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DEFINITION AND BASIC PROPERTIES OF THE DERIVA-
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TAYLOR'S THEOREM

CONVEX FUNCTIONS AND DERIVATIVES
NONDIFFERENTIABLE CONVEX FUNCTIONS AND SUBD-
IFFERENTIALS

4. DIFFERENTIATION

In this chapter, we discuss basic properties of the derivative of a function and several major
theorems, including the Mean Value Theorem and 1’Hopital’s Rule.

4.1 DEFINITION AND BASIC PROPERTIES OF THE DERIVATIVE
Let G be an open subset of R and consider a function f: G — R. For every a € G, the function
_ 0 -fa) = DY
x—a DX

is defined on G\ {a}. Since G is an open set, @ is a limit point of G\ {a} (see Example 2.6.6). Thus,
it is possible to discuss the limit

£) = f(a)

a

Pa(x)

L

‘ Definition 4.1.1 Let G be an open subset of R and let a € G. We say that the function f defined on
G is differentiable at a if the limit

i £ = (@)

x—=a X—d

exists (as a real number). In this case, the limit is called the derivative of f at a denoted by f'(a),
and f is said to be differentiable at a. Thus, if f is differentiable at a, then

fl(a) — lim f(x) _f(a) .

We say that f is differentiable on G if f is differentiable at every point a € G. In this case, the
function f’: G — R is called the derivative of f on G.

X £ foe xe G,
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s Example 4.1.1  (a) Let f: R — R be given by f(x) =x and let @ € R. Then

tim P S _ ¥ o
x—a xXx—a x=ax—d x—=a
It follows that f is differentiable at a and f'(a) = 1.
(b) Let f: R — R be given by f(x) = x* and let a € R. Then

fx) = f(a) 2 —a (x—a)(x+a)

lim —————= = lim = lim = lim (x+a) = 2a.
x> a a x—»a x—da x> a Xx—a x> a

Thus, f is differentiable at every a € R and f'(a) = 2a.

(c) Let f: R — R be given by f(x) = |x| and let @ = 0. Then . {-X : X220
_ 'S'(X 2 ;

f_(x) f(o)zlim leim )—Czl, ) X :xXZ0

x— 0F x—0 x— 0t X x— 0t X
and ‘?’(X\ (‘—( X< 0
fm SE SO o MW Xy | X>0

x—= 0~ x—0 x—= 0" X x—= 0" X

Therefore, lim,_, o w does not exist and, hence, f is not differentiable at O.

Theorem 4.1.1 Let G be an open subset of R and let f be defined on G. If f is differentiable at
a € G, then f is continuous at this point.

Proof: We have the following identity for x € G\ {a}: _ %‘( %)
f@x) = f(x) = f(a) + f(a) /————-‘T'\ 0
L (VMY S WP O P “ = MJM ) + Jim £0) =%
o X-da x2a \ X-0 Jx X6
Thus,
=l {L:f—()“ a) +f<a>] = f'(@)-0+ f(a) = f(a)

Therefore, f is continuous at a by Theorem 3.3.2. [

Remark 4.1.2 The converse of Theorem 4.1.1 is not true. For instance, the absolute value function
f(x) = |x| is continuous at 0, but it is not differentiable at this point (as shown in the example above).

Theorem 4.1.3 Let G be an open subset of R and let f,g: G — R. Suppose both f and g are
differentiable at a € G. Then the following hold.

(a) The function f + g is differentiable at a and
(f+8)'(a) = f(a) +&(a).
(b) For a constant ¢, the function cf is differentiable at a and

(cf) (@) =cf'(a).
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(c) The function fg is differentiable at a and
(fe) (@) = f'(a)g(a) + f(a)g'(a).

(d) Suppose additionally that g(a) # 0. Then the function ! is differentiable at @ and
8

(/_‘ )'(a) _ f'(a)g(a) = fla)g'(a)
\__ 8 (g(a))? .

Proof: The proofs of (a) and (b) are straightforward and we leave them as exercises. Let us prove (c).
For every x € G\ {a}, we can write

(f&)(x) — (f&)(a) _ f(x)g(x) — f(a)g(x) + f(a)g(x) — fla)g(a)

x—a x—a N
_ (U@~ f@)el) | fa)(8(x) ~g(@) Jim @tx)) =9(a
x—a x—a NI

By Theorem 4.1.1, the function g is continuous at a and, hence,

limg(x) = g(a). @.1)
Thus,

tim VOO UD@ _ ri0y500) + sa)g (@)
This implies (¢).

