LE‘CTU/?L—’ e GROUP AcTiovs X ORGIT STABILIZER /3 @
Grovp acflons pvt grops 7o work,

DefyLul- G be a grop with identity @ and SygoorLe
S i§ a nunemp-}\' set. A mv l¢isli ceflon aF
G on S defined by ¥:GxS—9 /r
Called o 9(05? achion of G ea S" /'1[ Lor MC/IXGS;

(i.) e* X = X
(i2) ax (bxx) =(@b)k x H- M abe

l@ Considec S = [F" and G = GR(n,IF) , Hha cet
of oA invertibl waatriwe 'n l-':nxn where [F ir

o -Fielc‘ (/Hmh[« IF @, R or C +or r\.eW)

Axx = Ax (mwr(}x-column WWH"P((C&HM)
%{VCJ' & glovp achon Sinee

Ixx =Ix =X 4 I‘d'zé}'
Ax(B*X) = Ax(Bx) = A(gx) - (AB))( =(A8)*X,

[EY I H< GLn,F) hen A*x=Ax VAeH
and X & [F" onee more defnesr an ac.‘l'\‘on oﬁ U on ”-:-h

’V .
771'7 If #: GxS—> S debnes o §ovp achon of Gen S
Ahen if H<G we find % svitably restricted to

¥:HxS—> 5 by h¥X=hxx Vhely aixes
L defne a ooy achin of H on S




Le./‘fr ex,awu/ ovr ylew aF ‘#\A .rymmefh'c a/‘ou/a @

De{«y [ot X be o ret Hum SK = /0’: X-»Xx ’ o b{j%ﬁ.‘mﬁ
5 4 .rymm('u'c frosp of X
Often we've contidered X = -[I,Z,..,n} Aham 'S'x = S:) :

(;771"'/5,“,7 grovp G it iromorphic To rvbgrogp of S‘GJ("*W-EY/
Crook : Br 9 € G define ig 6 —=>G by Lyglx)=9x VYxe G,

Dbrerve (Lo Lp)(X) = L, (Liw) = L, (bx) =albx) = (ab)X =L4(x)

'for »w X &€ G A s LALL - La_é i /ﬂwzwec 76( eat
=L =Id6 o [_ge S; .

9 € G‘ obrerve Lg'l L’ = Le"g
et P G — SE be dehacd 67 “(9) =L, Ahen
@lab) = Loy = Lals = V)¥UL) heace @ Aemomasohim

nm"e

H g€ ler(¥) tha (9 =TIdg = Ly = Id hu
Ly (e) = Id(e) = 9e=9=¢ - Wer ¥ = {€f

Gon regnentty, ¥ (6) = G smu Sf,q = YU,

@ G = {‘, Ql b/C} Wl'\cfe lal.‘:lbl =ICI =2 and Q.b = o
s Ao Klein 1 -grop, Lets weite Y(G)< SIG via
genecelizel ycle nefsfion

Il ] ol b] €
Ll o | be L, = (1)(a)(b)(c) = (1)
6 lalt Jc |b Lo = (1a)(bc)
blblc |t ]a Ly = (16)(ae)
cC |c b o || e = (1c)(ab)

Remark : in §1.7, p. 61 of Retwsn RWA LYl he mentiinr 1A
cy cles wrctspondeny the elemet anm Ahe row in the Cayley [adle
I  almesf agree.



©),
ﬂy Given a grer action of G on a Jet T a(uw"‘m

by #: GXT—>T {f we defin O(%:T—QT
Vie ¢>(,s X)) = 9% X Yxe T Az o(9 ir o b!j(oﬁ'm
wmd P :G —> SJT’ 9l'l/m 177 ¢(3) = 0(9 Yae C

KJ&AAU o Aomomw'ﬂ/?/:/m. y,

Proof: let oty (¥ = 9w X V9e G and YV Xe T,
Obl’-Nt, for a,be G and XéT/

(o(o." &y, ) ) = o6 («plx)) : ™ of wmporhion
= a%(bxx) : ded® of & |
= (ab)y%x X . axiom of rep acton
= Koy ) %)

