MATH 497: MANIFOLD THEORY MI1sSION 10, SURFACE GEOMETRY (55PTS)

Problems are typically taken from either Jeffrey Lee’s text Manifolds and Differential Geometry (MDG)
or John Lee’s text Smooth Manifolds (SM). I've also written a few problems. Most problems 5pts here.

Problem 93

Problem 94

Problem 95

¢« Problem 96

s Problem 97

If E,. Es, E5 is an orthonormal frame field on R? for which Ey, E; restrict to tangent fields
to M C R? and Fs3(p) € T,M* then we say Ey, Ey, E3 is an adapted frame on M.

(a.) Show S(v) = wia(v)Ey + was(v)Es

(b.) Show Wiz N\ Wz = KB]‘ A 92

(c.) Show wyz A 6% + 6 A woyy = 2HO' A 62

(d) ShOW def(S) - wlg(El)wgg(Ez) — wlg(Ez)wgg,(El)

(e.) Show dwis = —K6' A 62,

A principal frame field adapted to M is an orthonormal frame field Ey, Es, E3 adapted

to M for which there exist principal curvature functions ki, k; such that S(Ey) = k1 £,
and S(Ez) = kgEg. Show El[kg] = (kl — kg)wlg(Ez) and Ez[kl] = (kl == k?)WIZ(El)-

Consider the catenoid M given by parametric equations
x = bcosh(v/b) cos(u), y = beosh(v/b) sin(u), zZ =1
Calculate the following:
(a.) Find an adapted frame Ey, E;, E3 to M by normalizing d,X and 9,X and setting
Eg = F; x Es.
(b.) Find coframe 6%, 6%, 6% of the adapted frame, check that 6* =0 on M.
(c.) Find w, from solving Cartan’s Structure Equations.
(d.) Calculate the Gaussian curvature from dwis = —K g1 A 9.
Let F : M — N bea smooth surface map. For each patch X : D — M consider the
map X = F<X : D — N. Then F is a local isometry if and only if for each patch X

we have E = E and F = F and G = G where E = §,X +8,X and F = 3,X «0,X and
G = 0,X «9,X. Use this theorem to find a local isometry of the

(a.) plane and cylinder which have patches X (u,v) = (u,v,0) and
Y (u,v) = (Rcos(u/R), Rsin(u/R), v) respective.

(b.) the helicoid and catenoid which have patches X(u,v) = (ucosv,usinv,v) and
Y (u,v) = (g, hcosv, hsinv) where g(u) = sinh™(u) and h(u) = V1 + u?
(it’s a little algebra, but you can take the implicit formulation provided by the
theorem and make it explicit )

Consider a surface M C R® with adapted frame E; and coframe ¢*. In this problem we
seek to argue for the intrinsic character of the Gaussian curvature:

(a.) Define v = (d8'(Ey, E,))6" + d6*(E,, E,))6? and show v = wya.




Problem 98

* Problem 99
* Problem 100

» Problem 101

* Problem 102

* Problem 103

(b.) Let F : M — M be an isometry and let E; = F.(E;) for j = 1,2. Show ¢/ = F*(@j)
for j = 1,2 and wyy = F*(@W12) where Wiz is the connection form on M.

(c.) Show K = K-F

Let g = '('T;_—yf)‘f(dl'Q +dy?) then you can show E; = s(1—2 —y2)5% is a g-orthonormal
frame in the sense that g(E;, E;) = 6;;. You could also show the dual coframe of 1-forms
91 1 62
gl = _ 2z -y
1—x2—y? 1—22—y?

With all of this given, calculate the Gaussian curvature. The set A = {(z}, %) | (=, z%)|| <
1} paired with the metric g is known as the hyperbolic disk. It is an example of how a
subset of the plane can be given a non-Euclidean geometry.

& 6

Find a metric on the plane which gives a subset of the plane curvature K =1
Find a metric on a subset of the sphere which makes it flat.

State the Gauss Bonnet Theorem. Also, in a surface of constant curvature what can we
say about the interior angles of a triangle ?

Explain why the sphere is not isometric to the torus.

