| MaTH 421 TEST 3

Please show your work and use words to explain your steps where appropriate.

Problem 1 (10pts) Let D be an integral domain with a,b, ¢ € D. Prove that if a # 0 and ab = ac then b = c.
SUPP"M a# o and ab’ =ac 74)f feaa a b c € D an f-o/vm«;‘,
Obrerue @b—ac =0 hena a(b-c)=0. [iru a#0
we fnd b-Cc Fo = b-c & &« Zern diVuwor. Bt

D hag No 2eo —dWicay b -C =0 WLW,,u/ b=c

Problem 2 (10pts) Let {a,b) = {ra + sb | r,s € R} where R is a ring and a,b € R. Prove (a, b) forms an ideal of R.
Let x X €<a by hene X=ra+shb and 4= Fa+s'b for roriseR
Note Xx=x%'= ra+shb ~ (r'a +5'0) = (F-rJa+(s-¢)b € <a;b> w
\"—\'"IS-S' € R onw m™mere ftaw R 5 a ri~g. ch+, Jupp ol
Ae R Hum Ax = Alra+sh)=Ar)a +As)b € <ab> 0o Ar,As€R
o R is closed undu mw/h}?/fcw/?bn. F;Aw% Noke <“,5> :Féﬁ
s a,beR henu oa+ab e <abd> ete. I, rammany
<ab> forms an fdead. - —(using Th™ 3.2.9) -

* Problem 3 (10pts) Let R = (3,2) where = € N. Prove that either R = (3) or R = Z.
Nofw Z/<3> = Z/.32 = Zg r o feld
Kenw 3D TS LOuK, {MwQ fc,QJz.o-e Sih
L3> < <3.xX> we hAnd 3,XD=¢3> or (3XD=Z
bua Moo, ww-«Q.\Bﬁaf .

(C&vn alsa prove bg doAtuded 96(/—1‘«7p/e W&MM/[AHJL/]\&["CK)

Problem 4 (10pts) Let R be a ring and A an ideal of R. Prove that (xz + A)(y + A) = zy + A provides a well-defined
operation on R/A = {z+ A |z € R}.

Suppose. X+ A =x'+A and Y+ A = Y+rA Hhu x"xll‘é—‘()lef‘\_

Ncrk
LA (A) = XY A whewn (xHR)4R) = x4 A

we vraed XY +HR = x9+A. Use aHQ uber —clane of A v see fhut:
Xy = xy = X - = x(4-9) e A n XA = xg 4 A
e N Yo N — e
e A c A




Problem 5 (10pts) Give an example of a field with 25 elements.

2 .
Consin X + X+1  Ia ZS [X] Set X =023\ and obrerve

nont o Ve ><7’+x+\—:o = )<2+X&-\ G_Zgl;d s i!(ea(,uc.\'bu,
X L+l =0

s bd/<xz+x+‘> Furens Field  and ZS_ES:}_. ~ {a+b°( a,b EZ‘S

2
Problem 6 (10pts) Is Rz]/{z? — 3} a field ? Explain. (w—\(/—m
field with 25-eltmentts,

Netiw X*=3 = (=37 Jx+ 47 )
henw (X=0T # OC-3)(x+ T +<x=3>) = X3+ Lx gy = <X =3
-

o Aveld

) o

22eR0 DAVISORS . o B_B—L
<XE3)

Problem 7 (10pts) Show that i + /2 is algebraic over R.
X =1t+Jz = «—Jz2 =1
= (- Axy7T + 2 = —|
= «x? _axyz+3 = 0
Observe Pix) = X?’—axﬁ+3 e H'Z[X] and P(x) = o

Hwg X =i+y2 C\\%/J:m(c we I .

Problem 8 (15pts) Explain why the following polynomials are irreducible over Q,

(a.) z°+10z* + 1527 + 20 \
2.0 20
observe B/c0 , 5/ Is, 5/ M S %
£ (red wier @ 65 gl:fcmffal.’: (rrfm;,"

thas X+ 10x C 4 15X+ 2o

i

) 2P +zx+1 s
™Mo danle 3&, O v+o0+1

=1 A Px) =XHXH s daed. in Z,(x)
ey ey o=

T‘/\WI X3+K'f"‘ ‘AJ' l'f((;d, ove, @,
Problem 9 (10pts) Find the degree of o = ¥/2 over Q émd find a basis for Q) over Q.
e LY 2, @): x> - * l’“& Ciranhdy, wtl P=2.
Q)= Josbat catsod '+ €x? |0 b cdee @F

(j&!l'_[




Problem 10 (20pts) Let R be a commutative ring with unity and let A be an ideal of R Prove the quotient ring R/A
is an integral domain if and only if A is a prime ideal.