“MI o(koo(b - o(ab or Aha Codcwdehin above ‘\OIJJ V)(é T
Obrerve ofg (x) = ex X =X Vxe T it e is ittty o#6
hena  olg = Tdy . Notiu ofge «gt = Ky =% =Td
Mus  (Kg )7 = ol and we Aind & U bijechon o,
F.}\.Mm o (P(ﬁ) ks °(% ’r‘\-UV\ :

? (ab) = olpp = Hpo o, = P (a)e L(b)
’ﬂwu LP . G —p S'T If @« “\cmocnorphi.(rn,//

Bon %3 CmT —wT 55 oulled o Taibibnd o alfetis
oction,

Rew\wk: P: G — ST 9iven by Cf(g) = 0(% has

ee @ = {gecl C:P(Q]::o%:-_[olr] . 9elan ¥ & Ixx =X ¥xeT
T4 follows # Facthfd implis S ir injechve.



®

@ ZC* G bc a 3/0‘? MJ nlﬁ’u a¥x=9x
define a groyp action of G on itreff. Notu

Q%X = X Vxe G implies 9=€ thusr * 1«5 ﬁ;%,{/
The fut that P9 =of detines homemocphitm
P:c — S, at P(c)= S, wh CF FE)
s vsveldy hnown or  (ayleys Th®

B]ch G be grop wiff /Héﬂfw,o H %Cn '
S/y = {oad lae G] "Rl
debin ¥ : G x (644) — (G /) by

G/H not o
coruu,o.
‘@*(QHJ = gaHj
Netiw ex (aH) = ea f = aH and

" X*(ﬂ*aH)= X% (YaH So % define,

= % ( an  achon
- . %A)H O‘( G on
= (xX9)aH G/
=(X9) % aH it

(De‘{’yc a grovp and S' 6 Sef and % : GxSﬂ S
Qa 9/0.//) achon. We ol epne

(1) the ocbit of X € Sis Oly= /9*x/gecf
(i) 4he stabilizer of xS is Gy = {9 G| Ixax |

e

Rema,—k.‘ C‘)[x] < S wherear Gx = [ [(M/a/wg Gx ir

fubgrop , of-4r
ES .’_M/fnu{/ ®(a k) = G/H , GQH = 7 goJ/a/ £Ax

L 4

S—— 3 »
can Yov m:n{tr? ’-f°’/'f0/°y !«Abgruf j




ES wntrhv ed
Notia bH = balaH = (ba) % aH =
thiy ir why @(a/// o Gﬁ{ , we con move aM

o bH for arbitrory be G by “6/73\; by ba™
—F~—

Gavi = {3€ G| 9x(aH)=aH |
= {QeGlgaHzaH}
= {9eG |algaH =H]
= {9eG|algae H ]

. /_ef G be a greyp ARen G actr on crefl via

con,u\gwhan In par‘hcwtar- for 9, x e G
g*x = 9 x%]

Noha exx = exe' = x for eath x € G and
ax (bx x) = ox (bxb™) = o (bxb")a! = (ab) x (ab)”

s aae(b«xx}-:: (ab)*¥x VYa,b,x € G.
Q@)={%x9”1966f

T~
ConJ ugacy classr

G, ={oeG|oxa=x]
= {9eG| 9x=x9]
= Clx) e Centrelizer of X in &G




Del'y Gioen achoa ¥* of g/v9p G— on e f&fg _— @
define S'/G s {O(x; /XC— S’/ the Spac of ordil

/'v.rh'fo'e/ 1 th}( o{ u[/0t.(l 7 ya amjuyuy c/q,

Ouvr next resvit
9 o achin are e}ull/o-/cﬂa clatfes

Sine tha o bitr ef a
S/G prw:'du a /aaw/';?,'m of S

and

e —

ﬂyGivm G acts on ret S, 1he orbite of G pactition S
Marcwcr, for [Sf< o0 3 1S = ‘Z.J/@(X'// where
one  X; s relected for eath ocbif of the achion.

Poof : Let #: GBS —» S debru an aclion of the glop
G on #He ret 8 Lt X~ Y it X = 9%Y for
Sonme 9 € G In o/,\ef w..«/-g X ~Y I.# % € @[K).

