LecTure Q] : INOEPEWDENT Sveaer J 0RTHOoGoNAL Pragecnon

We've dicevrred linear Ith,O&ﬂ/cﬂa of vectors, Now we
tola it to another leved and detine inde pendenca

D‘F Sub:paus. T stote 1% defirton Tor red vectsr
spaces , b ovr main focus 1t Simply /e

V’De%? Let W, , W, .., W, be subspaces of V Hhen |
these are tndependent subspaces i f

(W = vus b V/o.-l +"M§.f(f-...+'m/‘;)n% - /0/
for é:l,z,..,k. If V='V\/.+---+M and Aha
Sub:pau.,r ove zha/e/?cna/cnf hen we .ro.? APt
V' is A (inbendd) ditedt com of W, .., Vi
PRy i ede

Now, n le cture olufo'na clatstioma 1Y/ PrOA“'élf
jvit exp(o..m Ais fr k=2 o 3,

El] V= WeW, mems V' =W +W; and Wawg={O]

————

@ V= WeWeW, means V=W, +W +W
and W, +W, )0 Wh = (o] (W +W,)aW=/e] ens Wrwg)nw =0

Tha ‘Fu//owo'n examf& reveeds .why pm‘row‘u -fn‘w‘«-—(
inderrechon? s net  ruvfbierent fo J'i’f direcf sum

Wo=smafere W, = Span e, )"
e Wl e RS
X, W+ W, = jomn { €2, e+e[:R*
W, = Span {€; | WAW, = WaW, = W,aW, = /o]
(d.:.‘ W, +dim W, + dimn W; = dim (WeW;67;) , doesnt hild j\)




The peev vt @ does net Ht wilh 1A ﬁ/ﬁw,‘v 7472 @
. 0{
which I present here wfo proot,

W? If W,, W,., W, are Svbipacts of Y and
Vo= '[/]/l W2 +--- TV, then e A//awm'; are eyurWa.z/‘

(1.) W, ,W;,., W are /'nalycnclwf rubspaces

(2.) B; basic or W Pr t=1,2.,k ha
. F, Uﬂ V.U ﬁk which ir berir for V

(3.) for each x € V' here exirt unigue X; € V7

l 'Fbr i:l,z,..,k and X=x'+)(z+.,,+xk .

I'm ma:'n/a fm‘vt!ﬁd ta (2) or 1hir Cevrre, fomeﬁéﬂg
we haow V = W, @ We and 12 rueh a cavce

we can Fnd besis he W, and then a by b U
and if we tembine fhore boses Then we're rure 4

hove & boysiz br V. I vred 14ir idea [s,4
clotr in AAe lact examp/c/ but yov m:)/q‘ Not-
have noticed, & I found bosis hor St Ldhot
weccythy b I mesed op Ahe boyir for gpan (S),

>

[Remvh when we have basg ar above 1n (2) .anJ

T vV linew wch #Hd T (w;) € Wy for
42 LY,k Ahen A meftix oA T wet. @ is
ble ch  dianoned (# @ doer dovbl-duty here,
we hove v=EWoWet-e W' ond

[-r]F = MOM,®--& M,
L Ay s :'cnporh-d' leter on ...




ORTHOGONAL Comriements d DEcomPosirionys ... @

We shovld be 3:‘11 btf rem/rw/zhg +he readey Mqa;é/

De+7 6"\/‘" $ = ﬁzn a or%\%ond
wemplemnt + § ¢ Stz fxe R"| x-5=0Vse§]
)

Whﬂn Sl = {V., Vz, - ka ’H“&n we Saw S'L 1 Ndﬂ CQJT LC{‘.’/
examsne anefhi fuch exam/o[,e,

| ©
@ S = {(lr 1), (o, 0,0, 0) ] Ahen [9}:[‘ :]
fi-ra
wd [ST=[00 1] 00 ] Aheee,
xe N (S)T har X, +Xxy =06 and Xz+ Xz = O ond

o -
= (o]
} + xq (s}

\

I
|
0
’ch-{:m/ S-L = Span «{ (o, -, I,o)/ (-1, 6,0, [) }

— —

X = (-X4,= Xs, Xs, Xy) = X3

— —
we probably could hove '
Netiw S' is ne a C@M_{!EA Aneje w/o Co.‘(.vlt-oﬁw\/

wWe nud Joma 44'\00/7

e # L s
sobspace, get S Yo bet uide JSuch guedihg...

6 Svbspace oF M7

<L
In fFud', span (S‘)@ S
/s closed under addifion and Scalor mults /}0//'54/)4},/

b
(0« Svbspack wbout {O]/ o J‘udea has oo/g many enf//'(/}

unless we're h»lkrna

€5) W = span { (1,000, (0 4,00 ] Fhan nething,
Ch&h%,w/ &c{uuﬂv ﬂ\/\/"'L = Span {(O, 1 0/, ('I/ 9 o//)}
and We wt = ﬂ?‘/

N———
thiy mehnes Wad W 4 orﬁ\ogom-p Comgzuﬂ&!ﬁ

of oL anafzef.