Next we show (d). Since g(a) # 0, by (4.1), there exists an open interval / containing a such that

_f en £ is defined on OTEeOVer.
g(0) #0for all x € I. Let h = 7. Then J i defined on I. Moreover, EL\O)
W -he) _ 9 E8+EE - h
—a o £'(6]= ' (219(6) ¢ 9]
L {fx a fla) a)—g(x p
_ )(f( )= f( ))x g((:g(a)( g(a) —g(x)) L\‘(M _ fl(ﬁ) —h(a}ﬂ(ﬂ
_ 1 o f®=fa) g(x) g(a) e
rerol e e Gl =l = 0 F) - fwdl,
Taking the limit as x — @, we obtain (d). The proof is now complete. [ @(k] )7_ —

Example 4.1.2 Let f/: R — R be given by f(x) = x* and let a € R. Using Example 4.T.T(a)
and Theorem 4.1.3(¢) we can provide an alternative derivation of a formula for f'(a). Indeed, let
g: R — R be given by g(x) =x. Then f =g- g so

f'(a) = (g8)'(a) = &'(a)g(a) + g(a)g'(a) = 2¢'(a)g(a) = 2a.

Proceeding by induction, we can obtain the derivative of g: R — R given by g(x) =x"forn e Nas
g'(a) = nx"~1, Furthermore, using this and Theorem 4.1.3(a)(b) we obtain the familiar formula for
the derivative of a polynomial p(x) = @, +---+aix+ag as p'(x) = a1+ -+ 2ax +ay.



Mg x)

Hx)= £@) + £(6) (x-q) + J&T&I) Nel— 0 w0 X >0,

I = ) £91)(x-0) + V(x) (x-.)
-

«g(x\%x] = kf—_’(ﬁ\) t %I(&] (Xx-a] ’rf\f()q) 3)(@) —\-CJI(@/()(—O\) {—/]g (;(}}
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xve)
The following lemma is very convenient for studying the differentiability of the composition of
functions. )= :P(o.] t+ &l( o) (.X’Q\_L'{' U’(x) (x "2\
— ;
Lemma 4.1.4 Let G be an open subset of R and let f: G — R. Suppose f is differentiable at a. W~
Then there exists a function u: G — R satisfying ~ 7
fx) = fla)=[f'(a) +ux)](x—a) forallx € G
. Coram Yneo dws
and lim,_,, u(x) = 0.
Proof: Define
f&)—fl)
sy = | = rla), xeG\{a)
0, x=a.
Since f is differentiable at a, we have
: s f(x)— f(a) 1N gl 1 —
timu(x) = im0 L8 @)= p(0) - f(a) =0,
Therefore, the function u satisfies the conditions of the lemma. OJ
Theorem 4.1.5 — Chain rule. Let f: G; — R and let g: G, — R, where G; and G; are two open
subsets of R with f(G;) C G,. Suppose f is differentiable at a and g is differentiable at f(a). Then
the function go f is differentiable at a and
(g0 f)(a) =&'(f(a))f (a).
Proof: Since f is differentiable at a, by Lemma 4.1 .4, there exists a function u defined on G; with
f(x) = fla) = [f'(a) + u(x)](x — a) for all x € Gy,
and limy—,, u(x) = 0.
Similarly, since g is differentiable at f(a), there exists a function v defined on G, with
g(t) — g(f(a)) = [&'(f(@)) +v()]lt — f(a)] for all t € Go, (4.2)
and lim,_, ¢, v(¢) = 0. . .
Applying (4.2) for t = f(x), we have (0 M? e S(l’( of ((/\U
g(f(x) —g(f(a)) = [g'(f (@) +v(f()][f (x) - f(a)]. hat o slepe foime
Thus, Y !1 ?(0 J\,\»-U}( d\' S\Opﬂ.
g(f(x) —g(f(a)) = [g'(f(a)) +v(f ()] (a) + u(x)](x—a) for all x € Gi. {—(x] =W X 4 [;,
t
This implies cﬁ (x) = My X ‘Hh
- a
SN =8 _ 1 () + () ) + )] for all € G \ . :
H:o% \\X\ =L (M X+ t)

