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LECTVRE 30 : Tenson ALGEBRAS, Symmeralc g EXTEAIR ALéEaRAS

Thit Lectre s mo;fl; wboot §//.5; bt we ‘JhW/O( tulu o look kff//-é'

(41,,_'( i whae ® of Chapler (0
PROP IS (§//Z) a.p,:/ic/ v nlu c‘fu of L‘:Cﬁ’f"?“‘)

Let F be sobdheld of K.

If W is m=demf vecty fpaa over F
with  bacir W, W, ... W, then K @F; w
is on m-dim 'l veehe fpaa over [

wih  bary 1®W, ..., |® Wy

Conf/du. v/ W, X p Y ﬁh/‘fe C/(/'n ’/[ \/CCA/ J‘/ma’f G ver F

g PV X ad VWY e
can Conff/ucf m

Hroans bormahions Ahen W
and '% as o lows

tensor produ.a‘ of ¢
vg+V: Vaw — X&Y

(Pay)(vew) = Y& Y™
Natvr we ‘d like $o unde stand hiw P
find  The motcix of ¥ Y gen baser for
V& " and X & Y, U!/'na ,Dfoloerﬁu of @/

@Po«y)(v-. ow;) = PLV) @ t (w;)
= (Z «n%)o (3 6y %)
= % D(Pi (33'4 (Xp@‘éﬂ.) |

Uare {xed s busic he T od R9y] el he L
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B = {Vi@w;f= [v.ow, .., Vo®Wn]

&=1{x 8 4, )= { xo9, x0% ., X oY, ., X, 6Y; ]
TU codl Ahese /emarup/\icc«l@ ordeced .

. M € (¢ @\lﬂ) is an (rxn) - block mat(ix
: whose P % bloch Matrix

is Ahe Sxm mod i x

oy y Mg, ()

° oteix for CP@'\P is obtuined b.\/
ﬁ;t}\;\ v\,{\:{'{ix for & ond leh'plymg eath

EV\“'(\' b\.' mod (™ for \P,
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De‘("/ Let A = (O(‘J) and @ be (rxn) and (Sxm) Q
matrices respe c/We/,/ wilh welliciinh fom any
Commvu fafive r‘/'n;. Then L Wroneche predudt
or -kng/ p/odu{' o-f A and (3 '’ /;u

(rs)x(nm) metiix  consishing of (rxn)=-blech
ot tix whoit (i,é)—*k bloch is he /
\ (Sxm) = matax D(;;\' &

—

£z Rz(“+i(3)=[_°é ﬁ] A=o+ip

e[S, Nes [y
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0 [Rg(n] LOIO
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TensorR ALGEGAAS, SymMeTAic 4 ExtemioR AL 6EGRAS G,

At 4the end of §/0.Y we learn 1At \9/[/&/; K- algebras
we can focm a new R -algebn s A and [ R— alyebras
&,\x} riee o ﬂ @R ?3 an ﬂf&/g{é/ﬂ./ e m-—//,//,'(a_é,,,

W@ b,)(azcg)sz :(q,qz)@[b,szj

/lad'ufaﬂg extendr mv lfipfi cohins of A and L b Ao
Anothe in#erefﬁhda, fdmf/f/v for a (emmutafive nh}

# e BY = k)

Whot ‘A)//Ua// v a bt moce &Memj (f// 5')

e M over a Gmmutfive ring A

B@g«l‘h with  medv
fhon  we intredua b — densors of M,

T°(m)=R
T'(m) =m
T Im) = M&, M

T“(m) - m 8RM®a"'®RM
 k-Ald

LDeP’/ T (M) =ReT' NG T M@ = @T“M)?
k=o
(*enfor a./a«dn\ of M)
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@'2 [31}/ E M s any R-modsle over commutihve rthy /?/
(/) T[M) ['_r an R—a,/ybfa. Caﬂﬁ/./)l)); m WI%
mv /1“}/9 I/ cohon odefined éy /nt}dp/h}
(M@ -® ’”z](’”,/@l .,_@,/;74/): m, 88 M. e /@..@%/

