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Abstract

A super Lie group is a group whose operations are G°° mappings in the sense of Rogers.
Thus the underlying supermanifold possesses an atlas whose transition functions are G
functions. Moreover the images of our charts are open subsets of a graded infinite-dimensional
Banach space since our space of supernumbers is a Banach Grassmann algebra with a count-
ably infinite set of generators.

In this context, we prove that if b is a closed, split sub-super Lie algebra of the super Lie
algebra of a super Lie group G, then § is the super Lie algebra of a sub-super Lie group of
G. Additionally, we show that if g is a Banach super Lie algebra satisfying certain natural
conditions, then there is a super Lie group G such that the even part of g is the even part of
the super Lie algebra of G. In general, the module structure on g is required to obtain G, but
the “structure constants” involving the odd part of g can not be recovered without further
restrictions. We also show that if H is a closed sub-super Lie group of a super Lie group G,
then G — G/'H is a principal fiber bundle.

Finally, we show that if g is a graded Lie algebra over C, then there is a super Lie group
whose super Lie algebra is the Grassmann shell of g. We also briefly relate our theory to
techniques used in the physics literature.

We emphasize that some of these theorems are known when the space of supernumbers is
finitely generated in which case one can use finite-dimensional techniques. The issues dealt
with here are that our supermanifolds are modeled on graded Banach spaces and that all
mappings must be morphisms in the G* category.
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1 Introduction

Although mathematicians and physicists have been developing the theory of super Lie groups for
over a quarter of a century, there remains a gap in one of the formulations of this theory. From
almost the beginning, there have been at least two distinct approaches to the foundations of the
superanalysis underlying the theory. Chronologically, the first of these is based on techniques
reminiscent of ideas from algebraic geometry. We think of this approach as the sheaf theoretic
development of supermathematics even when the theory of sheaves may not explicitly appear
in some specific treatments of the subject. Certainly, Berezin, Leites, and Kostant [3], [T4] were
forerunners of this method and for that matter of the entire theory.

A second approach to the formulation of superanalysis and supermanifolds was initiated sep-
arately and differently by Rogers [I7] and DeWitt [7]. Their work is more closely related to tra-
ditional ideas in manifold theory. Much work has been done describing both the sheaf theoretic
and manifold theoretic descriptions of supermanifolds and how they are related, but we men-
tion only a few whose work has directly impacted our work here, namely Rogers [I7], [I8], [T9],
Batchelor 2], and Bruzzo [B].

The gap which we perceive to exist has to do with the treatment of super Lie groups due to
Rogers [T9]. She, in fact, has laid out the basic theory of supermanifolds based on a space A
of supernumbers which is in fact a Banach algebra generated by either a finite or a countably
infinite number of Grassmann generators. Her supermanifolds are locally modeled on Banach
spaces KPI9 = (A%)? x (A1) where either A = Ay has N generators or A = A, has an infinite
number of such generators. In her paper on super Lie groups [19] she derives basic theorems
about super Lie groups, but the deeper results are obtained only when A = Apy. In this case it
turns out that, with considerable effort, one can reduce the deeper theorems to corresponding
theorems for ordinary finite dimensional Lie groups. It is asserted that it would be interesting
to develop these ideas in case A = A, and that there are explicit areas of quantum field theory
where such results would be useful. This same conclusion is asserted in the book by Freund [9].

It is our purpose to fill this gap in the Rogers approach to super Lie groups. Infinitely
generated Grassmann algebras are both more and less complicated than in the finitely generated
case. Since there is no generator of maximal order, there are no ambiguities in the top dimension.
In the finitely generated case, the highest order derivatives of a function are not unique; this
ambiguity sporadically surfaces and can be a source of difficulty which continually requires
consideration. On the other hand, in the infinitely generated case, we are not able to appeal
to corresponding theory of finite dimensional Lie groups. We are able to utilize the theory of
Banach Lie groups at various points of our development, but even when we are able to do so,
we often must develop the machinery needed to assure that we remain in the “supersmooth
category”.

Our notation throughout the paper is an amalgam of that of Rogers [I7] and Buchbinder and
Kuzenko [6]. We strive for completeness, thus Section 1 provides the basic definitions and results
from Rogers [I7], [T9] essential to our development. Section 2 provides the connections needed
between smooth Banach manifolds and supersmooth super manifolds. Section 3 examines what
is required in order that a subset of a supermanifold be a sub-supermanifold.

Section 4 contains our main results. This includes a determination of when a sub-super
Lie algebra b of the super Lie algebra £(G) of a super Lie group G is in fact the super Lie
algebra of a sub-super Lie group of G. We also find conditions under which the even part of
an abstract Banach super Lie algebra is the even part of the super Lie algebra of some super



Lie group G. Given a super Lie algebra g we show that there exists a super Lie group whose
G*° structure is determined by the even part of g, but the odd part participates only through
its module structure. Without other conditions, which we do not obtain here, the super Lie
structure on g is not recovered from the super Lie group G. In fact different super Lie structures
on the odd part do not change the super group G, although different module structures on g
will result in different super group structures on G. Along the way we also show that if H is a
closed sub-super Lie group of a super Lie group G, then G — G/H is a principal fiber bundle.
We emphasize that all of this work requires an infinite number of Grassmann generators of our
space of supernumbers.

