LecrvrE 17 : ALGesRAIC Flewp ExTemsions @

AA/};&MIZ ex/cﬂf/bn/ Qre Ovr /an)nw? ﬁ(”‘

o bet K obe an exttnsion of dha ficld [ |
De“/ The eclement = € K is said to be oigébfal'c ]

over F if o« ir o coot of fomu nenzem fix)eF([x].
T[ o« ir not q_/%bruk over [~ then X ir said 4
i be f/anr Cend&nM over F_ 77\1 cxkfwm ”/F

is Said o be o.[?gém/'r if every elomat of K
L‘U’ Ou\o'\),brb.(c ovee I-.

Notiw thet of o s a/}tbm/'c over F and L ir an
exfentiin of F  Ahen o if a/acﬁmz gver L ar well.

opos ition (9):
- Let o be a./’téru'c over F . Then ':'7,/

menve ieeducible poly aumisl Wy £ (€ Fx]
wh reh ,Au of 45 a root. A pa{, nomiid
f(x)€F[x) haw ¢ ar a root o

d M,,.‘F (x) divides £(x) n F[x] J

(Fosf we may Cever 1n - clodf A% an p. 520 of DLF
T (I ge »/flfua‘ i Aext 2y t4 /,I:,,L AV/] 4

Coru"m_, (lo) ! |
If L/ F s on extengion of Fields and
& s A/jlbral'c over bofh F and L Ahen

B Lm,,,,_ (x) divides /'7,(’;- (x) in L [x]

[ ;\ ! |aebrarc ove nd Mi,¢(x)=x—z'
@ @/ﬁi os U algrbraic r K a fj(mi/,p(X/=x2+/




P(O!')OS l:HDf\ gq! . @
Let o« be m\g;brm’c ovee F. Then 3! munre (rredveibly Po/yﬂ'/m/
M«,F (%) € F [XJ whivh hasy « ar a r‘av‘f" A P“‘t)"'”“."(

L-F(x)e F(x] har « or coet i# My F () divides fix) in Fix/

Proof 1 Svppoce K 15 algabraie over [, 4hen pup, ) 1r woly .
of mm/mo»( d‘z’)’u wifh 9(() =0, Wt%o#m/a;lz;tﬂ::jﬁ
we  can Mok 9{)() monre by m~/h/7,;,,) by W"f/"’“t‘ il
Z{ 2(x) s cedu C//&'_ Hen 9()() T qlx) A(X) where Qf*),ékjf/c'kj
and a(x), b(x) have [esrer o/e(y/a HRoan 9(x), Then

9(«) = alx)bl<) = O
henw eifher ala) =0 or bIX) =0 confradith?y Gorfrvefim of 3,
Thee 9x) i1 dercducedle. MEXT,  Soppors fix) € F[x) wilh £i&)= ¢
then divide £ix) by &) o fud R 1) EF[x) for whif
rix) =0 or ,{c; (r(x)/ < d” (9(*)/ and

Fix) = x) Fle) #+ 7 X)

then £lo) = 9&)8x) +r(x) = rix)=0 = re) = 0
D\’ min fmwe(f'\, o1¢ 9("7. Thw 'F(x) = 9()(} 3&‘}
fonferncnf/g 9 (x) dovidesr £(x). (onuer/e{j/ 4 9@/{5‘/

then Filx)= 9x) f&) For Sorme tx)€Flx] and - £(x)=96) 76 = O



®

Fropaszion 1
JAL?‘ o« be a./gdmz'c over F and [fef Flx) be

fhe Feld geneated by X ovee [ Then

o~ F[x)
Fl) = i)

\\H,onu [Fla): F) = deg (m, (%) = dey ()

Legt we feget 1o debry, atrome of algebrar oie F)

'50(’?71\0. polnjnomid M,(,F (x) (or M, (x) ~hee
unfod ollows ) which iy momc and itceducible 2 such
fat My g () =0 ir colle the minimed alynamisd

for & over F. Al deg () = d&g(M«,F(X)),

(€7 o= NT hos Mg gld=x'-2 , deg (¥7) = 3
over @ .

