Lecrvre 2] ¢ Garois Taeory Becins

N

Cvaricte Galois (181- 1£32) po'mecrd thes {fuwy whieh

xaminet how Ak gulvtin of fix) = 0 fr £(x) € F(x]
is affuined in pomu extentivn feld K/ F ... in Shest
Aha  Secret is  loched ooy in Aha algebraic .r{p;i:.w
of M splitting Fiekd, Tt wil fobs o Few lectwe #
vapach K  dedmils.,

Be*@ﬁm isomocphim o of K s celled an
u,.d’bw\g(ph'um o-( K and we weite 0 € Auvt (K)
16 ¢ e K we write o for ().

@ An avﬁmulz*\i.rm ge Aut (K) i« sfaid +o
fix an element e K f oA =X,
TE F i subset of KK, Ahen
2w said b fix F o # fixe o4

elementy of F; 0o =a VYae F

an avtomesphiym

y

Noffu Gnv a.wfornw/pﬁu'm ﬁxer 1/' O’(U =l / »/Acn
Strw 1 g,mersa‘u fha prima sobfield of @ 31‘\101
Bold we fnd . oca=a Vae prima fub el
Tt Allws Ad(@) =111 od Ad(R)=11]
whare we vee 1 4 dende identhy Mcrppfna .



®

JDdy Lt K/ E be an exfeasita of’ﬁ!//:.
Let Aut (K/F) be M collection of ovtomorphimy

kai'-‘\ fix F.

L ppo.n'f:bn ( D
LAU{- (K) s o acoup vn cler compori\-n'bn

ond PW'\‘(K/F) & a J‘ubartu's,

Pook: Lf & 6, € Aut(K) Hhen oo, o € Pt(K)

Sinwe Ctmfﬂxl}l'on ond veree of 0on iJcMorﬂA//m ‘
onee  again 4 iemacphtim. Alro, 1 c Avt(n)# &

henw  AGt(KK) s rubgrew of M bijechior of K vadu
Comp o1 $ion, 4 o’, T € Aw‘ {P(/f-') then
B FTX =0X =X VxeF = T € At (Rp)

x= 0o 'x 20 x = clx=x = o' e ptlng)

frws Ak (K/F) | which watine 1, is subgmup of Atlk)

Propostion Q.

let M /F be a #e// exttnsien and o €
a/gx«b/a-fc over F. Then e any o € Aut (K /F)

S K s o Coct of Ahe M'hl.ﬂu-j POZJ for o over F
77'\«-{’ il, Aut (K/F} pelmw‘e/ e oty of I?/a/uuuc p.l’/,
G%,Vo./cn‘f'{yl any ,Da(,num'J h /)o.w;.; o a&r reot
alro hor "t o5 @& root,

—~ _




Proof :  Svppoct thet 4, a, .. 4, EF and o satirfe @
~ fhe eguahon o+ a, "0t a,« +8e+0a, =0,
Suppore &~ € Put (W /F) Ahen
-1 (0("4' Ao K" e b Q,o(+a,,) = ¢ (o)
> W) + (o)) e 7 (0s)rl)) + & @) )+ Tla)=C

Uowevee o (Onn )= 0oy .oy (o) =0, o(4)=4. c7a,)=4a,

s,
(§10)" + 8y, (6l)" e 0,6 + 0,610+ 80 = O

Mtrehee i §q€ Fx) and £ (x) =0 dhen e

— hovwe shown f(clx)) =0 Hr any C°E hot (K /F),
/n\t pfbpbfl}l'on ﬂ{/owf.//

Remack : whta K exteds F by tha

of one of severd a,unerufw/ or ¢a K
or K= F(O(,ﬁ) etr. Then fo undr sfond

fhe optruchore of Au‘l’(K/F) 'S euenﬁug
90%/"“] l)s, Acw W{/mﬁ of'K '°"¢f F can
mep o ofhr &anemhff, these will be corts
Fo Sera Crmamon poly MM'HJ. Al\yuo,,/
Sinw  €Vely s € A (“/F/ fixee F , 4h=
poct whick mobe s 6 specied Al on

elemutr of W outsida F .