(1) X=e%x fhw X~ X ﬁrany x e S

(2) Spoore X~9 Thenm X=9*Y Hc fira g€ 6
Hunce 9”*)(::(949])(3 =ex¥4Y =Y and.
thwe Y~ x

G‘)fvﬂnu Xy and 4~ % A 39166 G
for whih X=9x9 and Y=hx3 dhen
X=9xy = 9gx(hx3) = (3h)*5
Maug X ~ 2
We hove fhown ~ iy an C%i\.@_{.&_nu re,(.o.a{';p'n Ms‘
ond Q@(x) = [x) = {%9e S|x~9f is itr
C_Qg_'\'tvuhmg clods whith we hnew pocthin S. Thu,

S G is collechan f non-emply, disjeint refe wh
e ' ¢ &) F “re
{n Y, FO’MS S . ! S‘l - : l @{_x‘)l Ruaw by an‘ﬁ)a.//




T/ (0R8iT_STasiLizER) ©);
'5"/’/”“ He grop G acht on Ak ret S by ¥. Then |

L xe S then O bijeoﬁ\/c@ cacreponds 1o G/Gx )
| Forfhume, fie G and 5 fiite (16/ = [6W][Gx /]

-/_7/1‘1(: [et ¥: G XS — S be grr achn ““J/'—/'Xés
W¢ olyﬁ;u _j[.. @(X) —_—> G/Gx as follows : 7§r glé 0(X}
39e G with Y= 9xX and we defie fly) = 96,

(1) f s iste sine 9Gx € G/G,

(2 § is pirofe-velaed : f 9= 9% X and 9= Hh¥X
then hxx =9x X = 9lhx X=X : 9olhe G,
ond we Had QGK =A6‘x

(3)4 is injechve : Suppose f(9) =f(2) hena Fghe 6
foc whidh Y =hxX and 2 = 9% X where
h Gy =%G,\, Observe hlge Gx = (h'g)xx = X
hena hxx = 9xx = ¥ =2

1) § is gucjechve ¢ Suproze gGx € G/g, . Nedi
X =9€ O(x) and £(9)=96x.

Recod [G: Gx] is 4he # of G, ~vrets in G. Thes Lo
both S and G fate f: Ox)—> §Gx & bijechom
vie(o(.r /0()()/ = /G/Gx/"' {_‘G:G,‘] — lGl/lle

s 16 = 10w Gx]

4



Consider S = [V°' Vi, %, Y | verfiue of Sguwe. Abbrevicte

V‘a‘ with 4
0 | - 0o 2 3 | 2 Q)
0° 90° 180° 21%0° Fotahions
2 2 z | | 0 o 4
v 3 2 | | o) 3 >
N T
N\ 7 i
o 7 ! L —— —|  reflections
N 7 |
| 2 3 0 2 3 0 I

The pichresr above MNustrete the aotvred achin of D, ¢n Y
6 (V.,) - {V°/ V'/ V"/ V’}

Gy, = {l1), (vv) }
Dbserve [Py = 8§ and [O(w)/[Gu]=4(2)= &,

@{"'/ Tf ¥: GxS — S is grop achon and B(x) = S 1@7

any X € S then we fog ¥ is TransiFive

[E8] Gasider a cvbe in R Let G < Inom (IR?)
which Hdorm j‘7mm¢/(7'u 01( 'fx_o, cvbe,

— S={k K ER K EJ

/

’F'”C-Q.S' m ¢ vbe

—

1
A
-

-
-

we (an rotate any fou of tha cube o any vther 'fia/
Yhe achon of G on AAe cvbe 1r Fransi?ive, The

9revp of itemetries which fix a Aw is O, Thus
'GI = l &(FE)”GFQ[ s ]SHR,[: 6(8) =@




Consider H< G with [G:iH]=m and [et @
X ={aH|aeC) ad T: X=X by L(bH)=abe
fhn we on prove Ta@ Sg (Ta & bijechin)
Moreovee, $: G — Sy gV by $0a) =T,
grogp hem omorphlim. Considec,
Kee ¥ = {aeG| )= Idg{

={aeG] Ta(9=x ¥xeXf
{aeG| abH = bH VbeG]
Ybe G |

VbeG/

s a

e
e

laeg| babs H

= faeG| a& bHb

= 1 bHB"
be G
aeG[oLe %Hg" VQGG;:/?%{@-/

[’De%"/ core (H) = }

dec
4G Since the Hend of any
1y nermdl fu.é'j/ou/).

