LECTVRE 8 : INVERTIBLE MATRICES, PROPERTIES (ALCW-ATMN@
We b ave infroduced in Vee#rble motrices in eaclier /lectures.
We sald A é[?mm [s invertible wifh inveae matrix A'/
provided AT'A = I, =[¢le)/6) = AA We alro
Saw thot here s o foemvln £ [ - | [o‘ ~b

c d ad - be a

Alss, we decved (A AR )" al AT A7 1n M care
n\‘x A“ Al

AM Cre mwrﬂ% matread, l?/oc/t Mo /7‘
olso guve w an exdersiva (A@Azﬁ @Am) A, @A@ 0/*.“,
We now 9ive Ha Pt %ewy vt invertidle matiices
ov ol a/e.rcn'ée how P calcnlet /:\./ when A e Act

So _r;m/,(e,, E}MJ@ lmporf'hd' we JSeeh 4 charam‘er/&
when o  Sgumwe matrix A s Net mwf?‘fé&

m@ Girven A € ”?nxr; #;e Soelvhm 4/ Ax = © Ir t/rn’ue
If and o'n/? f A exirts,

Proof: & Suppose A" exisk. Tf Ax =0 4hen A'lax = Ao
A Ix =0 henau X =0 (#irir 17 un/"n(

ol ® ot Ax = o).
;—'—_2_] Suppose tha solvtion of Ax =0 is vaigne.
Notiu A(O)-:o then X=0 is the only Solvhia
ofF Ax=0. Wwmu rref [Alo) = [T, |0] and
s 3 E=En6E whh EA =T, and
., &,. iy Ew 8% c/cmenv‘om, mal'/u.e.r ﬂen
moltply EA =TI, by E'=7" g
the left o obtuin
E-’EA = ',,E"In = A= E-'

+hen AE = E-li =‘I_‘“.'. Al = E by ¥ and ¥

Remark : 4he proet above revesds severd fictr abet A
we (ecord (n ove next thevrem 2



D@ Given A€ R, - ®
(a.) A" exists & rref(A) =

(b.) Al existy &= A s product of elementay matrices
(c.) AT exisgts & 3B e m"™ " with BA = I,

@) A' exik & 38€R™" with AB = I,

(e) A existr & Ar any b € ﬁ?" rref [Alb)'-:LI }XJ

(-F,) P\" exists é") Ax b ‘qa: Uﬂlﬁ.%‘ .S‘olv‘hun fr any
) Yiven ahemogeneow +tem b e R7

S—

P(oo{' p0~r+.r 0. b e. 'FUHUW ‘fldm proa'f o-ﬁ 2 77\0"0-]71\(
oot of (1) T11 goe now. IF A exishs and Axnb
then ATAX = A'b D Ix=ATL = X=ATb Gaven,
if X is M vagme J/% it Ax=b Hr 4 g1ven bemp”
dhen by the  Cow -cedduchin technigpna reef (AL) = [I,,Ix]
Ahus EA = Ia N“\) "7 P(‘“‘* in Th® @, AE =T, hencw

A" = E and Mt wmpleter the arpumint hr ()

Proef of (c.): Aha foeword = is given by ded™ of A”, Joppose
3B e ™" such thet BA = I,. It ecemains b dow AB =1,
Svppout Ax =0 +hen BAx = 8()) = TIx =0 =2 X=0
thar AX= 0 heas oaly Ik x = 0 sulvhen hene by THED
we heve A" exittFsr hna AB =T Jinu 8A =T
(A~ s 1< vnigue matsix 8 A~ whieh A8 =1 = BA/
Proot of () = 15 immediakely T From det® of A7
Conversely, § 3B € R™" and AB =1, Han '+
temaing to show why BA =TI., Suppere Bx-: o
Yrarm RBX=A0 = Ix=0 = X=0 thvw 8" exitkr
by M2 and sinee AB =T we mvst hove BAST or
well . Ladwd, A" =3 wd 8= pY'= A.y




___Olu‘Aé/? @

(a.) IFf A’ exists fhen 64'//

(b) If A existe and ce R is not pece AMen é»,q/ ”

L A7
e .
) A exittr & A7) N ex/irts

’ ©.) I# A" exith  Ahen (Ar/ ./= (A"/T

Dook: we proved (a.] in ovr argumenty e HeE
TPP‘“ A exich and ¢ # 0 Hhen
ca)(£A7) =2 AN =1 I, =1,
thar R) = -CLA" by TA*@ pat (), Svppon
A exizts Han A'H = I Haen by Sochs - rhoey
rele or transpece,
AT (A7)7 = 1 —I o (A7) =A").

