LecTure Y : A’wesj BAsic /OﬁaPERT/F.rJEMmpw.r @

PSC{'@A C‘LS. $ o Set R w.'lh + wo opcro.aﬁb.n/ we W
coll oaddition + : RXR— R

and mu ltale 'egﬁcg

X: RxR—>R which setishes

(i.) (R, +) is abelian group Remadk - we |
- . . of fen v J vitupoy, ¢en
(ll-) A S ASJOC!OJ'\V'C ts demebe Mv/fi/ﬂ//c«.é.’.
(i, disteibutve lows held AxB = Ap
(a+b)x C = QAxC+ bXxC
ax(b+c) = oxb +axc

@ R is commutahve i axb=bxa Aor M «, beR

@ R s said o hove an !_d_l-_ﬂ_f_'_tlg 1 ¥ 1€R
swoh 4t 1 xa=ax| =4 for M a € R,
Somu texts assume 1 € R Ae a r:‘né as o oefaw //_-
Otherr wovtd o a r‘fna

w/o /dcnwﬂy a “Rng “ If
in oeubt abet o preblem 1'e atrjgned thea ark. We

Ca/l a fl'na WI% Uﬂ/yy (I”‘n/‘,'f,/ a Un,}d @é’

0e/7 A vatd ring with 41 #F 0 ir ¢adled a

division Ciay if every Mongeo 4 €K
hay moltipliechve thvewee a' € R hr whik 4-1“:“4.21.

A Field 15 & commefafive diiinn Fing .

Examptes

tommvfalve ring s wifh 1

M

=
0 2z,z,0, R ¢, 2%,

r[/l?

~—

W/U I'JCA*I.*Y‘ ‘F.‘Cldj‘/ bu‘l- (\ecd n = P, " Pr‘.'“‘e

for Z, a Feld (2, not a Aeld)



{xam'p/e/ 01( ﬂ/kg! 5’""'“/“{. @

@ H = {a+bi+c?‘+dk/“,5, C,ﬂ/‘f/e; l'z=g;"=/¢z=-/
A 1j =k, gkt hizy

Homlhn! Quaternions gi =k, /(ﬂ'z t, i ='0]

a-bi - cy -dk
aZ+6i+ct4d?

(a+bi+ey +4k)-'=

fvcn’ NoneLro %«AM“CMﬂM IS a vni} '4'4\04' W H“ hay
a  woultiplicahve mvecee, H is a Shew -Field

@ TE T i f‘l'ﬂJ and S' is & fed 4hen f:j/sz 7'/
He [eft of fuvnchens of form £:85—T Rrmr a
ring w.r.t. veved pointwire add. and mu /.

(f+9)x) = £(x) +9x)
(9) x) = £(x)9k)
If 1eT Ahen £(x)=1 {0 M x € S‘ dehnes

the  mv lfiplicehve identrPy in ?(,S: 7). Alikewne
s (S/ ) wtll be wmmebhve if T mme hhe

@ Given riag R cwn Kem R™" = Mut, (R) the ret of

NXN matrices w:% entrice from R Ahen deou
A o= .. .. P - S .
( +B),J A3 +83 and (Aajg. = EA* B“a’
to see R™ foms @ ring with vnity if 1 € P,

P

@ Given riny R we form Rx]= {n_Z'c"xn/c"eﬂ’ fiaitely
Al ret of Ro/‘qnomc'd.r wc‘ﬁ\ Coe’;f{uiwb "::",R(n :0

Ahe  wdeterminandt X Lorme a rc'r\a w,r.t. 4o

v ved oddFion and mdﬂph‘u—héz\ of polynam;olr.




rge{.y Let R be a N'ng‘
(I.) We say a € R wth a0 i1« & 2éco diviser
!{ abéﬁ Wl%é?‘o and ab =0 er ba =

2) Tf R is vnital with 1% 0 #hen ueR is
a u_mf_ ¥ 3veR s.t. Uvz=vu =1 in which
L coze we weke v 2w, The sed of vaike s BT

O.

Albeonctively, we write U(R) fir R sinw U is for_vnite
Examples of units and zero divicers

®© Z, =Ul = {xe Z, | gedixn=1]

@ ¥ F is field Hum F = F- Jof

@ Given rn'ng R -Hu.n '?- (S, R) w/tere ,S" ir a ﬂmem/;¢
Jet hoas many oivirersr of 2ero srinw S:’ 5: gs‘
with SN Sy =& 9i1ve chacacteribc fmchins Wik

- /I ¥ xeU
Z'U' (%) = {o ¢ x& U
debinesr Yoo S —2 R whau 1 #F 0 e vty in R
Then (Xg Xg )0 = Xy Ag ) = 0 Al xe S

‘4"’{ ’XS, ) /1/’;: Z O rthe %,H/-‘-Z?-’O for

cach X € S‘ﬁ b, 94=12,

® Zx___ %-l,l} and Z hoar neo gero divicare,

@ If R is omm vt A\ve rt'f\a wih 1 £ 0 Ahen
Ae R™" ¢ « vait # det(A) € Rx_



an tfeqrld demain F ¢ har ne 2ero divifers

\?EfyA CoMMU'éle f/hy w/‘/ﬂ I;’O e Ca.//c/ 7 @

Propo.rl'wlfon i .
Let R be commutulive ”’9 with 1Z0.

