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(a) Letg,h: [0,1] — R be continuous functions and define
glx), if xeQnlo,1];
fly =60 xe@niod)
h(x), if x€Q°NI[0,1].

Prove that if g(a) = h(a), for some a € [0, 1], then f is continuous at a.

(b) Let f: [0,1] — R be the function given by
Fl) = X, if xeQnIo,1];
1—x, if xeQeN(0,1].

Find all the points on [0, 1] at which the function is continuous.

3.3.9 > Consider the Thomae function defined on (0, 1] by
1

fx) =44

0,

k)

if x= g, p,q € N,where p and g have no common factors;
if x is irrational.
(a) Prove that for every € > 0, the set
Ag={x€(0,1]: f(x) > &}
is finite.
(b) Prove that f is continuous at every irrational point, and discontinuous at every rational point.

3.3.10 > Consider k distinct points x1,x3,...,x € R, k > 1. Find a function defined on R that is
continuous at each x;, i = 1,...,k, and discontinuous at all other points.

3.3.11 Suppose that f, g are continuous functions on R and f(x) = g(x) for all x € Q. Prove that
f(x) =g(x) forall x e R.
[EcTvRE |8 : PROPERTIES OF CewvTinvu duy Funenens
3.4 PROPERTIES OF CONTINUOUS FUNCTIONS
Recall from Definition 2.6.3 that a subset A of R is compact if and only if every sequence {ay}
in A has a subsequence {a,, } that converges to a point a € A.

Theorem 3.4.1 Let D be a nonempty compact subset of R and let f: D — R be a continuous
function. Then f(D) is a compact subset of R. In particular, f(D) is closed and bounded.

Proof: Take any sequence {y,} in f(D). Then for each n, there exists a, € D such that y, = f(a,).
Since D is compact, there exists a subsequence {an, } of {a,} and a point a € D such that

lim a,, =a € D.
k—yoo

It now follows from Theorem 3.3.3 that
lim y,, = lim f(ay,) = f(a) € f(D).
k—yo0 k—so0

Therefore, f(D) is compact.
The final conclusion follows from Theorem 2.6.5 O
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r Definition 3.4.1 We say that the function f: D — R has an absolute minimum at ¥ € D if
f(x) > f(x) for every x € D.
Similarly, we say that f has an absolute maximum at x if

f(x) < f(%) for every x € D.

L—

Figure 3.2: Absolute maximum and absolute minimum of f on [a, b].

Theorem 3.4.2 — Extreme Value Theorem. Suppose f: D — R is continuous and D is a compact
set. Then f has an absolute minimum and an absolute maximum on D.

Proof: Since D is compact, A = f(D) is closed and bounded (see Theorem 2.6.5). Let
m = infA = Hslgf(x)
In particular, m € R. For every n € N, there exists a, € A such that
m<a, <m+1/n.
For each n, since a, € A = f(D), there exists x,, € D such that a, = f(x,) and, hence,
m< f(x,) <m+1/n.

By the compactness of D, there exists an element X € D and a subsequence {x,, } that converges to
X € D as k — o. Because

1
m < f(xy,) < m+ — for every k,
Mk

by the squeeze theorem (Theorem 2.1.6) we conclude limg—e f (X, ) = m. On the other hand, by
continuity we have limg_se. f (X, ) = f(%). We conclude that f(x) =m < f(x) for every x € D. Thus,
f has an absolute minimum at ¥. The proof is similar for the case of absolute maximum. [

Remark 3.4.3 The proof of Theorem 3.4.2 can be shortened by applying Theorem 2.6.4. However,
we have provided a direct proof instead.

Y
Corollary 3.4.4 If f: [a,b] — R is continuous, then it has an absolute minimum and an absolutej

maximum on [a, b].
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Corollary 3.4.4 is sometimes referred to as the Extreme Value Theorem. It follows immediately
from Theorem 3.4.2, and the fact that the interval [a, b] is compact (see Example 2.0.4).
The following result is a basic property of continuous functions that is used in a variety of

situations.
-

Lemma 3.4.5 Let f: D — R be continuous at ¢ € D. Suppose f(c) > 0. Then there exists § > 0
such that

f(x) > 0 for every x € B(c;6) ND.

Proof: Let € = f(c) > 0. By the continuity of f at ¢, there exists § > 0 such that if x € D and

|x—c| < 6, then
Fe)—fo)<e. 7N =€ Fy-fa LE D £x) < F)+€

R P> fo-¢€
This implies, in particular, that f(x) > f(c) — € = 0 for every x € B(c; 6) ND. The proof is now

complete. [

©”
Remark 3.4.6 An analogous result holds if f(c¢) < 0. (Go lhnok /()\ )

Theorem 3.4.7 Let f: [a,b] — R be a continuous function. Suppose f(a)- f(b) < O (this means
either f(a) <0 < f(b) or f(a) > 0> f(b)). Then there exists ¢ € (a,b) such that f(c) =0.