Finally, in the last section of the paper, we show how to apply our results to those types of
super Lie groups prevalent in the physics literature. In that context super Lie groups often arise
by beginning with a super Lie algebra which is used to construct a super Lie group using the
exponential mapping and the Campbell-Hausdorff formula. This is an effective procedure but
does not address the issue of finding a super smooth atlas for the group. In particular, one also
has no way of determining the topology of the super Lie group. Our theory settles these issues
when the underlying module structures utilize infinitely generated supernumbers as scalars; we
emphasize that the finitely generated case was dealt with by Rogers [19]. In this last section we
show how our results relate to procedures utilized in the physics literature especially for super
Lie groups and super Lie algebras of matrices with supernumbers as entries. Additionally, we
show that for every graded Lie algebra g over C, there exists a super Lie group G whose super
Lie algebra is the Grassmann shell g7;. of the Lie algebra g.

The authors are grateful to T. Ratiu who provided us with information and references re-
garding the theory of Banach Lie groups. He is, of course, in no way responsible for any
misunderstanding or misuse of these ideas in this paper.

2 Preliminary Definitions and Results

We first briefly describe our conventions regarding supernumbers. Let K denote either the field
R of real numbers or the field C of complex numbers. For each positive integer p let Z,, denote
the set of all mult-indices I = (i1, 12, - - ,14,) of positive integers such that 1 < i; < ip < -+ <.
Let {¢',¢%,¢3,---} denote a countably infinite set of distinct Grassmann generators of the
Grassmann algebra of formal power series

z=> Yz’ (1)

where ¢! is defined to be the formal product ¢*1¢% - .- % for each multi-index I. Our supernum-
bers are by definition the set A of all such formal series z for which the norm of z defined by

20l =" > lal: (2)

p=0I€T,

is finite. Although Z,, is infinite, it is countable and the series 3/ |21| is therefore absolutely
convergent. See [T7] for full details. Let A denote the set of all even supernumbers, i.e., z is in



OA if and only if
z= Z Z 2! (3)
p=0 I€T,

Such supernumbers are called commuting supernumbers where the p = 0 term is understood to
be an element of K. Similarly, odd supernumbers are by definition those z € A for which

Z:Z Z zr¢L. (4)

p=0 I€lopiq

Odd supernumbers are anticommuting supernumbers. The supernumbers in °A U 'A are called
pure. Pure supernumbers have parity ¢ = £1 where ¢(°A) = 0 and ¢(*A) = 1. The soul of a

supernumber is defined to be
(o]
5= > ac (5)
p=11€T,

The body of a supernumber is denoted zp € K and is defined for each z € A by z = zp + zg.
Our space A of supernumbers is denoted By in [I7] where K = R. We have not included a notion
of super conjugation as we do not assume that K has a conjugation. When K = C we could
give A a conjugation as is done in [6]. In other treatments supernumbers are often formed from
a finite set of L-Grassmann generators, for example in [I7] this is denoted Br. We consistently
work in the infinite case throughout this work.

Proposition 2.1. The set A of supernumbers is a Grassmann algebra and is a Banach space
relative to its norm. Moreover, for z,w € A, ||zw|| < ||z||||w|| and consequently A is a Banach
algebra over K.

The proof can be found in [I7].

Definition 2.2. Let KPl9 denote the set of all (p + q)-tuples z = (z,...,zP,0%,...,6%) where
™ € OA form = 1,2,...,p and 6% € 'A for a = 1,2,...,q. In a more compact notation we
also write z = (z2M) for M =1,2,... ,p+q. The norm on KP!% 45 induced from the norm on A,

p+q

p q
12 01= Y 2™+ llee =" 112"l (6)

We define the dimension of KPl9 to be (p|q).

Since A is complete it is straightforward to prove that K7 is complete and consequently KP4
is a Banach space.

Definition 2.3. A Zjy-graded vector space U over a field K is a vector space over K with
subspaces Uy and Uy such that U = Uy @ Uy. Vectors in Uy are termed even and have parity
€(Up) = 0 whereas vectors in Uy are termed odd and have parity e(Uy) = 1. Suppose dim(Up) = p
and dim(Uy) = q then we say U has graded dimension (p,q).

Algebraists often refer to such spaces as called superspaces, however we will reserve that term
for spaces built over A. Graded will always refer to Zs-grading in this paper.



Definition 2.4. A Zs-graded algebra V = Vo ® V1 is a graded vector space with a multiplication
such that 1 € Vo and V.V C V45 mod 2.

Definition 2.5. A graded-commutative algebra W is a Zo-graded algebra such that for allv € W,
and w € Wy we have vw = (—1)"*wv for r,s =0, 1.

Definition 2.6. A graded Lie algebra is a graded vector space U = Uy @& Uy over K with a
bilinear bracket [ , ] : U x U — U which is graded [U,,Us] C U,ys for r,s = 0,1, and for all
a,b,c € Uy U Uy with parities €q, €, €. satifies the graded Jacobi indentity

(_1)eaec [CL, [b7 CH + (_1)%6& [bv [Cv (IH + (_1)EC€b [67 [av b]] =0
and the graded skewsymmetry condition,
[a, 0] = —(=1)*[b, a].

Algebraists often refer to such graded Lie algebras as superalgebras, however we will reserve
that term for algebras built over A. An associative graded algebra can be given the structure of
a graded Lie algebra by defining the bracket to be

[a,b] = ab — (—1)““ba.

This is the supercommutator which functions both as a commutator and an anticommutator
depending on the inputs. A graded commutative algebra has a trivial supercommutator and
will be called a graded-Abelian Lie algebra. Many things are known as graded Lie algebras over
C, see [I1] for the classification of all finite dimensional graded Lie algebras and a rehashing of
much of classical Lie theory in the graded case.

