CuapTeR 1 : RIEMANNIAN G EomETRY @

Defc/M \f on o-b.r‘i'rw'f‘ .S‘W'-ﬁ.u. r{’ 3p&‘|'d\e.r
q : D._—>'U;cIV| 5t l(/té=m and Z-,?ﬂ",r';’d'

ace .rmwlﬂla relofed (comp ahibl) whaneve Uin Z/év ;‘;f/.

10 par'h'c.wh-f/

e

q)a;'la 19‘ mtl

[

mmunrt  be .rmw-ﬂ-. w\hpp,'na i "-?z’

We soiy M is o wmehft swhia i M

it parced with o mebece %P:T;Mx’l'pm—-aﬂ?
_0.".' eath P E M and Pr—> De It Smacth. Tha
el e %P (v,w) = <V, wd (o wwed r\m‘v)'t'm.)
wmuit be an  hner Praiu-dl' on T}M,

3') (V,W> - < le‘> )
2) L eVEV, WD = cdv, , WY + <\, W)
W, cVi+Vz) = CLWWD + <W, V)

3) <v,V = 0 and VD=0 #H v=o.
Tlese rqru«?rewuu)‘-: cai\zc us Riemaanion %@N’h}j,
TH 1) ec 3.) i weddhid other dyper of
%L\)N\d’aa (:U mp/ccﬁi/ or Aorerdzian efc..)
Ma,ﬂ bc o‘»ﬁu’hecf.

Rernoch : ceplo MR- with R you gt an
N= dl]‘h(/ Aremeq Nean Inqq_?vld Muddwle Soans

e (e90¢ Conn Mot




Givn a mefﬁa (' D) we may dehie /eu,'fk{ @
and an’Qo @ ey Al S
VW

@yr Il = J<vvy 3§ 5:15’ = T awi

>

~—__fr vw #O.
777 c‘”m// o anf/u.of' Metbries
2

(’.) Distort old metat s AVM new. Og iz/

- Vw
Qv wy = L

For h>0  defins geometnc Jodhow M
aﬂA!Mﬁ! w;ﬁ rohon  fanihen 4

Clasm: “I_p_‘_.&,' evey Jgomf/fi J'a-/ﬁa t7 fo apfetel.

(2') P«L’badﬁt I-/ M [ abfl‘/a.of JM/AG(
ard N i o gemetre fatma wih metae 3

‘ﬂ-‘\" wie .teh;.../ via F:M—N a Ej#iu:w\u’:
Qv wd, = Rv) R(W)D,
= Q (aFv, dF(w))

Qt'/:hearﬂa of <! )M is elenr From /;L\(,.,-,’/a,
of dF wnd bGilina. ﬂy o 9. Jgmaety § pective
defnite pr s olio  Hrancder dic ﬂ:ﬂa From D <.

Nobdion: <, 2 = F (9).

Nere : <V,W>M = <F-\. fV)) Fx WD hen e
(W, @) is itemetic 4o (v, 9). We shodd

Ceker to o mefiic Swhiu ag o POAIC  s1he el

Soon fer dhe  fons pa‘u"\"' fe fé/}l’ﬂ/T Mw/ﬁph Wza'/
The e fri'c lef & mihws 42- g,aomeff?-




(}) G;vcn fonchion s E,F; G on A.éj}’/a.g/'.fu/Aa M @
with patable p/up(/ﬁé/ (E, G, €6 >F%) we
lan Cen ff/M-C‘f (, > 62 ."n-./)e//}.;

<X..' 2= €
<Zu, zv> ""F
<Zv’ $v>=' G’

Seo Cxercin ¥ For reme i cetrn “',.4.2" +>

y / a é, “w en %0 déﬁ‘-/f 4-7‘
do M. (Do s OB bt oo B LBl

We  new wvdk on  deseeibihy Ao onr 1 rins e
coleolvs on MCﬁg 0"y nwfw-o% CU‘//Q'NI To dt*l'm)'ta,
%omc-fn'c &6}¢uﬁ (-ffam, cmne&ﬁiu A/ﬁ'} CV\/V&JUN.../OAﬂ
Aéﬂf'fscﬁ

D€+7 Frame feld on (’Vl/ <, ) tomsits of Twe
orszwgﬂm‘-{ vechr Aeldo E,,é'z defned on fon—g _
open  subek o M. Here we shonld fuy <,>—OI'H\~—
Nermed to emphuf%e Ao <, > - dpenenu ;

<E,, E,) =1 ) <6,6&)=1 <E, Ep= 0.

Dued Framio alro dudtrmined Same oo beduce :
D@P/ Crw Frame Feld €6 on (M/ <,2) we
ftug 6,’ 6, it dud hrnw €6 9,, (%)=J{/.
and G @n: TM MR Ihewr he ek Pe MY
b U g Ma pen st an whik €6 if fran.