By the continuity of f at a and the property of v, we have lim,_,, v(f(x)) = 0 and, hence,

i BFO) =8UF@) _ =y, (mxth ¢,
Qb

The proof is now complete. [J
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m Example 4.1.3 Consider the function 2: R — R given by a(x) = (3x* +x+7)'. Since A(x) is a
polynomial we could in principle compute 4’(x) by expanding the power and using Example <.1.2.
However, Theorem 4.1.5 provides a shorter way. Define f,g: R — R by f(x) = 3x*+x+7 and
g(x) = x'5. Then h = go f. Given a € R, it follows from Theorem 4.1.5 that

(g0f)(a) =& (f(a))f'(a) = 15(3a* +a+T7)"*(124° + 1).

s Example 4.1.4 By iterating the Chain Rule, we can extended the result to the composition of
more than two functions in a straightforward way. For example, given functions f: G; — R,
g: G2 =+ R, and h: G3 — R such that f(G,) C G2, g(G2) C Gs, f is differentiable at a, g is
differentiable at f(a), and h is differentiable at g(f(a)), we obtain that ho go f is differentiable at a
and (hogo f)'(a) = (¢(f(a)))g' (f(a))f' (a).

Definition 4.1.2 Let G be an open set and let f: G — R be a differentiable function. If the function
'+ G — Ris also differentiable, we say that f is twice differentiable (on G). The second derivative
of f is denoted by f” or £, Thus, = (')’. Similarly, we say that f is three times differentiable
if £(2) is differentiable, and (f(®))’ is called the third derivative of f and is denoted by £ or f®).
We can define in this way n times differentiability and the nth derivative of f for any positive integer
n. As a convention, f(o) = F.

Definition 4.1.3 Let / be an open interval in R and let f: 7 — R. The function f is said to be\
continuously differentiable if f is differentiable on I and f” is continuous on I. We denote by C* (1)
the set of all continuously differentiable functions on 7. If f is n times differentiable on I and the nth
derivative is continuous, then f is called n times continuously differentiable. We denote by C"(I) the

\\gt of all n times continuously differentiable functions on I.

Exercises
4.1.1 Prove parts (a) and (b) of Theorem 4.1.3.

4.1.2 Compute the following derivatives directly from the definition. That is, do not use Theo-
rem <. 1.3, but rather compute the appropriate limit directly (see Example 4.1.1).

(a) f(x) =mx+D where m,b € R.
(b) flx)= 1 (here assume x # 0).
X
(c) f(x) = +/x (here assume x > 0)
4.1.3 Let f: R — R be given by
x2, ifx>0;
x) =
f) {0, if x<0.

(a) Prove that f is differentiable at 0. Find f'(x) for all x € R.
(b) Is f’ continuous? Is f* differentiable?

4.1.4 Let

x%  ifx > 0;
x) =
f&) {0, if x<0.
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(a) Determine the values of & for which f is continuous on R.
(b) Determine the values of o for which f is differentiable on R. In this case, find f'.

4.1.5 Use Theorems 4.1.3 and 4.1.5 to compute the derivatives of the following functions at the
indicated points (see also Example 4.1.4). (Assume known that the function sinx is differentiable at
all points and that its derivative is cosx.)

3x4+7
@ /() =550

(b) f(x)=sin’(3x% + Ix)ata=%

ata = ~1.

4.1.6 Determine the values of x at which each function is differentiable.

1
xsin—, fx#0;

@ flx)= x
0, ifx=0.
|
®) f(x) = xzsin;, ifx#0;
0, ifx=0.

4.1.7 Determine if each of the following functions is differentiable at 0. Justify your answer.
X%, ifxeQ;
@ fx)= {x3 ifx ¢ g
(b) f(x) = [x]sin® (7x).
(©) f(x) = cos(y/]n]).
(@) f(x)=x[x].
4.1.8 Let f,g be differentiable at a. Find the following limits:

xf(a)—af(x)

—a

() limyq

(9 tim,., LA —S(@s)

4.1.9 Let G be an open subset of R and g € G. Prove that if f: G — R is Lipschitz continuous,
then g(x) = (f(x) — f(a))? is differentiable at a.

4.1.10 1> Let f be differentiable at @ and f(a) > 0. Find the following limit:
i (£
e\ F@) )

1
xzsin;+cx, if x # 0;

0, if x=0,

4.1.11 » Consider the function

fx) =