I leave tha procd et (AT/ eirte = A" exiety

fo dha recdn.

is hknown o5 an ordhoponsd matrix and
we weite R e O[h) or R & O(n IR) or R 50,, /ﬂ/

(J'u f/~7 I Fend 7

Ee{"/ A mateix Re€ R™ such that RTR = 1

[ET) If A€ Oln) 1hen ﬁv%lgh:‘:ﬂ I
simae ATA=T we hord A-':: AT. t-wrc-cj/

_ (COJ & -5inB

TaA o | ©
Sin ® cose)e O2) et RS (o ,)



i}
ALGOR\THM To Carcuimxte A (UR NoT) @

Considie A an (axn) mateix and fet A= [V, 0] /%)
we need H selve /4/4./-.: In Aen ce

Alvi/wl-~Iv)=[ele]--]e]

[AV, /AVz/"'/AVn/ = [C/&/ "“/5:]

AV% =E°~ for é=‘/2/'-/ﬂ
N
We face N - Syskems of N-eg?

where each coe il mateix i A .
reef (Ales) = [1.]v)
%Crefore/ £ A exicts

W% rref (A1) = (I, | A"]. Moreose,
i et (AIL) # [T,]6) tn A dinve

A
thoesr  not exist #
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P. Bogacki

Transforming a matrix to reduced row
echelon form

TRANSFORMING MATRIX TO THE REDUCED ROW ECHELON FORM

Row 1 4 5 1 00
Operation add -2 times the Istrow to the 2ndrow || 0 -4 -4 -2 1 0
I 34 7 0 0 1
Row 4 5 1 0 4 5 1 0 0
Operation | 0 4 -4 -2 | add -3 times the 1st row to the 3rd row 4 4 210
2 34 7 0 0 1 8 8 30 1
1 4 5 1 00
Row 1 4 5 1 0 1 -1
Operation | 0 -4 -4 -2 1 0 || multiply the2ndrowby-1/4| 0 1 1 — — 0
3: 8 8 3 0 2 4
0 -8 -8 -3 1
1 4 5 1 0 0 1 4 51 0 0
Row I -1 1 -1
Operation | 0 1 1 — — 0 || add 8 times the 2nd row to the 3rdrow || 0 1 | — — 0
4: 2 4 2 4
0 -8 -8 -3 0 00 0 1 21
1 451 0 0 1 4 51 0 0
Row 1 -1 3 -1
Operation | 0 1 1| — —— 0 |l add -1/2 times the 3rd row to the 2ndrow | O I 1 0 — —
5: 2 4 4 2
0 001 21 00 0 1 -2 1
1 451 0 0 1 4 50 2 -1
Row 3 -1 3 -1
Operation | 0 1 I 0 — — — || add -1 times the 3rd row to the Istrow | O I 1 0 — —
6: 4 2 4 2
0001 -2 1 00 0 1 2 1
1 4 5 0 2 -l 1 01 0 -1 1
Row 3 -1 3 -1
Operation | 0 1 1 0 — — || add -4 times the 2nd row to the Istrow | 0 1 I 0 — —
i 4 2 4 2
00 0 1 -2 1 00 0 1 -2 1
1ys|I oo 1|
Thus reef [248]e 1 0o R
|3 4 F|0 0 |
Ny -——-p——‘

[l‘is
. |2 ¥ €
2 v9

does na{' eulrf,
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Linean Transforming a matrix to
165 LRT rooni . Feduced row echelon form .,

TRANSFORMING MATRIX TO THE REDUCED ROW ECHELON FORM

Row 1 2 31 0 0\ 1 2 3 1 00
Operation [} 2 2 7110 1 0}/l add -2 times the 1strow tothe 2ndrow || 0 -2 1 -2 1 0
L: 3 4 9ffo 0 1 34 9 0 0 1
Row 1 2 3 1 00 1 2 3 1 00
Operation | 0 -2 1 -2 1 0 | add-3times the Istrowtothe3rdrow | 0 -2 1 -2 1 0
2 4 9 0 0 1 0 2 -18 3 0 I
1 2 3 1 0 0
Row 1 2 3 1 00 1 1
Operation | 0 -2 1 -2 1 0 || multiplythe2ndrowby-1/2 | 0 1 — I — 0
e 0 2 -18 3 0 1 2 .
0 -2 -18 -3 0 1
1 2 3 1 0 0 12 3 1 0 0
Row -1 -1 . -1 -1
Operation | 0 1 ~— 1 = 0 :S\C:, 2 times the 2nd row to the 3rd 01 — 1 — 0
4: 2 2 2 2
0 -2 -18 -3 0 1 0 0 -19 -1 -1 1
1 2 3 1 0 0
1 2 3 1 0 0 1 1
Row -1 -1 o1 —1 — 0
Operation | 0 1 —— 1 — 0 || multiply the 3rd row by -1/19 2 2
5: 2 2
1 1 -1
0 0 -19 -1 -1 1 0 0 1 o= e
19 19 19
1 2 3 1 0 O 1 23 1 0 0
-1 -1 39 9 -1
Row G 1 — 1 == § . 0 1 O === e mom
Operation ) ) ?(c)lvc\l/ 1/2 times the 3rd row to the 2nd 318 19 138
6: 1 1 -1 1 1 -1
0 0 ] = 00 1] — — —
19 19 19 19 19 19




