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3.2.7 Find each of the following limits if they exist:

(a) lim,_,j+ x—.
x—1

(b) lim,_,o+ |x*sin(1/x)|.

(€) limy—;(x— [x]).
3.2.8 For a € R, let f be the function given by

xz, if x>1;
ﬂﬂ_{m—L if x<1.

Find the value of a such that lim,_,; f(x) exists.
3.2.9 Determine all values of X such that the limit lim,_,#(1 +x — [x]) exists.
3.2.10 Leta,b € R and suppose f : (a,b) — R is increasing. Prove the following.

(a) If f is bounded above, then lim,_,;- f(x) exists and is a real number.
(b) If £ is not bounded above, then lim,_,,- f(x) = ce.

State and prove analogous results in case f is bounded below and in case that the domain of f is one
of (—oe,b), (a,e0), or (—eo,00).

3.3 CONTINUITY Lectvre |4 ConTinu ity

Definition 3.3.1 Let D be a nonempty subset of R and let f: D — R be a function. The function f
is said to be continuous at xg € D if for any real number € > 0, there exists & > 0 such thatif x € D

wnd x| <3 hen Ko Goleid fuw 3650 B0G;8)0 D= I}
|f(x) = f(x0)| < &. Xe 0end Ix-X%[48 =D X=X, = ‘{(_x.)——ﬂn)': < £,

If £ is continuous at every point x € D, we say that f is continuous on D (or just continuous if no

confusion occurs).
. ___—-—’—’-—7

|
flzo) + € o
f(z)
f(zo)
flan) — € 4

Figure 3.1: Definition of continuity.
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= Example 3.3.1 Let f: R — R be given by f(x) =3x+7. Let xp € R and let € > 0. Choose
6 = €/3. Then if |x — xp| < &, we have

|f(x) = flxo)| = 3x+7— (Bxo+7)| = |3(x —x0)| =3|x—x0| <36 =¢&.

This shows that f is continuous at xg.

Remark 3.3.1 Note that the above definition of continuity does not mention limits. This allows
to include in the definition, points xo € D which are not limit points of D. If xq is an isolated
point of D, then there is § > 0 such that B(xp; ) N.D = {xp}. It follows that for x € B(xp; 6) N D,
| f(x) — f(x0)| = 0 < & for any epsilon. Therefore, every function is continuous at an isolated point
of its domain.

To study continuity at limit points of D, we have the following theorem which follows directly

from the definitions of continuity and limit. (X C I
Theorem 3.3.2 Let f: D — R and let xy € D be a limit point of D. Then f is continuous at xq if &c
and only if QQ .

lim f(x) = f(xo)-

X—r X0
s Example 3.3.2 Let f: R — R be given by f(x) = 3x*> — 2x+ 1. Fix xp € R. Since, from the
results of the previous theorem, we have

lim f(x) =xli_)r£_10(3x2 —2x+1) =3x3 - 2x0+ 1 = f(x0),

X=X

it follows that f is continuous at xg.

The following theorem follows directly from the definition of continuity, Theorem 3.1.2 and
Theorem 3.3.2 and we leave its proof as an exercise.

Theorem 3.3.3 Let f: D — R and let xp € D. Then f is continuous at xq if and only if for any
sequence {x;} in D that converges to x, the sequence {f(xx)} converges to f(xo).

The proofs of the next two theorems are straightforward using Theorem 3.3.3.

Theorem 3.3.4 Let f,g: D — R and let xo € D. Suppose f and g are continuous at xo. Then
(a) f+ g and fg are continuous at xp.

(b) cf is continuous at xp for any constant c.

(c) If g(x0) # 0, then Jé (defined on D = {x € D : g(x) # 0}) is continuous at xo.

Proof: We prove (2) and leave the other parts as an exercise. We will use Theorem 3.3.3. Let {x;}
be a sequence in D that converges to xp. Since f and g are continuous at xo, by Theorem 3.3.3 we
obtain that { f(xz)} converges to f(xo) and {g(xx)} converges to g(xo). By Theorem 2.2.1 (:

get that { f(xz) + g(xx)} converges to f(xo) + g(xo). Therefore,

Jim (£ +8) (xk) = Jim £(3) + g(x%) = £ (x0) +8(x0) = (f +8) (x0).

Since {x;} was arbitrary, using Theorem 3.3.3 again we conclude f + g is continuous at xo. [

continuous at f(xp), then go f is continuous at xo.

\Iheorem 3.35 Let f: D—+Randletg: E — R with f(D) C E. If f is continuous at xp ar@
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Exercises

3.3.1 Prove, using definition 3.3.1, that each of the following functions is continuous on the given
domain:

(@ f(x)=ax+b,a,beR,onR.
(®) f(x)=x>-3onR.
© flx)= \/fon [0, 00).
(d)f():=;0nR\{0}

3.3.2 Determine the values of x at which each function is continuous. The domain of all the
functions is R.

sinx
—i, if 0;
@ f(x) = s
1, if x = 0.
sinx
® f=4 W
1, ifx=0.
N
© F(x) rsm)—(, ifx#0;
0, if x = 0.
X .
@ f0) = co8 =, if x| < 1;
x—1], if x| >1.
(e f(x)= hm sm———{t———— xeR.

2(1+x21)
3.3.3 Let f: R — R be the function given by

x2+a, if x> 2;
flx) = .
ax—1, i x<2.

Find the value of a such that f is continuous.

3.3.4 Let f: D— R and let xo € D. Prove that if f is continuous at xp, then |f] is continuous at
this point. Is the converse true in general?

3.3.5 Prove Theorem 3.3.3. (Hint: treat separately the cases when xy is a limit point of D and when
it is not.)

3.3.6 Prove parts (b) and (¢} of Theorem 3.3.4.
3.3.7 Prove Theorem 3.3.5.

3.3.8 » Explore the continuity of the function f in each case below.