QXfl-Cndu/ /I;\Caf/a over R. 06/6/‘/'(/ T( )
M)is

Ti/m) T?:(M) < TH{} (/14) Wafo.dcd rina

(2.) T(m) has vaveered propecty if A ir any /?-a/;dm
and (70: M—"bA r R-med. /[omoMU//J/NJ’M +hen 3/

hom«aMorlo}N';m $ . T[M) —> A st :’F/M = Qﬂ

=

mbpasl??'on 3%] If V= spang () where F ir field
and (s’: {V‘,Vz,,,,vd Ahen Ahe h —tensory

V; ® Vi, ® --® Vi,

z k
where \/-%, € (5’ formm a vectr spac bz Hr T (V/

over F hena  dim (Tk (V)) = n*
L L

63 R=2, M= Q/Z
we could shew (Q/Z) 8,(0/z) = O
s T(M)=T°(M)$T'(M)
T(e/z)= 20 (0/2)

7 (Zh2)e, (2h2) = ZhZ = Zn

=~ 2 [x]
= T(2/k2)= ZeZ8Ze = T3

n
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DeIV@A (c\\9 ?l s colled o af'acud ﬁ'llg
f S-S @56 38 shtht S5E 8

We  foy clement of S, ore homuaneny of deyre

G) An ided T of groded (g S ic called a
(9/0.0(.&/ Fded  if I'—"-k@ (InSy)
=0

@ A rfn; /LomomOflﬂ/?/)m Pr5s—T between
fwo 3/&&4 f"na: S and T ir a HAememoiphpp

of  gndud rigs if @(S)E T, hohuoys.

|

PQOP. 33! S/I LS 8radul (Ihg, wv\’k Komo%new\/
Com Po/\e-vxk ZJOMO(Phn'(_ -!-D Sk/In

(Uw% SAA(/ T & uéaug)
And hnow h, 4he moun eve/\f‘g

Det”/ The symmetric algebrm oF an R-modile
M is A R-olosbm formad by the wadween

o(- a COMMV'l'Lh\M ngohewf ((/\a O‘F T(M)
1n pof‘l’i«.ulo\r/ we g,Mohwu\' T (m) by
fe idecd  C(m) gemeted by U

elemends  of A form m &m, — M, &M,
7CD/ bﬂ m:,mz_ é-/n- VVe dC/'MZC

L Sm) = TMm)/cm |

B
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rn”l’ (3«7// Let M be an R-modvl over commu hafive fn'n"/? and
et S(m) be it Tymmefie a/yém.

(1.) Aha kﬂ Iymmf//'c power Sk(m/ ¢an be ovbhuined by
Ahe Maﬁ‘c’a\" vt m:f;@gl?/m 51( oM ;l;mcn.’q of Ahe form
m,@...em“-mﬂ,P'-omo,w Boe m; € and /f/m\aﬁr’w I3 %

(2.) If ¢ Mx--x M—N  Symmetue K-mu If lineor map ovtr #
Aen D! R -med., /[beMUI/)AI'IM g: Sk(M) —> N r.t. Pe
W= FoL whee ((m,. M)=mM&-@n, mod C(m|.

(3.) If A isr aay ommufatit R-algebea and F: M — A s R=medyl
i homemsrphirm , then D! R—algeban hmomicphim & : S(m) —> A

et Tl
/_C"_”_/_/i‘fgk (35) V a finife doml  veihr gma of o

dimengion N ovee  F. Than S (V) is iremphi
al a 8&0&«( F—-a/gﬁbm fo ke (ing of

P% namia./_( in N- variablo over F. Thet

S ? an #l:fO/na/Pﬁljm of veche Jpaus frem

o d 2 /;vé
5""("// onfo Spaa of /tom%ﬂevy /011//247
L of c(ca/u. h = d/m( Sh(V// = k;_’_)l")

Pumock: VOW = V@W+W@RYV s fhe symetr'zed

Fenfor produd , fha aneloy of VAW = vew-wgv.