Definition 2.7. A graded left A-module is a graded vector space U = Uy @ Uy which is a left
module which respects the parity structures of U and A; that is °AU, C U, and 'AU, C U,4,
forr € {0,1} = Zy. Likewise a graded right A-module is a graded vector space U = Uy @ Uy
which is a right module which respects the parity structures of U and A; that is U.°A C U, and
UlA C Upyq for v € {0,1} = Zo. A A bimodule is a left-right A-module U that satifies an
intertwining relations (aw)B) = a(vB) for all o, € A, v € U, and yw = (—=1)““wy for all
w € UyUU; and v € "AUA.

If K = C and we add conjugation to a A-bimodule we would have the structure of a supervector
space similar to that defined by DeWitt. We will focus on left module actions, but this is not a
necessary restriction, many constructions allow a right multiplication of A and a conjugation if
we have K = C. We will avoid the issue of conjugation in this paper.

Definition 2.8. A graded Lie left A-module is a graded Lie algebra W over K which is a left
A-module such that
(X, Y] = a[X,Y]

forallao € A and X, Y e W.

Definition 2.9. A graded Lie right A-module is a graded Lie algebra W over K which is a right
A-module such that
[X,Ya] = [X,Y]a

forallaoe A and X, Y € W.



Proposition 2.10. Given a left A-module V' we can construct a right A-module according to

the rule
Xa = (—1) X x, (7)

for all X € Vou Vi and o € °AUTA. Likewise, a graded Lie left A-module W is given a natural
graded right Lie A-module under the same rule.

It is trivial to verify that V" has a right A-module structure as defined in the proposition.Consider
the following to see that W is a right Lie A-module,

[X,Ya] = )

1 e(X)(e(Y)+e(a) +1[( 1)e(Y)e(a) ay, X]

()Y (@) ((X) +e ) [y, X] .
eV (@) (X)) 1 (L 1)elde VXD [y, X ®)

)0 @)+ )+ (1 )el@)(e¥)+e X)) (L)X [ X, ¥ g

we have employed the useful relations €(Ya) = €(Y) + €(a) and €([Y, X]) = €(Y) + ¢(X) for all
pure X, Y € W and pure a € A to make the needed cancellations. This calculation shows that
we can always induce a right Lie-A-module structure on W given that W is a left Lie-A-module.
Notice that if V' is a left A module then it is also a right A module, this is almost a supervector
space. When K = C and there is a conjugation on V' which is an anti-involution respecting the
A module structure then we say that V' is a supervector space.

Definition 2.11. A super Lie algebra is a left Lie A-module.

As we have discussed this automatically induces a right Lie A-module structure. Other authors
include a conjugation in the definition of a super Lie algebra but we allow the base field K to be
R or C only in the later case is it natural to introduce a super conjugation on A.

Definition 2.12. Let V' be a graded left A module and let m = 1,2,...p, o = 1,2,...q and
E,, € Vo, E, € Vi then we call {E,,, Eo} a pure basis of graded dimension (p,q) if there exist
m % e A for each v € V such that

p+q

v = vaE —i—Z@O‘Ea— ZUMEM

where we also denote {Em,Ea} = {Enm} with Eyp = By for M=m =1,2,...p and Ep = E.
for M =p+a=p+1,p+2,...p+ q. For convenience denote €(Epr) by €pr.

One should notice that KPI? is not a left A-module, multiplication by *A distorts the structure
of KP4, Tt will be important to distinguish the difference between graded dimension (p,q) and
supermanifold dimension (p|g). It is fairly obvious that we can obtain left A modules from
graded vector spaces by simply tensoring with A, however not all left A-modules have such
structure (see Example 4.2a in [I7]). Hence the class of left A modules is larger than that of
graded vector spaces.

Definition 2.13. Given a Lie left A-module V of graded dimension (p,q) with pure basis {Eps},
M =1,2,...,p+q there exist structure constants fﬁN € A such that [Ey, En] = E’I’;r:ql fﬂl/{[NEK
forall M,N =1,2,...,p+q. If V possesses a pure basis for which s(fAIf[N) =0 for all M,N, K
then we say that V is a conventional Lie left A-module, otherwise we say V is unconventional.



In fact, conventional Lie left A-modules correspond to graded Lie algebras. Our treatment of
super Lie groups will include unconventional Lie left A-modules which to our knowledge are not
fully classified at this time.

Definition 2.14. Let U be open in KP14 and let f : U — A. Then

(1.) fis said to be G on U if f is continuous on U.

(2.) fis said to be G' on U if there exist p+q functions Gy f U — A, M =1,2,... ,p+q and
a function n : KPI© — A such that, if (a,b),(a +h,b+ k) €U

fla+h,b+k) = f(a,b) +Zh’” G f)(a,b) +Zk“ pralf)(a,0) +[[(h, k)[[n(h, k)

where |[n(h, k)| — 0 as [|n(h, k)| — 0.

(3.) for a positive integer s, f is said to be G* on U if fis G' on U and it is possible to choose
Guf:U—A M=1,2,...,p+q which are G~ on U.

(4.) fis said to be G on U if fis G° for every postive integer s.

(5.) for a postive integer s, let g : U — A where A® is the Cartesian product of s-copies of A,
and let Pyy 0 A* — A be the projection onto the M-th factor (Py(c',c?,...,cP+9) = cM). Then
g is said to be G* or G™ if each component function g™ = Pyyog, 1 < M < p+ q is likewise
G* or G*™.