@ =67 ho mm(ﬂﬁ(zfg? e Q[x]
Ahur 0(&3 (4-6_3_ = d over @

@ o = ""a hos MXI(R(X):X—-Q/T
- deﬁ(ﬁ)= 1 over i
\)JV\M.0.0J N\o{/@(x)-: Xn-—a 5 d,gg(QF.\_}zn over @.
Kemach : :?/educ1307/'f)¢ 01{ a.éwe. po/ymﬂ/"—é
thenks _@_ﬂ‘k_/_ﬂ



DROPQHT:ON a :

The element o s a@cémzk over [~ i#
Aha jl'nyl( exten J16a F@()/ ~ s f/’)/%’,

Moce  pre C"’e/y/ it o ir an element of an
extention of olc‘jfa. n o F 1hen o fatichie
) poly of o(e(,/a of mut n over F and e

L satirfies a poly. of a/e va N ovte F en
fhe  dey of F (=) ovef F s of mert n.

...,

M= I « al%p.brm'c sver F Ahen [F[o():F]:dea(m,,,F(X))

Wna  [F);Fl <20, Gnversey, compae o ir

an  element with FaYF  wh [FR):F]l=n 4hen

|, «, o(‘/.., «" is linearly dependent . Conmwm{?/ 3[70/._, b, €eF

widh ok leagk ont nonero b5 such fhot b, + b+ bzo(l+--+l;,‘o(":o

Uenee b) = bot byX+-- 4 boX" € F[x) it nonzen with bl)=(

- o is a.lgpbm.«'c wer F

Remack : key ides, if (k: F] n end X €K then

Flo) e K MJ‘”\M!O(O( .. €K D |«. «nultl.
nel vecha ;m K

Coﬂuw-, l?
Uf e extenson W/F is finite dhen it 1S a.lgpbra.lc

P(oo} SVP/JOM < € K wheee K/F s fimte. Then F(c()
\I o subficld of K = F(“) i (;.reo.u of K

oon feywntly, [Fl): F1< k:Fl=n . Ee)/F
'S fnibe and e X s ula&bm'\c,//




@ fu,a/)au F s field wif chee (F)Z£ 3, @
bet K be on extention of Fo/ c/eﬁlu 3 [K F] a.

Spose €W and x € F. Snu /—(«/c;( we
Uawo by Prp. 12, o hw deglet) =2 and deyla)
finve o EF and M'w_.(x/':Xf-b = o EF D

Mg 5 = X5 +bx +C fr e fcef”
Then oo F S Fla) €L and du&F(/:/’(//zz
we pHrnd Flg) = K

p—

Comerere Tue Savane !

Xi+bx +¢ x+—-)

— - I;-'-lc
-(x+b/2) 2=

= (x v Ee b I s -4 5T
Tdentify x-’biJ “1C and P o g F

we need Ahet bl-'-lC # S 4 any S e -,
We can argue Fld) = F(-\/b‘ -Ye ) fmea £
Jbt-4c & faatield then ':.2‘2. t Nbi-ye b';“‘ = O i1 1n S

field a5 b 2e€ F,

Ou&oﬂﬁnc Exrevsions 2 any exteasdn M of |- o
oleyree a ir of »ffu form F (VD) where

DeF ad DE S fr e SEF




2(1y) Jet F S KEL be fields. Then @

[L:F]=[L:k][i:F]
where 4hir hw neatvedd mcumh; when L /K and K/~
l'f 1‘/./)(72( a’l‘l 4//0 WAU') CI%I‘P L/K or K//‘: v’ Ih’;ﬁ/;‘e

LM:» L/ rF vy entonrte.

oot : Supposs [L:] =m and [K :F]=n.