(1) if & ir net a zew divirer and ab = ac
Hhen either =0 o b =C.

(2.) if ab=acC fr a# O th an "M‘e(;/up e &
+hen 6 = C. ( cancet/edon p/ape//,/

(3‘) o6 Rero diviter IS not a vaiF and
| & uait it nef o Rero diVirer.

!?ri_o_{: (l) fuppou ab = ac 16( Jorme 4,5,6 é-/?
where & is not & 2erv diviter and a 2 o
4hen ab-ac =0 hna alb-c)=o
thur b=-C = O ar & tr el 2ere S1Vije,
and Huy b= C.

(2.) 1f ab = acC fr aQF0 dhen Sina A~
i«'l'earu? dom. & hor ne 2ero diVirory we

fd b= C by (t.)

(3) Suppore ab = 0 where b Fo. If
a”! fuch 1thet ¢’a =1 thenaab=1p=6
that a"(a6)=a'/(o} = b=0 —>,
Converse {7/ L ePpest a# o0 and a” exrrle
then £ bFE 0 har ab =0 we obfun
a-'ab = a'lte) > b=0 >,




©

Proof: an inhanl domain & o Commufafie m‘y wih 1 0.
-,_Z'? remans To Show every Nenzen element in

R = {a/ Xa, X3, ..., X,]
is o vt et aF o and depra F: A— K
by Fix) =ax Then fix)=fly) = ax =Y = X=y
Thue {' o /'njcoﬁw Anchen on The fnete ret R
henw £ &1 surjechve and Lo ZX €R such A

(7%"7 Any finite /nffzf‘j demasn i a ﬁ’/‘//

f(x":-i = 44X = , =D a-,=xo 71“‘1‘ /?’.fﬁll////

R(,ma/[tf ’"‘7 /.chwﬂc’ 2( from MNeth Y2/ of 20r4 Jll/¢/
a f/’&ﬁf/f d/#t/&h—* ,0/001( e ﬂlg 9133 //), /2;/

befy A J‘véro‘n? of e r/'na A IFf a J‘uéofdv of (R/ */
Ahet is clored vader Mo Itipli cotin . (However, if

we  Peguaire 1€ R then 4 ..ru.bfo'aéi must olso  Contuin 1.)

’fh“’/ (fvbm%/t[_i )
A subet S of a r/'h& A is a Lubring of R
¥ for a,b €S we hve a-babe §.

Kemach : TH™2
alto (epare 1 € S Sina these neter are bayed on

the o efnction of f""() which syyvmer 1 € R T
Shevld show {Xﬁh"})"a L/r/./f, 7//6, 9.1./172 1 Lee
the  differene in ferminoleyy - Lo semmayy

s

our NRINGY 15 my NeTer “RNGY



CxampLes o  SvepRmwes

() z= @< Re C
Q7] = {atbyT|e,be @ < [

(2) nZ for e N-{1f ir fubn}né of Z
('buf’ Net @ fubn‘ha wth W)/'f//

N o fe Zn = ZAZ not a J'ubrﬁa op 2.

(2) C*(R) = CUR)< C'(R)= Cc°(R) « #(R)

Smoofh twiw oat, (.anfmww/) nfinvens Foncdiony
Func oy o1 e confill, dH. oy on
on /R Fvnchvas Fun thow v Il "
on IR on I

each fonchin fpau obove Krms o subrih

of tha cet of U Aachiar oa //?; Fir)=F(R iV

(4) If S is svbring of R Ahen S[x] ic robnay of Rx)

(5'.) 4 S is J‘vbn'no of R then M, (S) < M,.(z)
¥ nw\-wv{l\’ o :ubn'na, w.r.t. matrix add ¢ mult,

(6.) If UT, (R) is Ahe ret of vpper +n'anomlar'
matrices wrk entriv from Ahe ra'na R +hen

we  can  rhow UT:\ (R] \s hbrnh“) °7L R“n‘—'Mn(R).