We comment that there are ambiguities that arise in choosing the functions G s f in the case that
the underlying Grassmann algebra has only finitely many generators. That ambiguity has been
dealt with in various ways by different authors. To deal with this difficulty, Rogers introduced
the ”z-mapping” in [I7] and later the GH functions [20]; additionally Rothstein [21] suggested
another solution and Bruzzo [5] introduced the notion of a G-function. All of these are similar
in spirit to Roger’s original definition which is of course inspired by classical analysis. We avoid
the controversy by focusing on the case of infinitely many Grassmann generators, in this case
the ambiguity is not present. As a consequence we are forced to use infinite dimensional Banach
manifolds in our treatment, as opposed to Roger’s who was able to capitalize on the fact that
super Lie groups over By, ( for L < oo ) are also finite dimensional analytic Lie groups.

Proposition 2.15. If U is open in KP14 and f € G®(U), then f € C®(U,A) the space of all

C* maps of U into A. In particular, regarding the s-th total derivative of f as a multi-linear
transformation from (KPI9)% to A,

@f(Hyooo H) = (@ fOH o B =Y 0 HY - HY (G, Gan£)(O)

forallc € U and [Hy, ..., Hy| € (KPl9)*

This is Proposition 2.8 of [I7]. The d® is an iterated Frechet derivative and is explained in [I5]
for the infinite dimensional case.

Proposition 2.16. Let U be open in KP4, f,g € G®(U), a € "AU'A, and \ € K. Then

(1.) f+9€G®U) and Gu(f +9) =Guf+Gug for 1 <M <p+gq

(2.) Nf€G®U) and Gpf(Af) = AGpf for L< M <p+gq

(3.) If E and Q represent projection maps of A onto °A and *A, respectively, then E o f and
Qo f are in G=(U). Moreover G*(U) is a graded vector space with

G0 ={feG*U) | Eof=f} GTUh={feG*U)|Qof=/[}



We define e(G>®(U),) =r forr =0,1 as usual.

(4.) f€G=U)UG=U); then af € G*(U) with Gpr(af) = (=) DMaGy, f

(5.) f,9€G®(U)yUG®U) then fg e G®(U) with G fg) = (Guf)g+ (~1) WD ray g,
(6.) V open in K'l* and h € G®(V,KPl9) then foh e G®[h~1(U)N V] with

Gu(fon)(a) =Y 0" (GaH)(@)(Grc ) [h(a)]

for HM = Pyyo H for 1< M <p+gq and for alla € h™1 U)NV, K=1,2,...,7+s.
(7.) If the interval I is open in R and h € C®(I,KPl9) then foh e C®°[h=1(U)NI,KP19 and

~ p+q M ~
O iromy =31 2 G ) fhie)

fortel.

This is Proposition 2.12 of [I7]. Parts (4.) and (5.) of the proposition above are easily extended
by linearity to objects which are not pure.

Definition 2.17. Let M be a Hausdorff topological space.

(1.) An (plq) open chart on M over A is a pair (U,) with U open in M and ¢ a homeomor-
phism of U onto an open subset of KP4,

(2.) An (plq) G* structure on M over A is a collection {(Uy,%s) | @ € I} of open charts on
M such that (i) M = UsezUs, (ii) for Uy, NUg # O the mapping g o ¢ is a G mapping
of Yo (Uy NUB) onto YUy NUg), and (i) the collection {(Uq,v¥a) | o € I} is a mazimal
collection of open charts for which (i) and (ii) hold. A collection for which (i) and (ii) hold but
is not necessarily mazimal is called a (p|q) G* subatlas on M over A.

(3.) An (plq) dimensional G* supermanifold over KP4, is a Hausdorff topological space M with
an (plg) G* structure on M over A.

(4.) Each U, is called a coordinate neighborhood, and each 1, is a coordinate map. For each
a €I, p+ q local coordinate functions are defined by,

um:Pmo¢a 'U'B: p+ﬁo¢a UM:PMO¢a

where m=1,2,...,p, 6=1,2,...,q, and M =1,2,...,p+ q. We use lower case Latin indices
for the commuting coordinates, Greek indices for the anticommuting coordinates, and upper case
Latin indices for both.

(5.) Setting r = oo defines the structure of a G supermanifold.

There are other popular definitions used in the literature for supermanifold. For example, graded
manifolds of Kostant [I4], or the DeWitt [ or H°-manifold, and the definition due to Berezin
and Leites [3]. All of these are included under the category of G*°-manifold as is discussed in
[I7]. The G* supermanifolds allow a richer class of topologies than the other definitions.

Definition 2.18. Let M be G supermanifold and {(Ua, o) | @ € I} a subatlas of M. If U
is open in M we define G functions on U by

GXWU)={f | f:U —= A, with foy;' € G®po(UNU,)], Ya € J}.
Then G*(p), the germ of G functions at a point p € M, is likewise defined by
G*®(p) ={f | 3 an open neighborhood N of p such that f € G®(N)}



We say two functions in G*°(p) are equivalent iff they agree on some open set about p. Conse-
quently it would be more rigorous to say that G (p) is the set of equivalence classes of functions
defined near p.

Proposition 2.19. Given U open in M, then
(1.) G*°(U) is a graded commutative algebra over K with,

G=(U)o = {f € G=(U) | f(U) C A} )
GX(Uh ={f € G>(U) | f(U)C'A}

(2.) G*(U) is a graded left A module with parity defined as in (1.).

In general we define the parity of functions according to the parity of their range.