Show that the ellipsoid € = {(z,y, 2) |‘;—§ + 3;—2 - 212- = 1} is mapped to the unit-sphere X
via the map F : £ — & defined by F(u,v,w) = (au,bv,cw). Also, explain why F'is a
diffeomorphism. Find the total curvature of £ via the Gauss Bonnet Theorem as well as
the observation that diffeomorphisms are also homeomorphisms and as such preserve the
Euler characteristic. Remember, we already know the total curvature of ¥ from our work
in class.

Extra Problems you don’t have to do:

(I.) MDG, Exercise 4.42 on page 168 (formula for Christoffel symbols in terms of metric)

(IL.) Let Ey = —sinU; +cos QU, and Fs = Us and E3 = cos U} +sin 8U;. Find the attitude matrix
A for the cylindrical frame Ey, Ey, E3 and calculate the matrix of connection forms w = (dA)AT

(IIL.) In cylindrical coordinates, the frame of the above problem is simply E; = %%, E, = (.?—z and
E; = 2. This frame adapts nicely to the cylinder M given by r = R where R is a fixed

ar

positive constant. Notice E; = %% and Ey = 55; have coframe 8! = Rdf and 6? = dz. We
found w3 = —dfl = —ws3; whereas wys = wp) = Wa3z = W32 = 0.

(a.)

(b.)
(c.)
(d.)

Recall S(El) = —LU31(E]_)E1 -w;gg(El)EQ and S(Eg) = —w;;l(Eg)El = UJ32(E2)E2. Show
E,, E, is a principle frame.

Calculate H and K
Give an example of an asymptotic curve on M

Give an example of a geodesic curve on M



(Iv.)

(V)

(VL)

(VIL)

(VIIL)

(IX.)

(X.)

Let 6,62 be a coframe of Ey, E, on a surface such that 6* A 6% # 0. Notice 01 A 6% = gb* A 62
implies f = g. Furthermore, if « is a one-form then

a = a[B)8" + o[ E,)0?

Use the assumptions above to find o given that aA 6! = A6* A6* and a A §* = BO' A 62. (your
formula for a will involve A and B)

The helicoid has patch X (u,v) = (ucosv, usinv, bv) where b > 0. Since this is an orthogonal
patch, we can use frame E; = ﬁXu and Ey = 71(=3=XTJ and coframe §! = vEdu and 62 = /Gdv.
Derive the connection form wy, and the Gaussian curvature K from the equations df! = wiaNG?,
df? = wy A B! and dwyp = —KO' A 62

The paraboloid of revolution has patch X (u,v) = (ucosv,usinv, u®/2) where b > 0. Since this
is an orthogonal patch, we can use frame £y = \—/%X w and By = ﬁXt, and coframe 8! = v Edu

and 62 = v/Gdv. Derive the connection form wqs and the Gaussian curvature K from the
equations df! = wis A 62, d6? = wy A 6" and dwyy = —K6' A 62.

The cone has patch X (u,v) = (ucosv,usinv,au) where a > 0. Since this is an orthogonal
patch, we can use frame E; = 71‘EX" and Fy = :715X1, and coframe 8! = vV Edu and 6% = /Gdv.

Derive the connection form w;, and the Gaussian curvature K from the equations df* = wia N2,
d92 = wo N 91 and dw12 = —I(Hl A 92.

Let X(u,v) = (u,v, f(u,v)) where f is a smooth function of u,v on R2. Let M = X(R?).
Calculate the Gaussian curvature of M. What condition on f is needed for M to be flat ?
Let

X (u,v) = (ucos(v), usin(v),v).

Calculate E, F, G and L, M, N. Use the standard formulas to calculate the Gaussian and mean
curvature.

Suppose u > 0 and let
X(u,v) = (ucos(v), usin(v), u?).