P

The _L (I resd fhis as “pef‘p'/) has nic prepestres, @

j})’y Llet S R" 4hen
(1) St < R (S"L is J‘ub.cpaa.)
(2) span ($)n S*={0];¢ span(5)+ S*=R"

V

Span(S)e S+ = /R”
Span (S'/ and S"’L are gﬁl‘g&/m[ qup/e/ﬂl/lf!

() (S ‘L)'L = span (S) and (@panls)i)'L:st(.S‘/

LC*’-‘ o’eh’u orﬁ\oaonwe{"'\/ for Subspaces ond explau'r\
’n\-& +efm¢.f\0\0% \\Or%o&of\rd C‘fmplcmer\i"'/_ i F.}J‘{—/ an

examp le
€D W =smllln]  WeW R WeW =R
Wo = Spam {1 a)] A W HTE o welar WED,

W, = span J(1,-1) ] are c»mg/emené% subipaus

(\,0)e W,, (L1)€ W, with (o) (L1)= 170

Mowevcr'
Whereas ¢ (1,0)* al-) = 6G(1-1)=0 fhuw  euvery
uie o vechre in W, @ W are L. Thi mubes

W, @ W, an orthegend dewmporiion of R: and

W, g W; oee or#\o{g\onw{ comp lemendy ; V\/“'L: W,
W= W,

| De,(“/ Svbspaws W.,---, W, are O;Il_\ggoml A W,

W for any X;G‘VVE'X‘GW% wth i#ﬂ.
we hove XPX%'—'O. thn dhe som

of M sub sfpacey %\\lu an and 1k
fubtpaus ore orthogondd Ahan ”
3

R"= W,& W, &---@ Wi
» \$ on or)ﬂr\oamidc compefition of M" }

W,




@

Cz‘vm an Or‘/%aaafzaj o/c compof/%a'n o1£ //’?:’ fa_?
wW,e W, & --6& W, = //?n we Can parse any
subcollechon of fhae rvbspaces and fhore will be

Comylcmea—fan? (orrfhoaanaﬂ:)) ‘)‘D /Me I'cma//.n'r)g, Jué,r/mw.f

Wt = We-e W,
) 1 2
(Wie W)= (W, +W:)= Wie W, @ & W

e
(We W, @8 W)= W,e W68 Wi,
(asSvme h adJ}

This oadl ties bach intfe ovr sfudy of orthonormad

subsefs of R” To prove Fha asfer roas of the [(wf
(ou/)(,l page! I wo v ld Makl am/g& use at£ af’ﬁhi/mu/.[zﬁ

ond Hhe G6.S. A.

ﬂ"y I‘f—_ 6: [V.,.“/ Vu} is orrﬂ'\oaor\b‘o +o Y‘: {W.,../Wm}
Ahen Spen (B) L span (7)

E::i: Suppéu @__I_'Y where p and  are ar rirted
above, lwet X € Span (P) M&/M'éé soan (7] ey

k
X = > GV, o B = z E,SW,J thuy
iz} A =t

xow= (3 av)e(Shw)

=l 4=



T beliewe the hllowing Th™ will be calcolatrinadly
hclpfv/ yn 4hat [ rep{aceJ chech:ho criteria He M

Pm;ﬂ‘.r in G fué.r/)au uw% the much J/;n/a/e/ fast
of c/rech/h; a f)/';/ze Let’s p/o/aerﬁej‘

77"7 I{ (3., Fz/ ey ﬁu ore Spanmhg Sets for
Sbspates W, = Spanf,, Wa =dpanfs, .., Wi, = 5pan [P
and @t"‘L(‘?q 'ﬁor 'L#/a wdh | < t',a‘stq. ’[4'\0\
Wy LW, A 7 ek (Eig sk Mowon if sddibil
(BI+[pls -+l = N Ahen R'= W0 Wee -8 W a1
{ G = F[V&V"U !?u i o botig b )/ 2
E @l-: {e'+egle3+9.,f FJ=/Q-9¢, @_?-a'/
and @3 = {es+ e |, €w={@$"ea/ €z, € |
as Svbsets of RE  Obrerve Bi L fa ond s L Pw et
and |G+ 18l + (gt lp|=242+1+3 = 8
Then span (6] © 5pen (8,)8 span (5)@ sua (B) =
Also, B = B Up YPs vy 11 bawis P mne.
S = ! .

Remork : Perpondiwla.--.i-y of (3; 494 8'\”’ us ind.zpend.mq

; M\t chl'bfl ‘f\\(mfna @; ¢P4 hina ‘F*(Mo'nb Hheir
uNniesa %\\n: vuf§ o \waer LI Il—'f, chn setr

oce n°+ of %\oobnd ’fhl‘Vlaj e M+ Jo CCLS‘?.

