Lectvre 28 : Geneaanow oF Mosumes, Dikect Jumr, Ranu @
Let R be o r:'na weth unity ya
Ded? Let M be an R-moddle and N, ,... N, be |
fvbmoclules of M.
(1) N, #os Ny= (#10 [0 € Ne for bl inion ]
is dhe som of 4ha sobmoduler N, -, N,

(2.) For any Svbret ASEM we [ef
RA = {r:a'+ 20, "% Ty Qpy l r'l"lr”\ € R/ Q.,..,aMEA/mer
where RZ = ‘{OJ by unvenfion and if A ir fhe
»ﬁ'nl.k cet {a,, a"/”/ Q}:A Ahen
RA = Ra, + Ray +-~+ R4

& . If N IubmadU_a and N = RA for nme rvbeet A
of M fhen A ir a &mtﬂ-ﬁ@ﬁd ke N and N
s gmcrw'(ul by A.

(3) A submedvle N of M is finiely generoted f
Anwe y Some fnite sot A S M cuch fht N=FKA,

("L.’ A S'meodt/(t N 01‘ M i_f (,zr_//'c ,'7[ /ﬂpe/( e)(/ftr
on element O € M rvin thet N =Ra ={ra|rer]

Kemorh f 1 £ R dhen the def® above Con sl be moda
A S RA I(a Ahod  watext.

/wwcucr we wovldn® hove

~ (Db TF N s firidy geaenited fhen fher
o smodlert d € Z'° ke whih A={4,a, 04f
8-&!)!(6’&: N, such o set A i m/}:l}ndééneruﬁ}\%;a‘ for N_




E_Xamp/er @

B (,) R=Z and Mary KR-moduvle . //Ma M
forms  abelian grovp -
q°P
Zoa =<ay=4{na|ne Z}
‘F{Ai‘\‘ela abl\efvttd Z -Medules ore soma O 'ﬁ'"'.hla
‘aﬂhuvﬂd abelian §rops.

(2.) Let R be n’n% wvth un]*y 1. Considen .M.'—"R
M= R1={rL|reR] =R

ﬂ\bh fvbm“lvu N,C_R nerds r«x € N ‘fof
eah r € R and X € N which weans N s LEFT 1DEAL.

B N=Ro.={ralreﬂ—,-(a)
CnyI‘C svbmodu b of M=K oare //:hci/))j rdenls 0#1?

\/-v—\-——/
vaca-// orfvmes

"MIy"Uf' have R e S
Nnen com mv e emm ¢

WACII R U’Mbe‘hfoH /?4 = af and RA = FA
with  the I | meansdy .

Ris PTD i wmmefnive 1317‘(0/@1 deman wih 1 ]
in which every R— Sibmodvle of R 15 ¢yclic

Hemoch + we (on TFrode stdy of  princip A (deels
for Cycl/:. rvbmecdules. Much of Thi

ot Aha mement Nt remunfies.
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DefT et R be cing with vty T and let M=R' ~&

be tha Free - R- module of rank n over R we

d.ehra (Q;)JA = 8‘6’ = {L 2: "L:g for l.‘.l‘,,jsn,

N

Tt is e = I,O,.../O) and Q,_-—'(O,I,U/..,/a) ¢fc,j

—————

n

Sup/wu R is ommutnhve ring ond S =(S,S,., S )ek
dont thini ng 1w needa]
then ol R Exer ’ ‘

cile 2 affumeo Rumdz.jh,j

_ o odlow Field calwlahon, €xQ
S = (s, S”/"/ Sa) lif nef Wo. —i:f"k(a_:&”- 2—/’“"4““-?

= (51, 0,..., O)+ (O, sz/.,70)+--'+ (0/.../01 S},)

= S (1,890) £ Su(o, 1, 0) 40 (G, 1)

"
L
®

e

Propositia: R{e,,., €[ = Re,+ Rest-s Rl = "
5'\"” R is & (o'ha wih unffy 7 and

(9;)6 — &J ar above,

\—

Cven if R s nef CoMMuﬁ—h\z{/ we tfll rc;w'/e
Aok Ir=r=r1 fr M CER whn K har
mv ltip Keahve  dentihy 1.

(on jectvre : 9iven R wih wol'/y ]:m/ N € Z"’
4 o)y = & detiner € € R" Ahen
L R" = Re vhe, st Ao, = e Rt R+ ek

(which is ast to fuy thot AR=RA for sy ol o whor )

avn gpmm




Rngkm &S m=n

Y
@/ fup)m R it wqomufalive and mp € Zj O

M:<®) IUP/DOR m=n Ahen Rn':ﬁm A(ﬂa A?”?A;M
by Id: Rm——aﬁn whih 1 an R-modvl
iJomorPA,',m’

= Svppere R is emmutatve than cecalf
thee exitt o moximd ideed T fc R

and Ahus F = R/T is & field
S.VP[JOI-C R" E R™  Ahen

BxRx-.-'-XR = (R/I} "(R/I} x-ox(R/I)

henw R'SR" = F"=F" = n=m

? (b\, Lc'newNaAm)
t woold be
%ood T QKPN\J
on wk\’ Ay
tmap licohsa helds,

) R™ = pmfe, e . en| (B comhir

R"=PRe+ Re,t--+ Re, Is %l'nl'feé }&ﬂeﬂ,ﬁ/
R "MM(VL( w::ﬂ\ MI;NA:\,J Wcrwh; ﬁ-«(‘

{e, e ., en|.