Definition 2.20. Let V and W be graded A-bimodules then we denote L(V, W) to be the set of
all ordinary K-linear transformations from V to W. A mapping L € L(V,W) is a left linear

mapping if
L(va) = L(v)a

for allv € V and o € A. The space of all such left linear maps is denoted by LT(V,W). A
mapping L € L(V,W) is a right linear mapping if

L(aw) = aL(v)

for allv € V and o € A. The space of all such right linear maps is denoted by L~ (V,W). In
each of the above cases a linear map is deemed even if it preserves the parity of pure vectors and
it is odd if it reverses the parity of pure vectors,

e(L(v)) = €(L) + €(v)

for all L € L(V,W). WhenV =W we use the usual notation L(V,V) = End(V') with End* (V')
and End= (V') for left and right endomorphisms, respectively.

Definition 2.21. Let Endt[G™(U)] denote the set of all left vector space endomorphisms of
G>®(U), i.e. L € End™[G™(U)] iff it is an endomorphism over K in the traditional sense and

L(fa) = L(f)a
foralla € A and all f € G>®(U).

We note that the super partial derivatives Gy are in End®[G*°(U)]. Other authors prefer to
use right endomorphisms, for example [I0]. Our notation is a synthesis of [6] and [17].

Proposition 2.22. Let U be open in M then
(1.) End"[G*(U)] is a graded commutative algebra over K with,

End*[G®(U)lo ={L € End"[G®(U)] | e(Lf) = e(f), f€G®U)UG®U)1}
End*[G®(U)); = {L € End™[G®(U)] | e(Lf) = e(f) + 1, f € GX(U)oUG®(U)1}.

If L € End®[G>®(U)]o U End™[G>®(U)]; and f € G*(U)yUG>®(U); then
e(Lf) = (L) +e(f)
(2.) Endt[G®(U)] is a graded left A module with parity defined as in (1.).



A similar proposition is true regarding End~ [G*>(U)].

Definition 2.23. Let U be open in M. A G*™ vector field on U is an element X of Endt[G>®(U)]
such that

(1.) X(f9) = (XD)g + (~1) VN fXg for all f,g € G*(U)o U G*(U)x

(2.) X(af) = (1) VN aXF for all f € G®(U)yUG™(U); and a € "AU'A

The set of all G vector fields is denoted D(U).

We have affixed the qualifier G*° to distinguish these vector fields from the ordinary C*° vector
fields which stem from the Banach space structure of M. Also although our definition is given for
pure elements it should be clear how to extend linearly to impure functions and supernumbers.

Proposition 2.24. Let U be open in M then DY(U) is a graded Lie left A module with bracket
[X,Y]= XY — (-1) WMy x

Since G vector fields are in End"[G*®(U)] we already know how to grade them. This is
Proposition 5.5 of [I7].

Definition 2.25. Let (U, 1)) be a chart on a G supermanifold M where ¢ = (ul,... uP vt ... v9).
Form=1,2,...,p, define

a . e e} 00 af _ —1
au—m.G (U) - G=(U), where au—m:[Gm(fo¢ )] o
for all f € G=(U). Also, fora=1,2,...,q define
0

0
oz GX(U) = G=(V), where % = [Gpalfov 0w

for all f € G*(U). These are the coordinate derivatives.

Proposition 2.26. Let (U,v) be a chart on a G*™ supermanifold M of supermanifold di-
mension (plq). The coordinate derivatives are pure G*° wvector fields on U. In particular,
for m = 1,2,....p 9/ou™ € DY(U)o, and for a = 1,2,...,q 0/0v* € D*(U),. In short,
0/ouM € DY(U).,, for M =1,2,...,p+q.

Proposition 2.27. Let (U, 1) be a chart on a G supermanifold M where ¢ = (ul, ... ,uP,v!, ... v9),
(1.) DY(U) is a graded left G*(U) module.

(2.) DY(U) is a free left G®(U) module with basis {0/0uM} for M =1,2,...p+q.

The definition of a graded left G*(U) module is analogus to that of the graded left A module

with supernumbers being replaced with G functions.

3 Supermanifolds Viewed as Banach Manifolds

Let M be a supermanifold. Then one has a maximal G*-atlas Axq on M such that for ¢,y €
Ap, potp™ L :p(UNV) — ¢(UNV) is a G* mapping from an open subset ¢(U NV of KPl4
of KP!? to another open subset ¢(U N'V) . By Proposition 2.8 of [I7] ¢ 01~! is also a C* map.

10



Proposition 3.1. If M is a supermanifold with G*°-atlas A, then M is also a Banach
manifold relative to the unique maximal C*°-atlas, containing Ar. We denote this Banach
manifold by (BM, Aga) where, as sets BM = M and where Agaq is the mazimal C*-atlas
containing A .

We will use BM when we wish to emphasize the Banach manifold structure of M. In prac-
tice we will work with the subatlas A of the maximal atlas of the Banach manfold BM since
it has the additional G*° structure.

Recall that one definition of what it means to say v is tangent to a Banach manifold is the
which follows (see [15])

Definition 3.2. Let M be a Banach manifold modeled on a Banach space B. We say that v is
tangent to M at x € M and write v € T, M iff v is a mapping from the set of all C*° charts of
M at x into B such that if (U,v) and (V,¢) are C*° charts of M at x then

v(¥) = dggy (o ¢ ) (v(e)).

Remark 3.3. A tangent vector v is uniquely determined by the latter transfomation law and its
values on an atlas of M. So to define a tangent vector v to M at x it suffices to define v at all
those charts of some atlas of M which contain x in their domain.