Calculate the associated frame field E;, Ey as well as the dual frame 6, §%. Find the connection
form w;y and calculate the Gaussian curvature K. For bonus, also find wya, we3 and calculate
the mean curvature H.
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P93 E, E. E3 an dr%c?narmu( 44«4»\{ ﬁt/al on %3
for which E,( E. &€ %(M} and 53 (P) € 7;;/“ 4
So E,I EI’ E3 I5  an Oxo{o.pM ,][yam '

(a) Show SWV) = W (WE, + Wa (v) E,

Slv) = S((E,-V)E,+(E',_-V)E})
= -T, Ea fina € ,Er is freamu
= -(W &)-€)¢ —d%éﬁ E.) €.
= - W,, V) E, - Wi, (v) E,

= W, (V) E, + W,,; (V) E}

Mare T omd WiglPl0) = (R E)-E t2) Hm PE&

of valdl oo w;a- = - Wy which wre showed T clut,
(and you can derive
ofa PSP a/ow{u{;ﬂl)

(b.) W, = W, (E) 6"+ W, (E,)6"
Wy = Wiy (E)6' +uwhs (B)6

W NNy = (w,.,. (€,) 6 +w,,(a)e‘)v\ (w;-_.(ﬁ)ﬁ'*-wulﬁ)é')

= (Wi LE) Wy (6) =W (E.) W, (€))6'A6"

ik [C‘Ung (E)) Wy (5:)] e'/\@z

1

w,n(e,) 03 (E2) g=1{€,6]
[ S(E) [sm]
S {Qif%%‘h

el £ F-—{E(‘,tf-?
urihy (o)



P13 _onbivel
(e.) w,nb +6aWy; =
= (v, (6)6 Fu, (6]6*)n 6" +@'n (@, (£)6" +wi,(4)6")

= (W, (6) + W,y (E)) B'n 6"
= +cac [SJFF o'a g’

= | 1
H o /\8 (_no A hew T (H’\l'h‘r\)

(d) %AI we Showed (his a/raJ;,

(o) Jhow dW, = -n6'nb’
dw,, = W, A W;, - Gawnse’ Cgc »frc:\ (atan 7

= - WK 8' /161 Viing parf‘ {é)

s S, (vew = V- S w) = g 1. (8]
{\'n\t r ek fpcd’?wp 7h" 31'\u.r e exittno of an "/7%"4’/"‘(

| €1 gem bosii br S, [t Ei, E be fhe elgm beses
S'(E;.] :hz EZ/ oA

ud,

-

Suvh M S’(E,)'-'-'l('(:' and
A ha Lrubl-ww a\i/u Ahis much 4o
Nefiw SI(E) = w, &) B+ Wy ()& = hE =

—

SLE) = Wi (&) E + W,, (&) € =k, €,

Twus, W,; (E) = k, and Wy, (€) =k,

and

T}\Lrpjrorc, W ~ , &' and W, = k;@L

]



‘P?‘f Um/?;'\vtl} o

We AFraad Wi :kel and ('Uz:e-“'}fzf92

WI’W l'(, dkl nre J/}'\l pft‘/\c;/auﬂ CM(VU/W(,»)‘MAU%;V’
However,  dWiy = W, AW
\..—-w___

o((ﬂ,@’j = W, A (klaz/
de 6! +k dO' = k w.n O
Jk AD' + l W nB = low, a8

BA, dk, = di (E]16' +dk [£)0° heao,
A (6) 6@ = (k-k, ) w,(&) 68

> diklE) = (-k )W, (&)
E (k) = (ke -k, )W, (&)

S:)m'/a/{a, vk g d Wy; = Wy, AW,
d( k6" = -w, A(h O

= £ k)= (k-k ) w, (&)




Ca{end:'aﬂ M 3:':/01 b?/
% = becosh(W)earu 9= bowh(Y/b)siaw 2 =V

Colevdatr X =(x,9,2) heo Y ="'y (dehne)

(a.) Sa = <_b-cosk[’{v)8t‘nl&, bwsh('Yv)oa_ru, o>

Xu_ E = {-finu, coru, 0>
Il ‘

Ky = < bYsin (VW)@ U, bYamh (Yv)5au, 1

Xv s <Sl‘nh (YV)GDJ(H)I Jt‘nlfl [YV)J'::n [M)l l>
WXl  siah? [’Y\,) (@it +0n*u) + |

B‘*’f, oth’® —sialt® = | = J1+5mh%8 = cosh® 2 |
Theretre,

E = <-snu, wU o)