Exampler (onfihved | )

. (V) F ‘Licu , V a vedor Spact Babr F
T:v —V

V -Fo(mr F [X]- Module Via i‘F(x)'V = ‘F(T) Vj

; for M
WKN" does 1+ Mean 1€( " GM‘FV(X; i/F(X)

V b be cyclic Flx) - madde !
o ¢ W
Vo= { Pogv )| Py € Fx)] <™ %fiﬁvev

= { cV+ (T4 C,.T"(\?) l Co, -, Cn eF,néZY

= Span{Tn(V)I n‘e Z/ nzof

B Thet 3 (V, T‘V), Tl(V), 73(V/,...] 5 a ?ener&ﬁh;
or  Spanniny et ovr F Ae V.
(ﬁf most T ¢ V"'9V/ V s et a ty clee F/"] —Moolub,)

(E]] T: R—> R via T(x92 = (2, X 9)

Te)= T(,o0,00)= (0,1,0) =&
T(e,) = T(e,1,0) = (p/ o, ) = T"'[e‘) = €y
T(e3) = T(eo1) = (1,00) = Ts(e‘) - e

/{)‘\en {e,, T(e,)/ TZ(B,)/.,_ f redveo +» {EI,T/&),TZ/e/]
. I'(Z? /S R[X]—Cyc./fc Svbipan weth Mm/v e,‘

(chorn of € Ccnﬁ«é‘/y net um}u.c)




©

'De(‘y i_u(‘ N\\’ M"/ > -N\k be R—modules .
o (‘-}\Lh % (.mn, ml/.-, mu) , Mi- GMI.' -&r i='lz/",k z
W {M\ Com;[)'omcw’\ - Wik oddihn  and R = achon Wy

Colled Aha (ex'/-tmaJ) d"ftﬂl‘ p/aduo'l' 0‘ _M,,,;_Mk
and  wt O(Cnb‘l'" nl Via M' Xsz e 3 MK e M

The notahin M, ® .ﬂ’Q@m@ Mu mey alfe be wured
fo  deneke thi  exttind diredt rom of moduly M,/,,.Mh

(X,Y €M Ahey (x"'y); = Xt vf:'/z/'/ k]

(rx), =rx Yizi. k, rek

ch Moy cadd o A//uv,h ﬂ'ﬁ."_#’M /ts  aneds
I A s 4 7

Pfgp‘i.rt.‘]‘im (S)_J LL‘I' N., Nz,.., N, be s vbmodulyy
of H R-module M. Then TFAE
(l) I : N‘XNzK”XNK - No+ Nz*""’ Nk dc-tza;\u/
bv.’ 77'(&,’0;/.704,/':4,4 a + -+ ak i an
ifo mecphim of R —medileo,
(2.) N.’; n (N,+ N1+"'+N,6_l+N,£ﬂ+~-+ N“) = {O} Vé=l,-..,h.
(3.) ?\:u«, X € N, tNy+..+ N, can be
W vren unigfucl,? in Ahe form
X"—'- &"f'az‘f’""' qh

—~ l W;‘n'\ Qi € Ni 1[9( i':‘,z,-? h J

\%&7 When M= N4+ N, ond (1) or (2) or (3) held arka

M= N8~ 6N, ir inteasd dicetom of Ny., N,




fasch: o 12y M= N@te -0 A @

~  fvbmedvlo N, N, .., . of fhe R-medole M)
means W = N, X Nz x-x N, (). Tn ofhe
woeels, 4ha modvle N, -5 N, are radependent (2.)

Whin M= N,& N, &--® Ny then we 42 ars
decom/)m M iof indqoenp(wf anymmﬂ)’ Xé-'m
%M 9./aGN ., ak EN f.é. X=a,7‘"'+4h.
We 4 /,.ju,#‘u/ Some of Aha /mya«?z below it

p/CVIowf db/ s wh e #\e word "'fM/v” 0~/°,0!”¢6/.
GMJ New/s, 11‘ Con-;@/m/ ) #\.e o(c/: 5¢/ow

)

Dd’/ An R-module F is foid 4 be free

On Ahe subset P\ o'f:- F i-ﬁ foc even.] mm?erb\\

X € F Ahece exist unigue nenzen ", 0,.. G, eR
} / %
and Vnigue Q,’ qz,"/ G, € A Hr which