Ceam : if S'C R where R s mv and S is @
Aen Six) is Jubn'né of Rlx)]

[N Jubn;ﬂé

Proof: let @1x), b(X) € S[x) tn Fan,bn € S
for which 2. 0,x" = aw) and S bx"= blx)
nzyp

n=p

where on/t7 ﬁhi}c/p many “n, l’n 0. ﬂ\&h}
alx) = blx = Z (“n"b,.) x" e S [x]
N=o

Gn, b, € S = q,-4,€ S ar S ir Juéni‘n),

Sinwe

Morc 0v¢r,

oe N |
0t bix) = 2 X & by X"

h=0 k=0

oo
= S (byra bt brab)X
n=o

Thws al)bl) € SIx) Fne a4 Gy € S D 44,65

ar S is cloeed vaddn  molhplicetiin,

ﬁ?cmwh.‘ £2.2 of Dommit ¢ [oet bar nie rvn-down of
o 1he J’ﬂmda/v/ -fe/m/na/ow A/M/Ja/ynamﬂ-[ﬁiy.

with g, %# 0 has dey (alx)) =N, 4 ir e leahin, desm
L wth 0, =1 ir colled monic




PAoPoS ITion @

Let R be an in-ﬂo/o./ domarn wifh nen #tro Pix), 4/x)
in R [X], ﬂ‘l—tﬂ/
(1) dag (Px) $x)) = deg (P)] + dep (4(x))

(2.) 4he voits of RIx) are R viswed
as  Conrtunt po/‘ynomid/ within R [X]

(3.) R(x] & an I'f\.'l-aorb—o demain

—

_ﬁ_rgf_(l)fuppou P(x>=0,,,x'"+---+o, and #(x)=6,,x"f'~+é
are Non g erv po/ynomiu/! in RIx) wheee R ir mf. dom
then PUxX)8(x) = Omby X" 4 -t ab, henc 4,4
is {ha /cl«-d/n& #em g Plx) #x) as n, b, 0
lon P [ter  Om 6,. # 0 sint R Aar ne 2eso divigorr
Thus olgé (Pix)$x)) = men = aualflxl/f-d? (#(x)

(2) Tf P(x)%Kk) =a,b, X" ta b, =1 ; then /]
wefhitients O, bo =0 Hr mnz | by ¢g~u~h’n9,
c.ce#idev\h of ¥. Thw 0,b,=1 and so a,,b,,éR"
ond P(X) =0, , ¥)=b, and (2) Hllowr

(3) Tf P)4x)=0 where P, }(x) # 0
Ahen O, by X% ..+ a,b=0 = On by = O
whese Om, by # 0 (I sH atsrveniny G
and b, ore /cadzh, fms of Plx), 3lx)) 4hus

R har 2ero dwirerc O, b, —2&—
Sinee R int, dom
har 1o 28m duiv.



CROVP RINGS (5?2 of Domm ¢r f‘ Fv-rr/ @

Givin a Feaite 9P G = {9" 9,‘/ ., 9,,_/ and
a Lemm v tulive n‘na R wih 1 # O ry)

the grovp 0y ARG s given by
KRG = {0,9, +a,9,+* 09, /05 €R, /5[5/7/
={a+ 44+ +49 [aeR it § = e |
Add Fion and multiplicahon are olefihed by :
© (8,9 ++ %G )+ (68r+ b5)=b+4)9t -+ (4,44)4,

(Eon) ($49) = Foom

I =y

© (0,9, # 44+ 43,) (b4 + bt -t b)) =<
S= 0699« ah9 ¢+ 4699 + 2
+a,8,99+ 0,699+ +46.%9, +-- -
+ ﬂné,gng, f'qnblgng&f.” 7 q"bn 9" gn
Or , i you Nl b write woy les,
we  dehine MUH'IPl[CWHOM bu, (Q ﬁ.)(b91)= ob 3,‘

wint re ﬂ'. 5‘ - ﬂu Ahen extend to ol formed fome
via i\ dictribvhve laws,

’”1”/ R?ﬁm‘u a r/@ w.rl. 4ha above
odditrn and Mv/ﬁ;//caﬁa,,

Reunah : RG ir commufahive i# G isr e abelian g7




In the (ove R =K 1h 970 r,;” @
RG = g,//?ea,//?e---sg,,@

i )
externd direct sum = Rx Rx--xfe = /R

9 < & givu fh demephin

{9,,9,.,% ] RG s LT

[7%7 I€ /Gl > 1hen RG I 2en diViters
M: let 9 & G hove order m > ([, Then
(1=9)(1+9+--+9"")= (-9 =/-) = 0

/\Mu [ - 9 I & 2erp d,iﬂ:r‘(-.//

gx«mp(u of Grovp sz\&f_

(1.) Z2GC ¢ Aha a'rﬂ-e.an-o Yrovp n\g of G
() @G ir *he Cotoned ¢ rivp ring of G

(3) G = {1, 4} where 45=1 U cycelic grovp o orden 2
Men RG = IRejR={a+bj |o,be ]
form Yha hypecbolic #% . Nok (I+4)(1-4) =0
oc Ahe Th™ osbove reveeled mw,’

M) Gy = {53, 4,9, l«,-h} Aha guaternion
8’8“"? 9ives ﬁZQa # |H * erw-hmn'on/

Sinte |H her no  civigeore o Zzeéro,