K= @(J-‘Z._) over [ has %mefa—/w @
iJ—z' ("wff of  X°- Q), Then T € hut(K/G)
o koo T € At (QZ)) sivw @ is prime subfield
any otomerghitm  fixes coklonsd B within K

T(a+bdz)=azhz

We efher heve <2 — N s Jz — -4z
1 '

(At (@) = 41, 0] ] oo=1
N — —
Cyc/fc §cep of order A,

[62) kK= Q(¥T) , T € At (K/@) is determney
b'?. its ochon on L

T a”bW*C[W)Z): a+ bTAA + c(T‘V?}z
Now’ T beic\% o el @'h‘"ﬂa axtomorphiem L%
ow T wost mop Fo Solutins A xX-2 (since
VT i et of X-3). But, 333, 475 ¢ ORR)
Pows  we  metb mop ¥a > 33 vadun T

=l e A (@3F) = 1|




f WK /F 15 a finite extesion of [ Ahen @
Avt (K /F) is a Finte roop . Genen.!%]/ )
each extension W [F  we tan agrocict, the 9groep Aut (K/F)

/”'\l‘.f &/Jo 8061 //uz Oﬁef Wcuj ﬂ"(/ affoc;“-'& an CK-/tﬂJ/'d/)
o a parh'Cu/ar Iubaﬂwp of avfbﬂw/pﬁ/f/ﬂ'lf,

Proposition (3)

ket H < Avt (K) be a svbgrevp of Auvkmephia
of K. Then qhe collechon [ of  elements of K
Fixed by all the clemenk of H is a subfield of K

Proof - L’De#"/ F= K"= {xeK | olx)=x Vo’GH;

Let he H and ob €F =KH fhen hi)=a, htb)=b
trwe h(atb)=h(a)th(b) = azb . atbe F.
A/J,/ h(nb) =A(*/A/U =ab and /1(4"/ = A[a/./= a-/ 4 hw
ab, ol € F. Thue F ir closed undu addihion and molBliaufi,
Y
welve rthown [ ir o subAeld of K,//

{:DeJV Tf H< Avt (k) thn K" ie 4h fixed fidd of H

_R‘,'"“"‘__: the proof of Frop. 3 did net

e e sobgrop popech, of H. Ve

ovld jost or wll bk S S ActlK)

whoa S it any ofd sebut of aud mopAomy

of N and FHorm KS‘——-fxeulo’(x/m Voe §'¢
Anis i sl o subheld of A by prot of bop3



ProposiTion (4) ©)

—"ﬂxe associohon of grops fo feldy and Feldy

B fo arou/u‘ depnred th Pf‘ﬂ“”"""/ 2 &2 /s

an inclusien revecsing a.r.rocz'a/u'n/
(1) if ESEcK he rbhells £ €A
Ahen Aut (K/R) < Avt (K/F ).

(2.) l“F H, < Hz < Aut (K) Ore J‘UbaerI of Au{'(‘()
wdh arfocitd fixed Felds F, ard £,
\ fun REFR, (Ktek™)

. Feh = At (K/R) = Ast (K/F)
H

. s Hz = KH& g KH.

:P:e:fi we )vlf naad to J"'uw Tha inclveyens Jtn &
Prop ( ¢ 2 a./uu/., gove Avt (K/F) & Svb Y
wd KH o nbheld Sopoenx F SR &K

and o € Aut (K/ F) Ahen rugiost xXeF
Mhew X € R riau F, €A  and S0 T (x)=x riau
¢ fwe F . Hea o € At (K /F) srne of
Rxed an arbitrary F element - A#(Vﬁ.}s AU'I'(“/F;)
Lhawia, i HEHSALK ml o€ KM g

i Por any T EH, wt hae T €My o Tla)=a
and fo a € I,(Hl . K Ha c KH' p



PRoposiTion (5)

et E be Yhe gp\iHivud Field ovee F of Ahe
Po\vr\omioi fix) € F[x]. Then

| Avk (e/F)| = (€7 F]
4¥v~5a)ﬂ\ equelity f £1x) ir separable vver F

Dok + monbe naxt i, Let p. SE/-S62 of $19.1 o DdF,,

/

In FPact, [t can be chowr thot [ At (w /F)]= [K:F]
‘FD( w ‘FaF\H*e extension K/F,

Ddyl—d' K/F be o Ffinite extension ,ﬁ\tn \\
W is Said to be GaLols ouer F and K/F

\s o OGALolS EXTEN/ION iy \A*(M/F)\-z[u:):]'

4 W /F s Ga.loo‘:/‘l”u grovp awts mor pl vy

Aok (W/F) is colled A GALod Grop of W/F
(K/F).

ond we dendke P\\A'(K/F/‘—'-'Gd B

N—

Corotlwqfé‘z
4 K is th :plc:f’hha Field over F of a fep arnbla
po\\ammi«J? f) tham K/F s Geoloir,

De)fn/ T6 fix) is o separable polynemicd over F
Ahran Aha G odeiy amup g(— -F(x) over F iy
L X‘\l Go.\u'l ?‘uup d- ’\"\l Spll'H’l'h} -Fuh/al -{lx) ovv F




