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4.8 Lecture 28: divisibility in integral domains II

In this Lecture we complete our study of Chapter 18 of Gallian. Here we explore the interplay
between Euclidean Domains, Principal Ideal Domains and Unique Factorization Domains.

Definition 4.8.1. Let D be an integral domain. Then D is said to be a Euclidean Domain if
there is a norm N on D such that for any two elements a,b € D with b # 0 there exists elements
g,7 € D with

a=qgb+r

and r =0 or N(r) < N(b). We call g the quotient and r the remainder of the division.

You can contrast the definition above to that which is given in Gallian. In part, a Euclidean Domain
is an integral domain D with a function d : D — N U {0} such that d(a) < d(ab) for all a,b # 0 in
D. If we have a positive norm for which N(zy) = N(z)N(y) then define d(z) = N(z) and note:

d(ab) = N(ab) = N(a)N(b) = d(a)d(b)

and as a,b # 0 we have d(a),d(b) € N thus d(a) = d(ab)/d(b) < d(ab). In short, if we have a
positive multiplicative norm then it provides a measure (in the langauge of Gallian page 321). I
should caution, we do not assume all norms are multiplicative, see Example 4.8.3.

We should notice a Fuclidean Domain does not generally come with a division algorithm which
produces a unique quotient and remainder. Even the integers allow for non-unique quotient and
remainder in a division. Notice Theorem 4.7.5 applies to norms for rings other than Z[v/d] for d
square-free. If N is a norm which is positive and multiplicative then we satisfy (i.) and (ii.) of
Theorem 4.7.5 hence (iii.) and (iv.) follow since the proof of (iii.) and (iv.) simply require the
verity of (i.) and (ii.).

Example 4.8.2. Consider D = Z with N(z) = |z|. It is simple to see N defines a positive norm,
and N(zy) = |zvy| = |z|ly| = N(z)N(y) for all z,y € Z. Notice [u| =1 implies u = £1. The units
in Z are just 1, —1. Let me give an explicit ezample to make the ambiguity of the division algorithm
a bit more explicit. Consider a = 54 and b = 8§ we have:

54 =6(8) +6 or 54 = 7(8) — 2.
Now, in the context of the integers the use of a positive remainder is what is usually done.
I merely mean to indicate that even in Z the division algorithm may not be unique.

Example 4.8.3. If F is a field then D = F|z] is a Euclidean Domain where we define N(f(x)) =
deg(f(z)). Since deg(f(z)g(x)) = deg(f(x)) + deg(g(z)) we don't have a multiplicative norm. The
units of D are nonzero constant polynomials which have N(f(z)) = N(c) = 0.

Example 4.8.4. The Gaussian integers Z[i] = {a +bi | a,b € Z} form a Euclidean Domain with
N(a +ib) = a® + b*. It is easy to prove N(zw) = N(z)N(w) and N(z) = 0 iff z = O hence
N : Z[i] = NU {0} forms a multiplicative norm. The proof that Z[i] is a Euclidean Domain with
respect to N is a bit involved. I'll let you read page 322-323 for Gallian’s proof. I'll sketch a similar
proof here. To divide a+ib by c+id we may accomplish this explicitly in C as z = g—j—_’-;—s is a complex
number. The Gaussian integers from a lattice of points and we simply pick one of the four points in
Z[i] which are closest to z and call it q. Define r = a+ib—q(c+id) then clearly a+ib = q(c+id)+r

and as )
a+ib T

c+z’d—z=q+c+id
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by the construction of q, worst case scenario we find z as the center point of a cell in the Z[] lattice.
Notice the center point is distance 1/\/§ from each of the closest 4 points. Thus:

- 1 e+ id|
V2 V2

Perhaps the following picture helps explain the proof in the Example above:

v
¢+ id

= |p| < N(r) < N(c+1id)/2.

s +14i
p+i ° p+1 1‘
y since t and s are at

’ most 1/2 it follows that
pd t any corner point is at

’,/ most 1/2 squared
o——— distance from an
S interior point. | choose

p+i as the q in the proof
given this particular
case.

o’ P!

No matter where ji:g lands in the complex plane the closest point in Z[i] will be within 1/v/2
distance. When we study other Z[y/—d] for d > 0 the geometry of this argument is spoiled. There
is much to learn about Euclidean Domains which is not emphasized in Gallian. Familar algorithms
and concepts in Z have natural generalizations to abstract Euclidean Domains. For example, we
can execute the Euclidean Algorithm in Z[i] just as we do in Z by systematically removing first the

divisor, then the remainder, then the remainder of the remainder’s division etc...

Example 4.8.5. Consider « = 11 +3i = a+ib and 8 = 31+ 2 = ¢+ id (a,b,c,d notation in
reference to the proof above). Let’s walk through the Euclidean Algorithm in vector format: in each
step I have to do side calculation (not shown) to decide which multiple of the previous remainder
should be subtracted to make the difference minimal. If I don’t see it by inspection then I follow the
method of the proof.
(114 3i,3i 4+ 2) = (o, B)
(Bi+2,1+1)=(B,a—(2—20)p)
(1+i,—1) = (a— (2~ 20)B,8 - (3+i)[a — (2 — 2i)8])
at which point we stop since —i is a unit in Z[i]. Thus,
—i=B8-B+i)a+ (3+1i)(2—2i)8

or
—-i=09-4)f -3+ i)
hence
1=(4+49i)(3i+2)+ (1 — 3¢)(11 + 3i).
This calculation shows the greatest common divisor of 11 4+ 3i and 3i + 2 is 1, or, you could say
—1,4,—1i. In fact, to study this properly we need to embrace the concept that the ged is an ideal. In
this case,
(11 + 3i) + (3i + 2) = (1) = Z[{]

The ideals (11+3i) and (3i+2) are comaximal since there sum is the entire ring. Comaxzimal ideals

are the ideal version of relatively prime. Note, two integers a,b are relatively prime if ged(a,b) =1
which implies ak + bl = 1 hence x = akz + blz for each x € Z and thus (a) + (b) = Z.
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