D@l’.’/zlbtq ff/um..g 6,/ Ez W;-K CO//W 6‘101
on (M, <, 7) wie dehna W,z W“plc'c.l'\la VA

d6, = w,nab, g d6=uyn 6,

To be e.xpll’c,'{} W, = W, (E)8 +W,(E)6,
d W, nG = W, (&) 0,0 = @ -dp, ~ db=U(E)s4

W, NG =w, (&) rE = dF

){mu/ w, = (d@, (EUEZ—))GI t (dé (5 E'J)Qz.

We reed 1o lhvuh}uﬁ the wordineds dq)u'la(a/nd c/
e, 19,_ F qu ..;_::{ e /md E.'.;-’E:; Ana/‘-“l /IAM
fhom how will 6,6, W, relte t the veiyiRd coodd,

.f\a shom & Armf7

an

Al ) onH\onoHv-v'(

1 E‘ = 39 s.£.
7 aza,.péfi-ffé?é
M, Ry E-; = ~5in9PE, +qu’£;} o P
N, = =/ . chor
& 1 Ez = JSin ?é} — Cof ?E; ﬂi{h:ou
(E;)E’-)=J‘,)-

have some sriwtehon 0 E,‘E';
" have vpposit stitnfahon a9 €,y €,

-



Emm-; (/"/Li Let ‘E:,Ez and é,é be f/‘"”\f 7{?/4/1

(‘

u

®

J

on the fan /cad'am ra M, I/M P 2 —— &/‘[, Aﬂvc p
(l.) J'L-z fama or:‘e.n:h-b&n, Ahorn

W, = w, +d¥?
C‘!-] appon'{’e cn'u\ﬁ\/lv'h,ft"-\

Wy, = = (Watdf) a=/ E,n6,=-64

and

—
=

é,

Prwf:(l.) E/ =cs P E *in¥ b
E, = -1V E +eu¥b
6, = B,(6)6, + 6(E)E = w9t -gny§
©, =06,(§]8 t 8:(6)8, = r¥G +tw¥g,
ab!e/vfl

000, = @1?5,—1‘,}\?9:)/\ [f,.-'; 98, +¢s¥ G, )
cor® 6,08, —sin*? 6,08
élhg't- |
ext. o\,ﬂ ) o bbn, _ )
d6, = - sin pdT A 6 - s 0dPn B, + c19d6, ~in¥d§,

46, = 1 PAING, —rn 2d P G, triPd6, tePdg
Ok, now d80, = GTH.AB'L ovd d§ -_-JJ“ l\é-' hen
40, = - Snqd9a 8 - ¥d¥ng,
Y hnd W, a0, +alf W,NE
((ol (PI:)-ZI— nh?d?)r\@' 4 ( Hin ?u':,t -Ccof YJV/AQ:

AlJ‘o}

%



Prook o l-J-J‘..,_ = W,+d@ < @

R&“‘u 9‘ Rk 6' - gin ¢ é; ¢ 93 = tin @ é"l'(nj?é:
Trs, =
dO. =Q-J',',\Qé—|-0]‘(61)l\(—d(() +°Jqd5|"ﬂ7\‘fdé;

= (Y8 +w 98 )ndl + ¥ dE, - ni V4G

= Qnd? + @, A6, - YW, n G

= ©,nd? — 19 § AT, - in ¢ B,n T,

= ez{\dq - (a:(Pé;j-n}\ Vé; )A u-'-’n_

d0, = d9 s P8, -5 9 ) +1ndG ter vd G
= dPn @ + 6008, +er ¥y, AL,
=d¥?n@, t W, A (¥, - 61 8,)
= d¥n 6 - W, A (9} =
= (w,t_dc/),\gl
Une w, = ©, -dV/ (Ru,l( From  Chpt. 6, )

St‘f‘l'{/’l&; Kb /&J’f?w{.&r-{

_ eyﬁf umM Mfl*"&ou/'
KWINA-' Wn,':" Wy, —d‘f Showy »I‘k. chorw of Fframa

f Ned do  cWia ot N’\X‘"'




$§22 Gavspav (uavATYAE @

In Me obsfract cove woe Aove ne rA ope ape/wﬁf
£ M (51) - K r M ‘900'!19 'f'D e rh., f'{&wevffl
Ao 2t 4 ® amlemlz'w nreely,

ﬂr (Z.’) & rvidn (M, <,7) Ahe 7/ a Un;w \
ced- velued Fonchin K 5.k, Hor evesy Froarme field
on M Ha 2% shrnoborl g"—‘

dw,, = -k 6, A8,
h"““S'. We ol W Ahe Gavwan CURVATWRE OF M#J

Pﬁ::f_? For a afwcn 'ﬁ'w ﬁe/ﬂ(, f'bva-dfmu ¢ ol codvs NV‘A
AU st. AW, = K GAG:  (Wy © l-him 4
Lol dor E & F M s -‘nfvi{wh co