Proof: We prove only the case f(a) < 0 < f(b) (the case f(a) > 0> f(b) is completely analogous).
Define

A={xeab]: f(x)<0}. € (& b)

This set is nonempty since a € A. This set is also bounded since A C [a,b]. Therefore, ¢ = supA

exists and a < ¢ < b. We are going to prove that f(c) = 0 by showing that f(c) < 0 and f(c) > 0

lead to contradictions. 8 (c ;5 c+ J/l
Suppose f(c) < 0. Then there exists 6 > 0 such that

f(x) <0forallx € B(c;8)N[a,b]. a S ! /l)

cib
Because ¢ < b (since f(b) > 0), we can find s € (¢,b) such that f(s) < 0 (indeed s = min{c +
6/2,(c+b)/2} will do). This is a contradiction because s € A and s > c.
Suppose f(c) > 0. Then there exists 6 > 0 such that

f(x) >0 forall x € B(c; 8) N [a,d].
Since a < ¢ (because f(a) < 0), there exists ¢ € (a,c) such that f(x) > 0 for all x € (z,¢) (in fact,

t =max{c— 6/2,(a+c)/2} will do). On the other hand, since ¢ < ¢ = supA, there exists t' € A
withr <t < ¢. But then <+ and f(#') < 0. This is a contradiction. We conclude that f(c) = 0. I

Theorem 3.4.8 — Intermediate Value Theorem. Let f: [a,b] — R be a continuous function.
Suppose f(a) < y < f(b). Then there exists a number ¢ € (a,b) such that f(c) = 7.
The same conclusion follows if f(a) > v > f(b).

T Y 3 in-bekweea £00) and £(0) dhen FCEal) st f=Y
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o =t
o /

Figure 3.3: Illustration of the Intermediate Value Theorem.

Proof: Define C fla) -7 <0 and ‘F(())’Y?O
¢(x)=f(x)—7, x € [a,b]. —f(‘*)< < »f((:)

Then ¢ is continuous on [a,b]. Moreover,
£(6) < ¥ < f(o)

¢(a)p(b) = [f(a) =Nf(B) =1 <0 FO)T<0 o Le-Y 70

By Theorem 3.4.7, there exists ¢ € (a,b) such that ¢(c) = 0. This is equivalent to f(c) = y. The
proof is now complete. [J

Corollary 3.4.9 Let f: [a,b] — R be a continuous function. Let

m =min{f(x) : x € [a,b]} and M = max{f(x) : x € [a,b]}. _F Ca LJ [W\ _M-]

Then for every y € [m, M], there exists ¢ € [a,b] such that f(c)

s Example 3.4.1 We will use the Intermediate Value Theorem to prove that the equation ¢* = —x

has at least one real solution. We will assume known that the exponential function is continuous on

R and that * < 1 for x < 0. BCG (..[ 0)
First define the function f: R — R by f(x) = ¢ +x. Notice that the given equation has a

solution x if and only if f(x) = 0. Now, the function f is continuous (as the sum of continuous —F ( C) -

functions). Moreover, note that f(—1) =e~!+(—1) <1—1=0and f(0) =1 > 0. We can now

apply the Intermediate Value Theorem to the function f on the interval [-1,0] with y=0to conclude =~ € + c=0

that there is ¢ € [—1,0] such that f(c) = 0. The point c is the desired solution to the original equation.

s Example 3.4.2 We show now that, given n € N, every positive real number has a positive n-th root.
Let n € N and let a € R with a > 0. First observe that (1+a)" > 1+ na > a (see Exercise 1.3.7). "= -X
Now consider the function f: [0,c0) — R given by f(x) =x". Since f(0) =0and f(1+a) > a, it
follows from the Intermediate Value Theorem that there is x € (0, 1+ a) such that f(x) = a. That is,

v

x" = a, as desired. (We show later in Example 4.3.1 that such an x is unique.) . ¢ -~ . R o A
& Le 7 g
We present below a second proof of Theorem 3.4.8 that does not depend on Theorem 3.4.7, but, .
instead, relies on the Nested Intervals Theorem (Theorem 2.3.3). ‘F (o) << 'F' (H’“a )
Second Proof of Theorem 3.4.8: We construct a sequence of nested intervals as follows. Set =
ai=a,by =b,andletI; = [a,b]. Letc; = (a+b)/2. If f(c1) =7, we are done. Otherwise, either 'F(-i) -
= O
f(cl) >Y or x (:f-
flen) <. =40
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In the first case, set a» = a; and b; = ¢;. In the second case, set a; = ¢; and by = b;. Now set
I, = [ay, b]. Note that in either case,

flaz) <y < f(ba).

Set ¢y = (az +b2)/2. If f(c2) = 7, again we are done. Otherwise, either

flea) >y or
fle2) <.