Then I baris o, %, ., odn sver K for L = span, (8)
e Bk F = {d (} sover F for K‘JpanF(Y/
Zet x € L 4hen 36.,Cz,,cmek at. X= Z‘C‘cx’
Then C; € K—rpm,, (7] hena E?b.aer' rt. G -—fb.é

thus X = Z Z b'J X; € Spang (7) WM
1= 4.(
{ of; 0’% I | €r<m, Isg'ﬁn] ., Lt rtemams A

prove U e LT From which we con Lt /T/'—TM/)

and 1(3( and |Y]=N fo [L:W][M:F]= mn=[L: F]
SU/QDOI& Z b'& e .. = 'AJ( 69- 66
l’( a,|

=\

= l"b = 0 L‘/ LT of VYV

= O pr &4

The infmte coge  Followr Arom natvr «d ara umendty
oS ‘9/\«m on top of P ey ot Dgf'//



COf»//N? (l;l
fuﬂ:o;: L/F £ ite exteasion and [ef K

| be any pobdficld of L o-nﬂm'm'né £ (FQK sL).
\ Then (k: Fl divide (L :FJ

ﬂ‘“ resv lf{ e VC/7 I/m/& "\J n“fv,J/ évf I
hink their app/ic«-ﬁ&n (cgou?q Some new %'-”A"g-

o 1he reed oot of X-3x-)

[oﬂ,fl’/‘,
whl‘d\ Allr befween 0 and 4. We on ﬂ-f‘)ue

& Q=) af [@F): @) =3 wherea
(@) : @] =3 od Az € QN7 e @ ()
= [@WF): @) dvide (@) : @)
= A dwvidy 3. (nepe-)
- T E @),

EF [@(y7): @)=6
()= =y = 7€ Q)
- @) < 07

@ (4=
‘ [@(5[?): @(ﬁ/]:_? & animc«@ l9°(27‘
of G\(T oVe—
@ (=) Q=) is
degree 3
o~ [@(5} @] P, m @ b= »
‘\ﬁ-_—, Q(F) )= X =V

Q

@



F{V An ex-[-en.rl‘an K/l? K ‘F:‘m:fcfa al.ner:u,‘ed

D elements By, o, in K

L rUCA %J W = F[do, ﬂ", "t «k/

We defned F (e, a, .. o) % be tomedlyt Fets

Con 'ﬁ\ﬁu:y bolh F and 1he elements e, G, . Voo
on  Bnd proot o T Lemma befow on P 528

Lemma 16: Flog) = (Fla))(g) that iy the hey
g-enm.i‘cd over |- by o« dF ir He samu ar thy
Reld gmected by B ove the field Fo) gan. by o,

& fﬁ,_ffi tha Field F(d,ﬂ) Catuny F oand of o Contuiny F/o(/
Moce suer F(o(,p] “lso Cﬁnﬁ-fnfﬂ = (F(d)/( g) € F/W,ﬁ)
biaws, (F@1)(f) ontiv £ o5 = Flap) € (Fley)(s)
by Suppered MI5/%J’5A, of F(O(,ﬂ//

We won (:fg(g)& ‘ffq procm O/ dfcmma /5/

F(O(n,“t/ °(3) - (F(“u“z/) (0(3/
= ((F(dc))(dt))(djl e tr.

-~ S SRR : -
@('VT,E):@(W) sStaa JE‘::(./;-/
x= {72 has degrer 1 over @ (-\/_z-)



[E1] 1t sty @VT, V7)
- We wub H show [@{{?’ ,/E‘/; @] —

g

* Sinca d(a(ff/: ad over )
= @V, J'S—)/ Q) irs dca/_a at most 3

extension
e If x"_3 /s trreducill over O(f?-/, Jo we
ned fo show X2-3 har no ret in @ (V7).
Th ot (r, we reed «/3-¢ Q(vVz), Jppor a, b€ @4,,,/
NEE a+ byNz
3 = (a+byz) = ats dabVz + 24t
I ab g0 Aun VT + L2450 € © (i
- If b=0 4hn /3 z=a € () (';n,ao/f/'o/d/
If az¢ then YT =bye = VE =26 € Q@ (imperid,)
C P [@(FEAT): @QEE)]) = 3 and
[@ (7)) @)= a3 oM ]elT), @]
~ ~—— ——

ey e
Y 2 2

(TA"'(/?}[ The exteasron KK/~ iy Fearke i s JM!/«H‘I‘J
by Arite A of a./}abru'c elemendr ove~ . Wiere prcczfe‘/z