E, =  unh(Vb)cosu, funh (Vo) ia U, sech (V/s)D

2
€3= E‘ XEZ = (t‘oJ'H Sech (V/b); Stn q-r"'h{‘//b), = fanh /V/LJ>

: ¥ y B o 1 i . :
(b) Find © ' ) ,63 cemem ber E: /‘Z,A‘JU'B &~ 0 ,__4'2‘ A‘a dx ©

—

© = -sinu dX + cos U ¢%
e‘l = 4wnh (V/Ia) tos(n) dx + ‘f'W'/{ [%) Jin(w/dy —~ sech (V/bj dz

3

© = cosu Sin dY% - Sﬁ\k(uﬁ'ld
r.o:h("/b) ol cosh (V/b) ® cosh (V/b) -




P4S contaved

dx = bYJufnh(ij Cos(a)dy = bearh (YV)Sia )dy

d9 = bYswh (Yv)siawdy + b cash (YV] carto) qu
dt = dV
Subshtte Ahewe b 93/

83 s fo;(u][ﬁSWhh{?’ijjudy-buqul o

cosh (Yv)
4 j’m(bl) [ snh (¥¥) gintagdy +b W«/dqz Ay
coth (Yv) cosh (YY)
Cshhlav) dV = AV sk [TV _
= Cosh (TV}
. ({,,;;.(w) —4iah (Y¥] ] v
cesh (Yv) -

))

O



(C} - _ X _ /

- = _ 2
B T beak(Yh) Iu
e BV H / 5
2 It Xff cosh(V5) v
©' = buh (V5) du
O = cuh (74) dv
~ d@’ = snh(WB) dvadd = W, A@z

d6 = :“(’Ulz’\@l

L

A 2
é #0o 0O Gornp, C"F w,,

sah (Vb)) dvadu = cosh (74) w, n dv
i ” — ~

— Sinh (V/6) du AdV

cosh (V) W,, = ~vnh(Y5) du

(’Un. e 'ﬁmé/%)dﬂ

/
= okl W) _©
b e ()
— —gah (/) o'
b corh?(Vb)




(G./(M-(ra dw’z - _Kﬁl’ﬂ@:

12
= J‘ech Z[V/H oV A du
b

[
N odu AdV
b cosh *(\/h)

l Q' n e )
beosh®(h) \ barh('b) cwh (Y1)

I ‘ , o
b cosh™ (V) &,

- |
K = Tom




Wg— F:m— N smoofh Jurha map . For each patch
X : D —>M concider the map X = FoX: p—>N
Then F s locek isometen, i ff Hr each patch X
we hove E= E and F=F and G =G where

E = 0,X°9,X ond F=9.X+9, X and

G =2QK-9 X. Use thir Th® o hrd loced itometry
of Ahe

(O..) _plaruz and cxall'n&er
o) = ) on Yo = (Al ), )

Fu”owl'ha Lectnre 20 / PG (a“"‘f'(‘ 76 f)’”M O,w”///

Fluy, 0) = (R cos(“/ﬁ)l RSI'A(“/R), V)

o (F o) = (Ao (%R), Reinl¥8) )]

(b.) helicoid and cokenoid
X (u,v) = (ucosv, usia v, v ) 9(n)= r:;'h"/u)

Tww) = (9 hesv, hsnv) Ty ) = (Trur
F (weos v, usiav, v ) = (siah (), JTruP eos v V1+u? sin v)

\_—-r-"—"y—-

X Q7
tan Vv = 9 and Xz""éz':‘u‘z -

('f'an 2 = 9 3(‘\10.1 Hel?co[cl}
Thuy,
[F(’“"r?) = (‘;;”A—{(IVX +y? ), cos (2] 1+X+Y* sin (2) mz]

(PA3) see hectwe 20, p. T-13 ba.u'a-%.
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P4e wnhhve X = |~ x2_y

o) ~2Y
olw,, = 57{ jd‘#/\o\x + -——-[——-j dx A dY
= 'Ea w(_a(_ay) Hndx + 4 25 [ 2L | ldxnay
o 0(3 ’ 0(3
= < (1-x"-y L+ 4Y*) d¥ndx +;<_(l xP-y® + 4T dndy
o3
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o(
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«
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P00 con Anved

A = ~s5tn Qsin § O -co;mw/
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