/ o —? / 6[1\01. '!A‘;hh
407,1_-.-. *E' é,ﬂé;. We naeed two = formn,
+o fhon W = W ,'; /fL& fromgo demraing eVer /4y) .
Recell fvm Iaet b u, '-EOU,,_ +d7/

and é,ﬂ é; :f(@,l\ 92) + (vriended Sonna W)-u-,)
- ( veveryy orie
Con 11der Ao, “
d@z = Cé(u/iz + d@]

Ldw,, + d(d9)

il 5'1\92 = —K 'éu\é; = K=K

Remoih : K i ostemned w/o cegond to

scievtihon of Hhe Frama . We can
cal il U e non- oriahible Surfuaso.



F;ﬂﬂ"-‘ é-eme//? E}g/
d9, = w, 1 6,

46, = Wy, g,
dw = “‘K@,ﬂgz_

A

TRviaL ExpmeE !
M=R* wik U, U hom hasr Codrme di dy

O/ =dx st Gu=dy C(Cﬂ/(a 46, = o, dé, =¢
fwng W, = 0 awnd dwn =0 = K=0

GXA'MZ&(Q a A FLAT EUS (Xtu,v) [ (Rereou)cesv, [R-H‘mu)!th‘f"mu)

L&{‘ T be +0(U\J 04- !CVC'U*\.A ﬂ.f\'l d@hh{ 'FIK Lite u.

guf'cn'ct( ’A
< Z-IA' ZM.) 3 - rf(nu IJ/“Y
<x. &>~*=c of roduns

Arror, .

< ZVI XV> ='
Xwar dudina (‘T' (,7\ 14 Ji'me\af"r; . QObgerve
V)= B a~d Bx(W)=Zy hore
KT\ =W (R) = o, 4 iremedi b Plarae,

T sheadd (,\oq&‘o Y Qwulw(am P‘w
( » S

RNVY\-\AR T, € R however
nwl' {ndweed v  Gunilidean Me’(nc W\l‘?




JBM?M/A 7; (‘s canpa,(;f nbed of /ZZ? ar C‘n{ﬁmv&/ @

,/hw(J aq\ruq M Hduced from  Ar .f_ég,g th /f?,
Mmrp;\‘, 4‘ Wfﬂ:{ ‘F 7: weére ’AG{UCLJ 'ﬁ’vms /fzy

Canat be even whiw Ll (K =0 on T3) oy
M>(3.5) & Chet. € = nP)>0 ot af [ea?

o pocr’v{' ot To - Me mefrc we g*ve H Ts
cannd be readize 20 o certriche. f Ao

Euclidean wnedvic on “'23

Elf- PiceTvRE?
. _3_&.".253@ (MAPTER 7 : SUDIED JSURFACEC
N R WHoSE METRI¢ WAS NDUCED

FRom mETRIC ©n (R7

o CHAPTER 4 and d’;a..,/: METRIC G IvENn
To ABITRACT SVRFACE NEED NIRRT
BE (NOULED Rom AmBIENT CVTEXT
Howeve, i con be o0 M swhrws
IhJ:'eJ on pre Y ¥, C/\uf/'// ate eodso

GEom ETRIC SJvRrRFACES

Rbmarh: Gl @ QA gx-om-v//zl fu/ﬁco M

whun  doey In e IV and m < R" Aor
wheech F ¢ M-——-—e{ﬁg_lﬂﬂ « 0N l?-rm.c/'/a 7

TJust becovat N=3 ‘FuJo dor Hvrws .{W&
'

doerrl maen o  conndt £~ ehsicde /“/914 7i°. ..
'ométhJy Th® % and I +hinh

J'of one’ CW»M Nn.m 3'¢Wt Jh Jomefrv ¢

utrﬂﬂ'h ( WI‘HM J‘u/k e :1"0 w;sz‘f'./w)ﬁg,



M: If ”?1 has <V,W)P=-’—- ~W)

h®(r)
‘er’ K= h(haq"'l’!m}- (Auz"'szj:AinOah

Pak: Nobe €5 > = 6 ot F=o0. fp,
we harnd for orthe goned prhbho (F=c) fhut

The At Thic ten be exps erpd o0 |
h*d Loy (h) Hllowe rom G2 of 566 bhune
we leern Af = ‘/M +-/v, #‘ LAPLAC (AN |

A 20‘,”‘)’: %[loalhy+ 5_?.;[%(}')]
= -.?.l-'-\l—.?_ﬁ " __9_[_1_2_4_
oun ot w (A v
Wena | K -':'h"'Aﬂog.(/wj,//
Remodb. : R wih X(uv)= (uv) and < D 4 bove