We find the following slight modification of Roger’s definition in [I7] to be useful in our
context.

Definition 3.4. Let M be a supermanifold and x € M. We say that v is a tangent to M at x
and write v € T, M iff v is a mapping from G*(x) to A such that for some open set U C M
such that x € U and for some G™ wvector field X € D*(U),

for all f € G®(U). We say that v is even and write v € TOM iff v(G*®(x)c) C A fore =0,1.
Likewise, v is odd and write v € T} M iff v(G*®(x).) C “T1A for e =0,1.

Note that T, M is a graded vector space with T, M = TSM &) Tml./\/l. Moreover T, M is a
left A-module which is called the tangent module at z € M.

Definition 3.5. Let M and N be supermanifolds and g : M — N a class G function we define
deg : TeM — Ty N by,
de9(Xz)(f) = Xa(f o g) (10)

for all f € G;?x) and X, € T, M.

Proposition 3.6. Let M and N be supermanifolds and g : M — N then dyg : TyM — Ty )N
is a parity preserving (even) right linear transformation, that is d,g € L™ (T,M, Tg(x)/\/).

This follows from the fact that the parity of a composite function is determined as follows,

fog€eG®U) < feG™. (11)
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Thus, the parity of g does not determine the parity of f o g : M — A. This means that d,g is
always parity preserving; for y = g(z)

dpg(TEM) C TEN. (12)

If (U, %) is a chart at = of Ay with ¢ = (2!,...,2P,0',...,09) and U C g~ (V) for some chart
(V,¢) € Ay with ¢ = (y',...,y", B, ..., 3%) then the matrix of d,g is,

(e 0 9)(52)  (da(¥ 0 9)(55)
[dzgly = <( (87 og)(zéi) (d(B7 og)(?%))

where we note that the local coordinate representative of the Frechet derivative is a Grassmann
valued matrix. Also notice that the matrix has the usual block decomposition

@ )

where A, D have entries from A and B, C have entries from 'A.

Remark 3.7. If M is a supermanifold and g : M — A is a class G* mapping the Ty is
identified with A for each x € M and d,g is regarded as the mapping from T, M to A defined by

(dxg)(Xx) = X:c(g)

Notice that in this case d,g is not always even, €(g) = €(d,g) for all x € M.

Obviously our definition of a tangent vector v € T, M depends on the vector field X used in the
definition. We examine this dependence in more detail. Assume that U,V are open in M, that
x € UNV, that X is a vector field on U, that Y is a vector field on V', and that

p+q N 8 p+q 4 a
X = X, — Y = Y ' ——
AZ:; Y 9zA AZ=:1 Y 9zA

p+q p+q
> Xf(fv)%(:c) = X(f)@) =Y ()= yf(x)%@)
A=1

for all f € G*(ONUNV). If we choose f = 25,1 < B <p+ q, we see that
X (x) =Y (2)
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for all B.

Notice that if M is a supermanifold then T'"M = Upec pm1, M may be given a supermanifold
structure just as in the case for ordinary manifolds. This follows using the G* transformation
laws relating two sets of components of tangent vectors to M.

Observe that there exists a well-defined mapping G, : T, M — T,BM defined by

Be(0)(9) = (X (2), X5 (), -+, XET(x))
for v € T, M and v a chart of BM. Notice that we have defined (3,(v) only on charts of BM
at « but if we show that the appropriate transformation law holds then (,(v) has a unique

extension to all charts of BM at x ( see Remark B3) and thus uniquely defines an element of
T,BM. With this in mind let (U, ), (V, ¢) be charts of BM at x, and observe that

ﬂz(’”)(@ = (Xi(a:),Xi(m), T 7X5;+q(x))
= dqﬁ(w) (1/} o ¢_1)(X<}>(x)7 qub(x)7 e 7X£+q(x))
= dy() (¥ 0 ¢7 B (v)(9).
Proposition 3.8. If M is a supermanifold and x € M then B3, is a "A-linear vector space
isomorphism from T2 M onto T,BM.

Proof. Tt is clear that 3, is a YA-linear vector space homomorphism. We show that 3, is in-
jective. Assume that v € TOM such that 3;(v) = 0. Then there is an open set U C M and
a vector field X on U such that z € U, v(f) = X(f)(z) for f € G®(U) and 0 = B,(v)(¢)) =
(X (), X5 (), - ,Xf;}Jrq(a;)) for all charts ¢ of M at z. Thus X = 0 and v(f) = 0 for all
f €G®(U). It follows that v is zero on the germ G*°(x) and [, is injective.

We now show that (3, is surjective. Let X, € T, BM and recall that X, is a mapping from
the set of all charts of BM into B = KPl4. We want to find v € T, M such that Bz (v) = X,
First we need to find a vector field defined on an open subset of M about z which agrees with
X, on charts of M. Choose any chart (U,%) of M at z. Then X, (1)) € B = KPI? and we can
define a constant vector field Y on U by

p+q

Y = Z X2
where ¢ = (2',22,...,2PT9). Thus the functions Yf : U — A are the constant functions
Yf( u) = X2 (2) for all u € U. Notice that Y € DY(U)g. Define v : G®(x) — A by

p+q

o(f) = ZXA ().

