The following theorem is a direct consequence of Theorems 2.6.9 and 2.6.2.

Theorem 2.6.11 Let D be a subset of R. The following hold:

(a) The subsets @ and D are closed in D.
(b) The intersection of any collection of closed sets in D is closed in D.
(c) The union of a finite number of closed sets in D is closed in D.

n Example 2.6.9 Consider the set D = [0,1) and the subset A = [},1). Clearly, A is bounded. We
showed in Example 2.6.8 that A is closed in D. However, A is not compact. We show this by finding
a sequence {ay } in A for which no subsequence converges to a point in A.

Indeed, consider the sequence a, = 1 — zin for n € N. Then a, € A for all n. Moreover, {a,}
converges to 1 and, hence, every subsequence also converges to 1. Since 1 ¢ A4, it follows that A is
not compact.

Exercises

2.6.1 Prove that a subset A of R is open if and only if for any x € A, there exists n € N such that
(x—1/n,x+1/n) CA.

2.6.2 Prove that the interval [0, 1) is neither open nor closed.

2.6.3 - Prove that if A and B are compact subsets of R, then A U B is a compact set.
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2.6.4 Prove that the intersection of any collection of compact subsets of R is compact.

2.6.5 Find all limit points and all isolated points of each of the following sets:

@) A=(0,1).
(b) B=10,1).
(c) C=0Q.

(d) D={m+1/n: mne N}

2.6.6 Let D = [0,0). Classify each subset of D below as open in D, closed in D, neither or both.
Justify your answers.

(a) A=(0,1).
(b) B=N.

© C=QnD.
@) D=(-1,1].

(€) E = (—2,00).