Y m»/ Im.e.ow\ JLQ “"'f(‘ ¢r Cvnﬁ/ﬁta/'/ :
5t Uﬁ"'ﬁ’/ . Cee Wff: X4 pa, 323, l},&ﬁv’%/mn

X




Exompls 2.4 (pg. 237)
(1) Tue STeREo GRAPH(C SPHEAE (Lee &, SS of Ol 7)

o Let 'Z. be unit J’}?/W refﬁiia o Xy —-,0/4-/\-: 22
with  cendes of (0,97) . bt Z:,=Z"‘)’("/"e2)]

. _———
© lma.aa'n_c /74—{' Jonr e > Pua civred f)’/wz i
+DP N and He each P € ZJ m&ﬂ};a., Nocth £

let P(P) be shodow of Pih the xy- plane
ﬁ{(/! wi /"‘4“\-'{—‘;9 //?2 ok J’?Zx /6] ‘ﬁf Cdraucnl;aq_

P (€F _
v\? lervahon ,
Tty nimilar &

!U\J Jopradl

'}'h'v/a-tgldfa.
o Botr b P, InAt F:R—3Z
l hlewiie srnoesl
-( e
f(x,v):(f)’f)'g]

2 R 2P
)ul' Jolve X = —2L and Y = 2
J [ 2.....?’ '2_....6?

$or BR,Py Nen P, 20, BH*RHG-1)"= 1.

etc... it% ‘)M* &lgl'{"“@-

Remwls : remu'NJ e o a'\\rt lf\nndou’(’ fromn
A 1S... of Tona M Clewy s

020 1207 2 o Ch
© “GEsmETRY FK«M A OIFFeREMML VIEW sor




(I. ) STERECGRAPH(C SPHERE o~ 7TV ED! @
o Fuﬂ- 60-6" ’fLQ gu(.ﬁ'dcan me/n'c d/fzratx?fdi”

on ﬁz waM /t-‘ J‘/Cdarnfa/‘fc ’p/y'fué".h Bt it

mop P ; z; — R: T fllewr 7L '

_ . ar

abff/«cf:_.rwﬁ«g S;a pmra/ ~ith P (?5,.:.:1.)

s Fear ! e (Z)) = 9. |

.‘ll.a f‘ﬁ'twh..&é " ::, s as // 6-1' () 44\4 ﬁc/dle qn

ploars”

o GRAPHIC PLANE ¢ Mows Fwra

2.) The (7€

! o ol - bach M wined

: S, b A

Pl“-M ﬂzz (““3‘“»“2 ‘W\uu.’k'l' of w/a W;v ')
o obtm (“22 / (Pﬁ'y‘( %IPKH)) 'ﬁ\l

cTERED CRAPHI C PL AWE .

° @j’hhﬂ'«.% //’\!'.r non—iuc/i-(um P/ﬂ-M
"5 carved Jul‘,' lihe A JF/\.u\j, E:o/

;/' /1&/ (gn,ﬁm.:f' Gnu-f.rl;u\ ¢ nVeafure K=I,

(Accveanin ; (tea 332) Yew (on show
VvV, wy = (P-,)x (v) o (P.')X(W) = (I-l' Ve W

Hene dha steogrnphic pl i
o e Cu\cf&en? P(";'“;P ?::# “Nh(m.ﬂ? rlactnl

h(,u,v) = | + &:I_V-t

ney®
q

Rule rs %ﬁ.ﬂ' \onw 0o dhey move s thon Froma

or Vo _st! tiedh ok N on 7 @ \ves .rf'upl'd’ar
larhe ciccl  ia stosgyephid  pland. Lo nbAdy of 20
hnh O - variablis -



€Xﬁmp(¢ a.5 {Tﬁé’ HYPER GoLitc P&g,ug) @

Use ¢wlan 4vnchim h'-:l--‘-‘-fq"'—‘f a0
UPP‘M + (+} ‘F" S‘l"ereoara”k:i F(“M

g;hu h > 0O if M—QM (V¥ C‘nr}'ocp\ “ 2_{ V2< V
Nen ARy nNea- twnelidean %um.f,? ;A

¥
(H) Poincove’ dirk Mw(o( of- /l:/!n/ bolve P/‘M
{v,wy = \L'W fr vw € {inw ey

(QM;/ Aoe/ n'/'. &’WC vy ﬂl mop,/}'\} ﬁpm
//22 — (6/ <, >) whech 1¢ an f.-/am.cf/z(/
However, voe thoned W = Iquag}, Aen co

,A}ﬁ,:'()

. 2

Despite #  we ve surd jame/‘fg hteeshhy

not (adudad .

AL Shrink
o opprenching

edoe .