& Aedd Wen—\"cc/ by finidte # of alsebease elementy of
ded“e'r N,th,., V i a/Joéru'c of a(v/a < N -7,

Forollwq (‘8 S'up/:op. of am/,& are o./g&bm'c over F.
. Then «x ¢, X3, /12 (Forp;‘o) Mdﬂf"ﬁra/goJ}
are old elgebraic.

eelle ch'vn Kef elements of L thet ore u/&ob/u'c ever - A

Corollnrg ((9) | Let L/ be acbifrocy extension. Thea 1A
=7 .
a robfel of Kot/ L




f_@ ALGEBRAIC NumBERS
¥ we wnsidee ©/ @ Ahen Q dende Ahe subfield

of ol ~°-‘a—¢b(0«t'f- elimends of C ove @, Thir is
on _\_'\_ﬂf:_‘i*_ _S_!l’_‘ﬁ!l_‘.j U" ferms of cahoned dimensien)
Netiu 3 € Q o n=234.. thw

“;’JT; 3J_Z_: l'f-z_; ] is LI over @ svbetof §)
Lo l@:a@lzn he JAnenN, n>1 |

De('y @ i A ot of COMPsz number wh ich
ore oj.apbrm'c over @Q.

—

Remarh . we cwn wam Q_f s countable 4huy
C (which it uncwahib ) haey 0' ad preper
subAeld filewie. Q0 IR E IR gl\n‘! a

countnble gubhield of redd alsibrare #7, AJAI))
o proper  Svbdield of tha unwatbe IR,

T"* (20)
If K is olgebeare over F and L s u./gebra:'c over K

then L if &/g}-b(m'z over F

\w/ Lot K, ond Ky bt subficlds of K. Then Ahe
omposite field of K, & Wy, denvted K I, ir Aha

Smodlest  subfield of K ar\hinn\() W, 4§ Ka. We
| debie KW, -- K, e ke Foshion

] Q) Q(YF)= Q(YT) s both fetds,
Centuin <2 and -3\/_3_ Sinw (4'3"7)3= iz, (317); ﬁand %’6‘({




PROPoSITIOV @l @
Let K, mdA W, be fwo Liote exdensions of o field F

| confuned sa K. Then

[ Wi, s F)S [k, : FllK. + F)
with eguelity W an F - basis for ona of A field
cemoins LI over Ahe ofher Feld, T «,, .., Em and

B (3,. ¢ boses Hr K g U, respechve  then At
o

Lc/emcm‘r o(ﬁ,‘ for i=l.,m, 4=l,., 0 Span H W,

\mf-- Noke KK, = Flu, .., o%m),p,. ,p) W (B,.,B~)
we Sat B, B Span KK over K w0 = m=[iG:F)
where = is  abnined if [(3 ,. is LT over WK, .
Observe [ W, Ky F‘}- (W, Wt u.lf.u Fl.
= [ue s Filw ].//

Corollary (22) ‘\
Suppose [K‘ : FJ =h
and .[L{z tF]l=m
a5 in abeve propesition,
and  Suppowe Ocdlm.ﬂ)=l
fhen,

[K.K,:F] =[K.:F][K,:F}

=nm

GRAPHICALLY

T K K,

> X
\/

@ fhe cmloo.ra/e of A Cit ol e
Riedds @(r) and @(gja_) preue ff\f\\{' 2

T have [@(WR): @)= A o [OGF): @] =3
heaee ged (32) = 1 = [ QB) QFZ) 0l=¢
Ell, we saw Mir wey @(if—l—?

———