Nod-vrwa? tore (H)
9rop  hememecph 1) m

Temma: Let H=G Ahen

(I.) core (H) 9 G and Cere (H) € H
(2.) T£ KACG and KEH 4Hhen KE Core(l—l)

Proof: (et +o ceadn .,



DY Cchnded Coyley B
I?[ ch and [6:”]-:”7 #Cn 36,’ G._,S;.,
a  preep hem e mocpheim with We 6 = core (H) € H.

Efif.‘ A-L* X:{QHIQGGJ W"\Ch( HSG Al [G:H]:m
Yehra P:G—> Sg by ¥(8) =7, then we

have ¢ (ab) (9H) = Top (9 H)
= by H
=a (bgH)
=T. (T, (9Hl) V9He X

%nl CP(O«(?) = ‘lp(ﬁ/"‘/[&/ and Wer Y = tore (H} and
sihe [GiH]=m S ([X[=m > S TS hee

exiks an  isomorphism ' S‘x — S and

¢OQ;G—¢QSE—LSM

Wer (¥ @) = Wee (¥) =corelH) = @ =Yoo

(on IL?AALnHB
hem Umcayv/lf/m é:G6G — S’m i

Serves &g

RCmo/A-' /oer/\o,or yau recw” l'/ [G:H]:Z 'MM HQG/
WC./// ﬁ\wf" 3&/)'6/64(- ees o ’/4\2 'A)//va/hg C"fd//a/y 6,/,#“

Extended Cm7 ley Th™

(Cocollory : Lot P be the sorollest prime dividing
Xt order o-F a fnite QFWP G. ’n\cn amf
:vbhmup H of G wh [G :H] =P is hormu,Q

\)_r_o_of: fea Nl‘CKol.hM/ 3" E‘J/ Pa.357_



B Co:vy'c/(;Acy AvD THE CLAass E_Qunr/a,v @

Here I (o//t&t‘ Sorru observohons which T mode tn Lectore [ 7
od Modh 2. Theee are fwo grp achinsr we lovk ot

c for HE S, let act on N, =4{L2,3.,n ]
Viae dhae cule 61 = o (i) for s S‘,,/ and L €M
. (,onjugaJl'M achon of S:, on (trel/f:
pro =g

We shovld olso infreduce the  Fixed - rvbret

@u‘y S - {xeS|9+x=x, Vye G}7
For example, in 4he wnfext of fha Conjugacy action,
S%={ae G| x9%'= 9 for ull xe G

={9€6|9x=x9 VxeG/
= Z(G)

[69] Gosidn S = {1,23,956] and & = (1,2,3)(5 6

Mhom Loy = {10 o’ S, Seam
OW0=1{y2, 3]

Ols) =14s,6]) ISI= €= 10wl+|OE[+(O)|
6("" =“"‘] 3 2 (

@ I‘)( c & S:; /)AJ‘ oréf/r S:, 'S:'/ L S; W,'/j),,', M
then if [S;|Z Q2 hr izl ., k then o can

be welten in dew of k -dijont cyeler whore
entrier ace fovnd wilbin 4he ecbite S;'/../ ,S;



@
Aopacerdt tha orbite of He tychz Pl
%:Mc?/’ by o€ S, reved the ois jont Cycles of

@ Considu o = (12)(34) in § Jet /s

S+Vd.\1 /t’t\,z cpn\)vad'\wn of 0( UJJJ a 1£CW f—XAW\pQ

cal Lo lokions ot |¢°J+
(123) « (|2_3) = (123)(12)(34)(321) = (H)(ZS*)
(124) (m)" = 024)(12)4)421) = (17)(24)
(23)« (23)" = (23)(12)39)(23) = (1) (24)

(1239) ¢ liz34)7 = (1239) (12)B4)(4321) = (14) (23)