Then for any chart (V,¢) of M at x
Be(0)(9) = (Vg (2), Y (@), , Y] (@)

—dw(x)(ml/}‘l)( (@ ) (w% - Y ()
—d¢(m)(¢01/1‘1)(X1( ), Xz (1), Xp+q(¢))
= dy () (¢ 0™ 1)(Xa(¥))

= Xz(9).
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Thus (z(v)(¢) = Xz(¢) for all charts of M, but since the charts of M form a subatlas of the
manifold structure of BM, (,(v) can be uniquely extended to agree with X, at every chart of
BM. Thus f3, is surjective. The proposition follows. O

The mapping 3, induces a mapping of vector fields as follows. Recall that a vector field on
a Banach manifold M is uniquely determined by defining a function Y from charts (U, 1) of M
into C*°-maps from U into the Banach space B on which M is modeled. Of course if (U, ) and
(V, ¢) are charts of M such that U NV # () the usual transformation holds,

Y (¢)(x) = dg(a) (4 0 67 (Y () ()
foralz e UNV.

Note that if O C M is open and X € D(O), then for each x € O we may define X, € T, M
by
Xo(f) = X(f)(2)

for all f € G™®°(W) where W is open and z € W C O. Thus if (U,v) is a chart of M at z,
Be(Xa)(¥) = (Xy(), X3 (), -+, X5 T(x))

and the mapping G(X)(¢) given by = — (,(X,)(t) is a G* function from V into B = KPl4.
Since G*™ maps are necessarily C°° maps we see that 3(X) is a vector field on BM since as a
maps of charts of M it transforms correctly and thus can be extended to all charts of BM.

Thus we can write v = zgiqug(x)a/azA where (X!(z), X2(z),..., X" (z)) € KPla, If
¢ is another chart G™ related to ¢ and ¢ = (w',w?,...,wPT9) then we can also write v =
Z%J;qu ¢B (2)0/0w™. Moreover as in the classical case,

(X}p(x)v Xi(:p), s aXi—l—q(:E)) = dd)(m) (71) o ¢_1)(qu§($)’ X;(l‘), s aXZ—l—q(:E))'

Because the Banach space B = KPI7 is a A° module, vector fields on BM have a °A-module
structure.

Corollary 3.9. If O C M is an open subset of a supermanifold M then 3 is a °A-linear vector
space ingection of the °A-module of all vector fields D' (O) on O into the ° A-module of C*-vector
fields of the Banach manifold O C BM.

The mapping 3 is not surjective since for X € D(O) and for each chart (U,v) of M,
B(X)(p) : U — KPI7 is a G™-mapping and not every C®-vector field on @ C BM has this

property.

Recall that if U C KPI? = B is open and f : U — A is a class C* mapping, then its p-fold
Frechet derivative is a mapping from U into symmetric multilinear maps from B¥ = BxBx---x B
into A. Thus for x € U

BFf BxBx---xB—A

is symmetric. It is obtained by iterating the Frechet derivatives, for example,

dy f(v,w) = du(y — (dyf)(w))(v).
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Definition 3.10. Let M and N be supermanifolds and f : M — N a class CP-mapping from
BM into BN. Define a mapping dbf by

B f T, BMx T, BMx---xT,BM — Tf(m)./\f
where

db f(vy,v2,...,0p) = (d¢(f(x))¢_1)(dz(p)(¢ o foy ) (detp(v1),detp(v1), ..., dstp(vyp)))

and where (U,%) is any chart M and (V,¢) is any chart of N such that f~1(V) C U. Since
TOM C T,BM for each x, notice that there is an induced mapping

A f:TIM X TgM x -+ X TIM — Ty N.

Theorem 3.11. Let M and N be supermanifolds of dimension (p|q) and (r|s) respectively and
let f: BM — BN be a C™ function. The function f : M — N is a class G' function iff for
every chart (U,v) of M and (V,¢) of N such that f~Y(V) C U there exist functions bﬁ;}...Ak
with 1l <A1... A <p+q, 1 <J<r+sandl<k<I, such that

(1)  each function bﬁ{...Ak is in GO(U), and
(2) forz €U and X1,Xa,..., X}, € TOM,

A Ap !
dfc(¢‘] o f)( X1y, Xi) = ZZTQ:I T ZIZX—ZZI Xite Xy kbﬁl...Ak(x)-

Proof. If f is of class G* for k < I then for charts 1, ¢ of M, N respectively ¢ o f o1p™! is of
class G*. By Proposition 2.8 of [I7], where the partials are of class G°,

ptq k() o o1
di(x)(quOfow_l)(vla---avk): Z UAl"-UAka(¢ f 7/} )(T;Z)($))

8uAk: o auAl
Ap. A=1

for 1 < J < r+4sand vy,vs,...,v, € KPI9. We identify v; with d,(X;) for arbitrary given
X1,Xo,..., X} € Tmo./\/l so that

ptq (‘)k((;SJof)
k(.J _ Av o xA 2N 7))
dy (97 o f)(X1,..., Xp) _Alek:1X X 024k ... 9zA1 ()

where z4 = PA 04 (recall that P4 is the projection of KPI? onto its A-th factor). Thus we note
that,
0"(¢” o f)

bﬁ;}...Ak (z) = m(x) for z € U.

and (1) and (2) hold.
Conversely, assume the existence of the functions bﬁ:m a4, U — A with k£ <[ that satisfy
conditions (1) and (2) above. We show f is of class G¥ for all k <.
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Begin with the case k = 1. Let 9, ¢ of M, N respectively and choose U open in M small
enough so that ¢o fotp~! is defined on the open set 1(U). By hypothesis we have for X € T°M
and x € U,

p+q

do(¢” 0 f)(X Z X404 (a (13)

where bﬁ‘](a:) € G°(U). Thus there are supernumbers bﬁ‘](x) that encode the Frechet derivative
of (¢ o f) at . Moreover, if we identify H with d 1 (X) we find from eq.(J),

p+q

dy(a) (¢ 0 fov™ ZH“‘W (14)

This identity implies that ¢ o f o9~ is of class G' on 9 (U) for each J and that bﬁ‘](a:) =
Ga(¢? o fop™H)(2h(x)) in the notation of [I7]. Hence ¢ o f op~! is of class G' on ¥(U) and
therefore, f is of class G' on U. The case k = 1 is proved.