- O.bggrv-e R/F\ S an "Fc\c‘*‘or (‘mém /—\,Q{&Q Ob_g{{\[{ (H'A) Xf”\) _ X‘*‘A

for X+A € R/R hena  (+A is Ak w{cr\th,) M R/a. We alre

Mow A+ (x+A) = X+A YXrA eR/pg s A s tha Zers n R/a
—— )

—__—_5‘ T R/ s an \r\+eard dom ain. Lot O\IBER and ob & /\

considn @ +A)b+A) = ab+A = A = o = A or biA=A

- IJ.
oo R/A has ne Zero — dVigers Consequntly aeA or be A heng /’\Pfl:u

”'(-twé‘
¢:, SVFPOR A S o P"l‘n\a .\CQ.QJ Ncﬂ"oq R/A l.S a r‘na wr}/L‘
V“n"&_‘a A and Zero A. M'orcwer 'B‘

comm«uhﬁ\/e Cing . Tt remace K
show RAN ho ne  zep

o\cvuérj (o A siidan / (Q-t-l\)(b-i—/\ A

hen « ob+A = A = abeA = o€ A orbé'AMf\Pr
I~

'Y\,\\,,[ a+A=RA «or b+A=A - R/A LS \nﬁorc-»e a{nmmsr\_//

Problem 11 (10pts) Let F be a field and suppose p(z) € Flz] is irreducible. Prove (p(z)) is a maximal ideal.

Considen I an rded of Flx] Hr which {Px)> €T S F(x].
Note, F a fiell => F[x] ir a PID -~ 3J9x) e F[x] o
which T = Q0. Gasdun Fhan P> S IT=a00D
implier  P(x) € {Ax)D o FhieF[x) st. P)= kix) 9ix)
NO'\"Q/ P(x) creduc (ble and Plx) =l ) Q(x) impliesr o less|
Aot cdhen k<) o Q) s a unid in Fx)
/.\.\ \’F L((X)G U(lrLXJ)r }:—:-X /\4\,@“ \/(LX}::C#O'/ Célr
Nente POY=c k) or 900 = PX) = 9 e P
o we find (P> =D = T - (agrecintin PO, 90

’A\) $ 9x) e F Han  QK) = C.;L‘c Ce [ deneredi sems ‘.Je“‘[)’
i A= (e €< D > = FhY 4 T Fl)

Tn (’o,\t\w(w\/ P) wred. ove F implies (PO X MMC\N\K-Q/



(41)(341) = 243i-1=1+3; (141)(1#7) =\+ai -1 =7}

Problem 12 (15pts) Consider J = (1 + 2¢) in Z[{]. How many elements are in Z[i]/J 7 Make a multiplication table for
the units in Z[¢]/J and identify which group is isomorphic to the group of units in Zi}/J.

) Sinwe Z L[] s nt ‘('L«./Q dopain
, we have L+ai> =" Hor
etd... - . .
1 0(’=""QL’ 1=, -1+
B 4 l+147 : _ ~ :
gief >A/ i zlils = 17, 147, 2+ 7, 141+7, 3+,+:r‘}7
< ! fl‘/‘é_‘l_ﬂ' \ ' Li—el{med:,}
LS b Y9N 1eT [os TT00eT [atieT
" Lée = - Y
| of - } 4(’/ © \+J | +7T TAT |1+ T a1i+3~
AT | 3+ T 24k T | L+ T |V T
1+ T (14147 | +T 12+41+T | 247
2+i4T |20+ [ 14+T | 24T | 1+ T
—
Vs 2 3 ~tl | &> I+7T
( \ { 2 3y 2 &> 24.?-
g”"‘a So s-{o«r\v%ed) ;— ;. Y ..= i 3 € (+itT
W l4 3 27 Y & AH1+T

Problem 13 (20pts) Define 3 : Qfa] — Q@ x Q by (f(x)) = (F(1), f(—1)). You are given ¢ is a ring homomorphism.
(a.) Show that W is a surjection.

(b.) Calculate Ker(¥).

{c.) Is Ker{¥) a prime ideal of Q[z] 7 Explain.

(m/n)g QX @ and  acidan —C(X)

Q*b f\enu; we

o+bx e @(x]

(a.) Let
& o

noke  f(1) = a+b and 'C(“’)|— ) N -
R S U1 N W e
§L+ o= —%(M—H’l) and b = —lz-[WHn) and obferve

| =m

—
—

£ L (min) + 3 (m-n) | -
*(t-l) = -%(m*n)‘——{'(mftﬁ\): N e —[ s a fuxr\)tcA‘or\

a0 £ix) = Limen) + Hmmyx € Q(x) nmope + (mn)e AX Q
unden Y(Hw)) = (£u, {(-1)),

Co47’7h (/ec/ ’2



(b.) Caleakte FCr(¥) H#r ¥: Ql— Q@
whrne  Y(fw) = (£, £-1))

F) € tla (¥) => ) =0 and £(+) =0
= X~ and X+| are foctvsy

of f) ; £ix) =&1)lxH) 9
for soma GE)E Q)

Conseymortty W () = ¢ xpixn)> = <><M>J

(C,)l Obier.e @X @ /s a0t an //)7%/4/
domacn soo (1 0)lo) =(9 0 W (//0),/”///7-4(0/0/

Cdnfffmcmf‘/o/ a0 %\e /ﬁL /_}a/)’)a//A/JM ﬁ/&
74/ //haf ///é’ w%w PA:—‘}L (a.)

/
[x] —~ ~bl@K) = Qxa
@ /Ker“? ( )

— @[Xl =~ @X@ ""’I’W‘/* aA
SN Aty

X1 = Wer ¥ is ndt a prime ideaf

I\n po\r+(cm,(pr (X+{)(x~]) e <7<l~l> (’)mﬁt’
Y\u-)ﬂ\m X4l nor X= & i <x2_\\>o