() « (IZ)" = (IZ)(IZ)(?V)(lz) = (,2)(39/

Co(\')vgwhon pre serves gd&-‘l'ypg_. Ancthan examp (e
cedevlebin, B = (1224) and ¥ = (123)

(lz)F(tzf' = () G22)(1) = (1392)

(l29) Y (124)7 = (124) (123)(121) = (243)

{?&&7“ = S‘ hawve ‘H\Q Jomg C‘:)CLQ +‘/P€ ,j

Ahey hove Mo same ¥ of eath type of eycle
Wa) Aetr O‘U)Dor\.‘i" 07(.‘.2 hb‘f’braéa:hom

Q‘bn‘ Sﬁ‘/{}f/ ﬂ 16/ Con/VW &&ﬁoﬂ
“The # of Conjvgu#'u 4o X it 1he ihdex of »/Al entiads 2.
fr X. Thet is, [{0x87[9€GT|=[G: Cx]

Poof : Gx) = {9x9™ [9€6 ] gVen ux = oxg”

and G, ={9e6[x3'=x]= boeG|x=x9]=Cx
Now a.ppl\.' Me ocbit rhabil{zer ’0\'



&

pe/”/ The wnjugacy clafr of X e G
s given by X©= [ox9™ [4€ G

\——

I ovr wlent nefadion el scheme /xa/z[G: C(x)_]

éofv//w;) lo Orbit Finbilzer e Gonj w9 sy othin
[ The # of pe/rnUﬁh'm; n S;, wifh o /ar/;'m/af

ty cle— fype mert divide n/

Pﬁ_oﬁ: Sthu wnjvgay clatresr are Hemed 457 /aermvrbﬁn/
ot e SJonme t.yc/e 1?,08 (it ﬁ//aw /O’ 5:'/ = o/
pesmuv frhions i 5:, wil fame ¢y cle -tpe asr o

Mowtvu/ /o’s."/:[S'n:C[o')] and  we hnew
lcte)|[S,:cle)] = 1Si]=n! . /0'5:///7/.

—
._E_Ej Cepresentidive o lo’s"l = # of cycles of Sane type

(1)
(12)
(123)
(1234)

(12) (34)
Observe |+6+8+6+3 =24 = Y4/

W6y 0o |6y | —

De‘Py ’n'\e CLAT EQUATION of o ‘an?\'-e 6muP & i
gl = |26+ = [6: cwxi)]

where one  X; iS5 selecked frim eo.u: wa jwg ey clogss
unhini e Hhon one  element




@

Y Cavanys BB : If G is Finite groy with order
diwlr/&& 67 G ,Df"m-e P then G Confn/}u an
element of ocder P

Pﬂﬁ(_" oassurme G ir finke 9rovp whese order If olivm'bLe
by o plime P We prove the TH™ 5y induchin on /C/
Obrerve |Gl = | 4hen #h Th® ir vacww/7 Froa. Sina 1
hat no prime divires, Suppoe Th® Adds for Hrovps
vp P order N-| and wosider [6/=n, If
xXe G Hun |)(Gl = [G; C(x)] where C(X) s
X centrolizer of X and X & it wn). clatr of X,

OIF x ¢ Z(G) Mhun [XC|> 1 fhw lcw| <16l

CIE p|lCa] A osme xg 2(6) then by the

'n duch\ve /’\yp ofhesr Cx)< G har an element
of ocder P and thas G hat an elem. of order p

@ If p ,“C(x)l for M x€ G- 2(6). Recsdl
we oSJuma PI’G’ and  Note
1G| = [G:Cw]lCk)|
’n\w/b\' Cuelidy ;tomm/ Siaw P 4 Clx) '+ et be PI[G=C(X)]
gfnu Q)f\:)\raﬂ.(.\' Clovses Pwh}l‘;n G/ |

1G| = |2(6) | + Z[G: cexi)]

Now p| 16l and P|[G: Clx)] fr X; € G— Z(6)
ths Pl12(6)], But 2(6) i obeliun ard we've
shown (in Modh Y2)) dhet p | 2(6) = 2(6) hw elem
b-(' oed P & G oatuin elemet of ordin P.//