In the first case, set a3 = a; and b3 = ¢,. In the second case, set a3 = ¢, and b3 = by. Now set
Iz = [as, b3]. Note that in either case,

flaz) <y < f(b3).

Proceeding in this way, either we find some ¢, such that f(c,,) = ¥ and, hence, the proof is complete,
or we construct a sequence of closed bounded intervals {Z,} with ,, = [an,b,] such that for all n,

(i) In D) In+1,

(ii) by —an = (b—a) /2", and

(iii) f(an) <y < f(bn).

In this case, we proceed as follows. Condition (ii) implies that lim,,—,e (b, — a,) = 0. By the Nested
Intervals Theorem (Theorem 2.3.3, part (b)), there exists ¢ € [a, b] such that (), I, = {c}. Moreover,
as we see from the proof of that theorem, a, — ¢ and b,, — ¢ as n — oo.

By the continuity of f, we get

’}i_r){}of(an) = f(c) and
lim £(by) = £(0)

Since f(a,) < ¥ < f(by) for all n, condition (iii) above and Theorem 2.1.5 give

fle)<y  and
fle)>y.

It follows that f(c) = y. Note that, since f(a) < y < f(b), then ¢ € (a,b). The proof is now

complete. [

Now we are going to discuss the continuity of the inverse function. For a function f: D — E,
where E is a subset of R, we can define the new function f: D — R by the same function notation.
The function f: D — E is said to be continuous at a point X € D if the corresponding function
f: D — R is continuous at .

rTheorem 3.4.10 Let f: [a,b] — R be strictly increasing and continuous on [a, b]. Let ¢ = f(a) and
d = f(b). Then f is one-to-one, f([a,b]) = [c,d], and the inverse function f~! defined on [c,d] by

FH(f(x)) = x where x € [a,b],

\is a continuous function from [c,d] onto [a, b].




£(Lot)) = [““’/H(’U
£ < fo)< £(0) VXG((“{")
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Proof: The first two assertions follow from the monotonicity of f and the Intermediate Value
Theorem (see also Corollary 3.4.9). We will prove that ! is continuous on [c,d]. Fix any j € [c,d]
and fix any sequence {y} in [c,d] that converges to y. Let X € [a,b] and x; € [a,b] be such that

f(x) =y and f(xx) = yx for every k.

Then £~!(3) =% and £~! (yx) = x for every k. Suppose by contradiction that {x;} does not converge
to X. Then there exist & > 0 and a subsequence {x, } of {xx} such that

xx, — X| > € for every £. (3.7)
£

Since the sequence {x, } is bounded, it has a further subsequence that converges to xg € [@,b]. To
simplify the notation, we will again call the new subsequence {x, }. Taking limits in (3.7), we get

o —%| > € > 0. (3.8)

On the other hand, by the continuity of f, {f(x,)} converges to f(xo). Since f(xk,) =yr, — 7 as
LE — oo, it follows that f(xp) = y = f(X). This implies xo = X, which contradicts (3.8). O

Remark 3.4.11 A similar result holds if the domain of f is the open interval (a,b) with some
additional considerations. If f: (a,b) — R is increasing and bounded, following the argument
in Theorem 3.2.4 we can show that both lim,_,,+ f(x) = ¢ and lim,_,;- f(x) = d exist in R (see
Exercise 3.2.10). Using the Intermediate Value Theorem we obtain that f((a,b)) = (¢,d). We can
now proceed as in the previous theorem to show that f has a continuous inverse from (c,d) to (a,b).

If : (a,b) — R is increasing, continuous, bounded below, but not bounded above, then lim,_, .+ f(x) =

c € R, but lim,_,,- f(x) = oo (again see Exercise 3.2.10). In this case we can show using the Inter-
mediate Value Theorem that f((a,b)) = (c,e=) and we can proceed as above to prove that f has a

continuous inverse from (¢, ) to (a,b). . —
The other possibilities lead to similar results. ’F ([a[ b]) - ['F UJ) 7 'F (o"]

A similar theorem can be proved for strictly decreasing functions.

Exercises

3.4.1 Let f: D — R be continuous at ¢ € D and let y € R. Suppose f(c) > y. Prove that there
exists 6 > 0 such that

f(x) > yforevery x € B(c;6)ND.

3.4.2 Let f,g be continuous functions on [a,b]. Suppose f(a) < g(a) and f(b) > g(b). Prove that
there exists xo € (a,b) such that f(xp) = g(xp).

3.4.3 Prove that the equation cosx = x has at least on solution in R. (Assume known that the
function cosx is continuous.)

3.4.4 Prove that the equation x> — 2 = cos(x + 1) has at least two real solutions. (Assume known
that the function cosx is continuous.)

3.45 Let f: [a,b] — [a,b] be a continuous function.