Thet soid, A 1 defined o« bit lets co«fe/:?

h whet  Hllwr M A0 AW, = meme-&M mod A (m)

N\(m) gomentd by mem o (+m ')A (mim) = O medAlw)
MAM +mam’+mam smanm’ = o

= mam’z=-—-mam med Ll(m)




]DQ{-VTM exterior olgebra of an R -mecule M
'« e R-module formed by T (W) /A(m)

where A (M) i ke idecd generoted by
| JL elements of dhe orm mOM e meM.
The exderior elgeba T(W/am) = A (m)
and Aha image of Mm@ ME--@M n AlM)
k ¢ dencvted M AMy A - A My

T/]})Q(BG) Lci‘ M be an l?—-m“lu& over LomMU-ﬁ-ﬁ\;t f‘c'naﬁ A

and [et A (M) be H‘_r exterior 0-/9&6/& .
(1) WE extenbr produd _/\k (m) U 9’1"" by
MBMB---®M modulo submedle %bncro-'!u( by elements

W-Lid |
of tha Am MEMB--8M, where M; =M,J‘ for

Sov. L F 4
2)1f ¢: Mx---x \—N ¥ an o»H-ermJ'l‘na
k- multilienr wap 4dhen 3l R=modol hememorphizm

¢: \"(m)—N rach tht P = Eo( and

k L: MXMx--x M s defined by LM M) =M, A7
/
Pkt M dobensur in A(M) in dhe ided A(M) gonerutd
by mem hove dha furm
me & M;., ® (mem)® M, ®--® M,

whith 15 4ha form described ia (1) hena Setnecctd = AK
i =AM
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Poed conthved
Con siden, |
mem = -mem'+ [(memY)e(mem?) - m&m-m@m'j

= -mem' wmed AM)

Uenu  inderdanying  any hwo wasecutve ehtiy ® U
o r,'m,a(,., h - fensor resoltr in a (1) mod Alm)

Then for M ® me--en @.,.g)/y/ﬂ. ®--® ,17” where 2-7_‘%.

V—

gk m; =m; M=% me-8m em, @-OM, € A (m)

The (Sypmeesa by 1) € LM wnd (1) Rl

(€S Svppenr V = span {v] over F' then
vay = 0 4dhs ANev=0 fr k22

ond V)= FeVe0e06---

(dn'mU\(Vl) za= a.)

EQ) V= Spm{o,b] then anb is Ahe oaly neatiiid
2-vette ovee VO oand _[\k V = 0 e W 23
/\.(’\/ = Fe Ve Flanb)® 0&-- -
) ( ) (dG'M(A(V))=Ql=‘I)
Remock = Lor p- 14¢ of Dd F e how o decve my

sirechms  PMe fom  guotient by é\/f/ of = T (M)

et
P by mem af;l’o?{




@ V = spm, {dx, dy, dzf
dxndd, d9ndz dzadx € ATV
dxndyndz € A(V)
AW) = FoV e F (09 d2ndx, dxady) @ F (Axndindz)@ 06 0.

dim (AV)) = 1+3+3+| = &= 2’

Coro //a%('.??)
Le+ V be facte dimA over wilh —\
basic @ {\/ V:., - \/n] /ﬂ‘wn tha vechrs

V, A Vi A Vi, | €1, €1, €< N

e o bosisr Hor AK(V/ f5r k<h ond
ARW)= 0 R k znel, Nek din "\k‘v’)'-'(%

—

Remsch - prook e p. Y91 of DAF, it is mentimed
T e el sbeve applry o fre AR — modu b

oF rank 0.