763 Con ﬁh“t/

16 -3 3
123 1 0 0 1 2 0 —— —
50 5 19 19 19
Row 01 0 —— — 39 9 -1
Operation 38 19 38 || add -3 times the 3rd row to the Istrow | 0 1 0 — — —
7: T 38 19 38
001 ——— R . |
19 19 19 001 ———
19 19 19
16 -3 3 23 15 4
1 2 0 — — — - 100 —— —
19 19 19 19 19 19
g(;)vevration 01 0 3_9_ i __-_}_ add -2 times the 2nd row to the 1st 01 0 _3_9__ _f_ __:_1__
8: 38 19 38 |V 38 19 38
| S | 11 -l
001 ——— 001 ———
19 19 19 19 19 19
\ompmms® \4—-_'_.
I A
Thecehe,
. , [-16 30 &
A = — |39 -1& -l
38| 2 2 -2
We con Check oor  werk,
AAh= — |29 18 - ][[2 2 2
2 2 -2 3 4 -9
( [-46+60+24] © i
— () Fe-36—Y ()
33 | o o € +Y+12
_ . r38 o (o] | & ©
= =— | o 3% o |= |6 1t o
38 [ 0O O 3§ 6 o |

L]
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P. Bogacki v. 1.25

TRANSFORMING MATRIX TO THE REDUCED ROW ECHELON FORM

A I,

2 -1
1 =~— 0
Row 3 3
Operation multiply the Istrowby 1/6 | g g g 3
I
4 0 2 2
4 6 2 2
2 -1 1 1 00
Il —— 0 —0 0 0
Row 3 3 6
Operation 8 8 8 0 1 0 add -8 times the Ist row to the 2nd row | 00
2:
0 2 200
46 22000 1 * L0
-4 0 1
2 -1 1
2 -1 1 1 ~——— 0 — 0 0 0
I —oee— O = 1 0! 0 3 3 6
84 & 8§ 32 4
Row 8 32 4 , 0 —— 88— 1100
Operation | ¢ — . g 1 0 o || add-4times the st row to the 3rd row 3 3 3
3 303 3
-8 10 -2
4 0 2 2 01 0 0 s=e= 0 ==1) | O
46 2 20001 - .
4 6 2 2 0 0 01
2 -l 1
2 =l 1 | — — 00— 00 0
1 e ) 0 0 0 3 3 6
58 8 8§ 32 4
8 32 -4 OF === 8§ — 1 0 0
Row 0 —— 8 100 . 303 3
Operation 3 3 3 add 4 times the 1st row to the 4th row
4: -8 10 -2
-8 10 -2 0 == == 2~ 0 1 0
0 2 —0 1 0 3 3 3
< 4 3 %6 2 2
4 6 2 2 0 0 01 0 =5 e 2~—0 0 1
3 3 3
2 -l 1 2 -1 1
1 — —— 0 P 0 0 O 1 ............ O — 0 0 0
3 3 6 3 3 6
8 32 -4 -103
O z==== 8 == 1 0 0 01 4 3 ——200
Row 303 3 ‘ 2 8
Operation multiply the 2nd row by 3/8
5: -8 10 -2 -8 10 -2
0 === 2 ==0 | 0 0 ——2 — 0 1 0
3 3 3 3 3 3
26 2 2 26 2 2
0 ===32~—0 0 1 0 ot Qe 10 {0 1]
3 3 3 3 3 3
Row 5 i ’ add 8/3 times the 2nd row to the 3rd row 5 i :
gperatlon | — — 0 — 0 0 0 | —— — o == 0 0 O
’ 303 6 303 6
-1 3 -3
0 1 4 3#==00 0 1 4 3 —— 0 0
2 8 2 8
-8 10 -2 0 14 10 2 1 1 0
) == == 2= 0 ] 0
6 0 1
303 3 2220




Row
Operation
T

Row
Operation
8:

Row
Operation
9:

Row
Operation
10:

Row
Operation
11:

Row
Operation
12:

26 2 2 “ 3 3 3 ”
O .................. 2 e 0 0 1
3 3 3
2 -l 1 2 - 1
1 —— - 0 — 0 0 0 ] ....... s 0 ,,,,,, O 0
3 3 6 3 3 6
-1 3 -1 3
o1 4 3 ——200 ) o1 4 3 ——0
2 8 add -26/3 times the 2nd row to the 4th row 2 8
0 0 14 10 2110 00 14 10 2 1 1
26 2 2 -13
0 e 9 s (0 1) 0 0 -34 24 5 — 0
3 3 3 4
2 -1 1
2 -l 1 1—— 0 — 0 0 0
l—— 0 — 0 0 0 303 6
3 3 6 103
-1 3 01 4 3 === 0 0
01 4 3 —— 00 ' 2 8
2 8 multiply the 3rd row by 1/14 5 - .
00 14 10 -2 1 1 0 0 0 | — = )
13 7 7 14 14
00 -34 24 5 — 01 -13
4 00 -3 24 5 — 0 1
4
2 -1 1 2 -1 1
l—— 0 — 0 0 0 l—— 00— 0 0 0
3 3 6 3 3 6
-1 3 -3
01 4 3 = 0 0 01 4 3 —— 0 0
2 8 2 8
add 34 times the 3rd row to the 4th row
5 -1 1 1 5 -1 1 1
00 1 ———— 0 00 1 ————0
7 7 14 14 7 7 14 14
=13 2 1 23 17
0 0 -3 24 5 — 0 1 0i 0 0 == amma— ]
4 7 7 28 7
2 -1 1 2 -1 1
l—— 10— 0 0 0 l——0-— 0 0 0
3 3 6 3 3 6
-1 3 -1 3
01 4 3 ——— 0 0 01 4 3——— 0 0
2 8 Itiply the 4th by 7/2 2 8
multi (3 row
50 11 L 4 51 1 1
001 ————0 001 ————0
7 7 14 14 7 7 14 14
2 1 23 17 1 23 17 7
0 O 0 W™ N | A I 0 0 0 1 D, . e,
7 7 28 7 2 8 2 2
2 -1 1 2 -1 1
l——0— 0 0 0 1——0— 0 0 0
3 3 6 3 3 6
-1 3 -1 3
01 4 3 —— — 0 0 01 43 —— 0 0
2 8 8
add -5/7 times the 4th row to the 3rd row
5 -1 1 1 -1 17 -5
00 1 ————0 001 0—— 6 —
7 7 14 14 2 8 2
1 =23 17 17 1 23 17 7
000 1 ———— G 0 0 ] == e o
2 8 2 2 2 8 2 2
add -3 times the 4th row to the 2nd row
2 -1 1 2 -1 1
I —e—= {0 = 0 0 0 L o =~ P 0 0
3 3 6 3 3 6




Row
Operation
13:

Row
Operation
14:

Row
Operation
15:

403
1 4 3 — — -0 0
2 8
oA 17 -5
01 0 —— - 6 —
2 8 2
123 17 7
0 0 .....................................
2 8 2 2
2 1
——0— 0 0 0
303 6
51 22
2 2
417 -5
0 1 PR — 6 — —
2 8 2
1 25 17 7
0 0 ...................... -
2 8 2 2
R 1
— o— — 0 0 0
303 6
I =3 «
1o 0 — — — -
2 2 2
117 &
01 0 — — - 6 —
2 8 2
1 23 17 1
0 0 S —
2 8 2 2
2 17 5
— 00 0 — 2 —
3 24 6
i -4 -
l O 0 O S ——
2 2 2
a7 5
010 —— 6 —
2 8 2
1 23 17 7
00 1 —— — —
2 8 2 2

add 1/3 times the 3rd row to the 1st row

add -2/3 times the 2nd row to the 1st row

add -4 times the 3rd row to the 2nd row

=51 =21
0O 1 4 0 -2 9 ——— -
2 2
-1 17 -5
00 1 0 — — -
2 8 2
1 23 17 71
G 0 0 1 e e
2 8 2 2
2 -1 1
l === O = ) 0 0
3 3 6
1 -3 -1
010 0 0 ———
2 2 2
117 -5
001! 0 —— 6 —
2 8 2
1 23 17 7
0 0 0 1 = soomooiss s sonne -
2 8 2 2
2 17 -5
1= 0 0 0 == 2 7=
3 24
1 3 -
0 1 0 0 0 =
2 2 2
-1 17 -5
0 0 1 0 =——= § =~
2 8 2
1 23 17 7
0 0 0 I —= = =
2 8 2 2
3 -1
1 O 0 0§00 === -l ==
8 2
1 -3 -1
o195 0 00 — — —
2 2 2
-1 17 -5
Q0 1 09— — =6 —
2 8 2
1 23 17 7
0o 00 1§ — — —
2 8 2 2
[ W

@ 3 -8 -4) |
t_ 1L lo Yy -1z -4
A= 5 14 13 -up w0

Ly -23 68 ZX_JJ