X =004+ NRa+---+r,a,
‘&r ne< Z+. In Ahis case  woe foy A W x_b_&ﬁi_-f
or tet of free gmnenha L F. T R
‘S 0 Gmmuhihue ”:3 Aren co.cd'mol{\-\, of A is Conk o{-F

i ’ N, = N = 'Z, over -Z,_ G e module NXN
ra.nk A wth  basis {0, 0), (o, 1))

E3) N, =N, = Z, over Z is nt free Z -mudile

when we dhink obst N x Ny . (o, @)= (a, 0)+ (0 )
Cvnf)}W(J 7



@ M= ZZXZ: '=Zz€,+2262 @
~ e M ﬁ;m";(a é,mm-—'{e/ as Z -moculu

by A= {lo) 001z fe, 6]

Indeet f = Zge Z,e, = N, &N, “V, = £, e/)

. =2, ¢
I’(owwer, A i net a basis ’ P

Fre Mau o Z — module, For exampu/

X=(1,1)= (3,01) = 3-(1,0)+ ll-(0,1) = |- (1,0)#] (g1
L————\‘/__\_’ >

r,:3, r, =t rl=,/ L=/
X:(I,I) — (I,O)+(0,l) q,g/\/’: sz;
—— )

Q, a, azéNt=Z‘€,




M/ For an7 Set A 'f‘hm' i a f}ee R-Mad:[e \@

| o

__Corollo% + |

F(A) on fhe ret A and F(A) J‘a.{-,‘_r.gu '/XJ
&”ow:;sa vaivecsred g/gocrﬁ;: of M ir any R - module
and P i A—>M s any mep of rets  4hen
Jl R-modvle homomsrphim ¢:FmA) — M)

Such thet E(a) = Pla) foe M 2 A thet s
Ahe L“ow{n ) diqamm Commu-l-c_r)

A inclueion > [ (/-\}
¥ | ¥
AN\

WktVl P\ S '{1\1 ‘F\'h:'l't W* %QI' at,-,“qs M
F(A) = Ra, ® Ra, 8--6 Ra, = R"

P_Q:cf: Lee P 35'{"35‘-}; /\ype‘,//a, we Werk
'n\(ovvl in — clur,

| Q&‘l’“‘d

(l.) I{ F ¢ R oare free moduleo on A, Ahere

[{ON STNY VS UOMM":NJM betwean FI 4 F'; which
s A fduntihy mep on AL

(2‘) It F s ony ‘F‘(u, R —medule whh  besie A
\ hen F = F (A) In PW"HLULN"/ = enjow

o
"“"AVQ% Same R NVes L propech, o F(R) ™ Th™ €
‘F’or fF(u moiub. F oV eLe R Wm‘\ bO-J'l! A/ we Lan

M\;‘\t R"‘Mb*, hb.lv\eMolﬂll}M ‘YUM F l'tﬂ(\) M b\’ 'Fm'v\a :fIQ:l“/A.




m FEJ/ angy set A ther exidy a 7[/(( R-Mm'/ud(
F(R) whih Sahifres 1he Kllowis varverred property
If M is any R-modie and ¥:A—>M s day map
of retr thea 3! R-medile homemuiym & :I=(A)—> M
foch thet E(a) = Pla) VaeA.

Proof: ket F(A) = {0} indhe cace A= . Otherwine
A7’¢ and Ja e A. Conctruet
F(r) = [f:A—>R | f(a) =0 Vbt firibely muny a A
Define R-modvla strvetvre on F (A) 5,
(F+9) () = (o) ¢ 96
(rf)(s) =rf@)
fc elh o € A and r‘E-/?/ we rex f-/'g/ rf & F (R) srce
Ahege olro Aove on/&, ﬁ'm?‘e/a many nea 2ero velues, Let

_f x) = - f hr a =X

Q( ) ga,x 6 A a#FEX

fvppog f tahkes velve r; ot a; Hr i=l2..n AAhen
‘F = r;‘)ca' +‘r£1[\a‘+"'+': an

Neotiew 4ha relechin of V;,f‘,,,.yf;, e t/m'?,u f af\/en 7(‘
Idenﬁﬁlha a€A wifh 7['“ we find F(A} Is free on /f;/dé/\j

Suppo;c C{:A — M s mop o R-medl M/ d&ﬁM
T:FM—M by §(:§qfai).—.§ n 9a;)

I(r(Enh) = B mf) =_anr; Wﬂx[w_i iRl

L in

Additivihy of T proved fimilasly. Nobe =r 5(%:7 9

: ( -Fa;) - CP[A:) htna EM}""‘P(“) Pfaw'J.e‘J

woe Mm{‘l'\l\, a0, with -Pk . Uniguensse flloay nau voluesof Ton A
Frx A necemary ovbpvt on F(R) for T on R=mod. hw\w”