B, = 0 (1,,0,0,40f , 8= ) (1,-1,0), (1,2,3)]

both @, aadﬁ ae LI bt (},U'B, Net a bouis
he R sme [fU) =Y SR vp nL LI



’r—ﬂi#"'/ I7[ W= 5/)4”(PW) where ﬁW = /W'/"‘/ WK]
I an orﬂ\onarm«/ svbad of /72” then Ahere
exiifs an OfM"nNM"J baf’:’ @ = {W'/"' W, Wun, 27 Wn}

Lﬁr R" where W= Span /p'ﬁw'j“f’“" fWum--;an

Proot: gqiven By is LT we hove [y ] hu k-LI
clomns and i hllwe Nl [fn]" = W™ hes
a basis YV Con Taining h-k) - vechrs.  Apply

Ne 6.SA H fu vl =@ adth "= hllws,,

This proof 1S ac-(—u:.ﬂ? how we calcolote W al\;en
Yha bosis @ e W, we v Wt = Nl (R)T,

_ Uere F{w- bet'na srthonermel Jost  insures He G.S.A.
does  not olter (3w as 14 runs Mro.v/. F :Fw vy

@ W = span /é" L, /]/ (0/ /1—//0);
Y -

SO TR BN R
X e Nl [@]T = X = ("zxs‘xw, K, X3, Xy )
—xa( 1,0) + Xy(-l,0,0,1)
Mee V= {0-2,00,9), //}_LFW.

'n'\an 7‘0 CNai'e orﬂ:ono/mJ 60.1,/ A, /2" w/w'
c‘S bd-led on FW and )/ above ’(/ ,—M 1‘3

~ O normedize @W { (1, l,t,:)/:&-(g l,'/,o)]
O Ron G.S A on T l-o ob t-ia
{ﬁ_ ,l,la)) ‘{r{ [, -1, 1/3)}



ORTHOoGoNAL PRoTECTIONS

5uppou we have a .rué.r/aaoe W of dimensiin
//z which s o Subret of //?n ﬂen we Ccan

VSe MUZ G.S A. 4o Orﬂ\ononn,._/,’ae the basir
L, W. We mot wvie an orthonsimel bousis

'ﬁ)r W fv -ﬁ/mu [t #\.e Or#wg«rn,d Prajeuhin,

\

.

Dok Compei W= spanfe] whece o = (W, - ] |
ir an orthenormed J‘ub‘fg{ of R7 then for XG//?;

Pro}w. (x) = ;(X' W,é) W,

ond Yhen
Ordh, (X) = X = Froy,, &)

J

e

[E:_@ Lett buifd oft ET, we dovnd orthwermed ba”/nf’ .VZ

Wt = span {7 (2 00,0) = (1,71, 3) §

Therehre, for X2(a,b, ¢, d) & R we Culcu‘.&il/

P‘°§w (x) = (e W)W+ (X2 Wa)w,
= (O.-i- b.;-_cﬁ-i-d)w. - (EI:EC)W‘
= Qxbacrd (114 + 43S (000

L e wise )

-~ Pr°§w¢ (x) = (X+ Wa)Ws # (s W,) W,

You can chech, Progy, &)+ R‘ocjwl(x/ = (a,b¢d) =X,

a w
W = S,oan {-—é—(l",l,/), —J_:—(O, ‘, -‘/o)j ﬁ

- - ~0-b-C+3
- 20\%"‘6 (-ZI '4 '10)+ Qﬁblzc.* - (-l:"l,"/?) -



0,

E(0 en tipved
s

We Auad PfOJ,W?‘ P/oJ . : R'— R’
in Bt tha  identity operat Proju, t Projt” Ay

et () = (6.5 = Py, (1)
(a,b ¢, d) - (“ﬂ'_‘*”d)(l,a,:,a) - (—bi'-f (0,1,-1 0)

= Pfoiawl (X)
T heaow 4his had 4 hoppen becavie Aha ’H“"‘j of
Pro‘a and Orth very Ifmpfz_ )
/’7" / 5«//’/30[1 ﬁ = { W"/ v % W“f// . W/ /r ) o
orﬂ\oﬂo[‘mo«[ basir ﬁr //? and W= Jpan /W,/ - / \

then, for X E e, .
1.) Orthy, (x) = > (% W/a')w'j = Pro('}w_,_ (x)

4= h+l
and Pro‘)w (&) +0rthy, %) =X

(v + Pro}w_,_ (%) =

2) PfD.AW
Projes () = O awd Prajq, (%) Orthy & =0

Pf D.AW (K) *

3) WXIE= I Projy ) 1+ [ Orthy, Gl
® s linecar 4ronsformahon

»

and  Projw o Projy, = Projw -
Jmu xeR”

H ) Proj, ¢ R'—WeR

(3 Or 'ﬂ\onormd

Peoot * n'\oH' lb follows  from
R T ew = Sewur S
4= VELLY
/Y"'“ /Wu " Wu} botiy ke W e \/«./——’
P(Daw (x) Pfo)w_'_ (x)

KQ""} ;WMH, 2 ? bN” A’
1Y leave Ahe proct w’ Projuy 0L 0t 0) B, ©).