Next we prove the case k = 2. Consider the mapping F' from ¢ (U) to A defined by F' :
y — dy(¢” o fop™1)(Va) where V5 € KPl¢ is given by Vi = d,1)(Xs) for an arbitrary, but fixed,
X5 € TOM. Then by construction, V5 is an arbitrary element of the Banach space B = KPla
which does not change as y changes. Consider the Frechet derivative of F' at u = ¢ (z). We
Have for X7 € TOM and V; = d,(X1) and,

duF (V1) (<25J0f01/1 ) (2))(V1)

dy(d
=dy(¢7 o foy™ )WLV@
= dy, (97 0 f o 71 )(datp (K1), dotp(X2))

—4F(¢JOJU@Yh)%? s
= Ty Tl X X5, ()
RIS DA C G N}
Since we have already shown that f is of class G* on U we have that dy(¢” o fop=1)(Va) =
Z}Zq Vi <M> (y). From the definition of F' we note

ul2
ptq
Tofoy™
= > (A ) (16)
As=1
Thus for fixed V5, we have
p+q J -1
0
duF(Vl) _ Z (_1)5A25(V1)V2A2du< (¢ ;JAZ (0 )>(V1) (17)

As=1

And so, comparing eq.([[H) and eq.(’d) we find,

p+q J -1 p+q ptq
eaye(Vi g ofor
> -y, (AL Ny - 3T Y vt )

Ax=1 A1=1A2=1
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Thus,

p+q 967 o foupl) ptaq p+q
Z (_1)EA26(V1)V2A2du< )(Vl) — Z V2A2 Z (_1)5A16A2‘GAlbﬁ{A2(ﬂf). (19)

Ou2
Az=1 Ag=1 A=1

This holds for all V5 so,

d(¢7 o foy™) O eaeatene

du< EE (Vl) - Z (_1) A1 €Ay TEAY (Vl)lelb’ﬁ;]A2(Z'). (20)
Ar1=1

It follows that <%Of—l)> is of class G' on ¥(U) C KPl4, and for u € Y(U). Since %Oj’;l)

is of class G' for each A, ¢’ o f op~1 is of class G2 on 9 (U) for each J. Thus f is of class G2
on U. An inductive argument using similar computations will show that f is of class G* for all
k<l O

Remark 3.12. Given a C*°-mapping f : M — N as in the theorem above we have conditions
under which f is of class G*°. One begins with maps

dif: ToBM x -+ x T,BM — Ty N (21)

Then since TOM x -+ x TOM C T,BM x --- x T,BM one has a mapping on even vectors
X1, Xo,... X}, € TOM. Moreover, one obtains the formula for even vectors

p+q
dEF(X1, KXoy X)) = Y (XXX ' (z) (22)
: S wa P\ 9z 92429M '

1A=

It now follows that this mapping can be extended to a mapping from T, M x T, M X --- x T, M

to Tf(m)./\f where the components of pure tangent vectors Xi,Xo,..., X may be in KPla or
possibly in (A)P x (PA). If the vectors X1, Xoa,..., Xy are not of definite parity then the
components (th,sz,...,X]?’“) will reside in A* in general. As an ezample, consider the

case k=1. Observe that .
= 4 Of

4of(X) = Xalf) = S XALL () (23)
A=1

makes sense for even and odd vectors X, € T, M. It is interesting that the operation of d,.f on
TOM defines its operation on the other half of Ty M namely TIM.

In other words, a supermanifold M is modeled on KPl9 but the G*™-tangent module ”doubles
the dimension”. Even vectors are summed over ALL of the even and odd coordinate vector fields
(expanded against even and odd components in order that the vector field be even); so to have
the derivative of some map defined for even vector fields actually means the map is defined on
the coordinate vector field basis of the tangent module. This is why we can extend the derivative
to act on both even and odd vector fields. Even vector fields have the (p|q) data hidden in them,
the tangent module at a point is the direct sum of the Banach space KPI4 on which M is modeled
and the Banach space (*1A)P x (OA)4.
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Definition 3.13. Let M be a supermanifold and v a Banach supervector space. Provide v° with
the supermanifold structure obtained by defining the obvious single global chart obtained from a
basis of v. Let f denote a smooth function from M into v° and let {fB} denote its components
relative to a pure basis of v. We define the higher derivatives of fB at w € M inductively
as follows. Define dyf? : TyM — A by dyfB(X) = X(fP) for X € TyM. Define d=H B -
TwM XTwM Xoew TwM — A by dﬁ}"_lfB(Xl, Xg, R 7Xk+1) = dw[dka(Xg, Xg, s 7Xk+1)](X1)
for X1, Xo,+ , Xpp1 € TyM. Here d* fB(Xy, X3, -, Xj41) denotes the function from M into
A defined by x — d¥fB(Xo, X3, , Xp11).

We now consider an important special case of these ideas which we find useful in the last
section of the paper. Let g and v denote Banach super vector spaces. Consider g° as a
supermanifold with a single global chart ¢ : g° — KPI¢ whose components are defined by
P(z) = (ul(x),u?(x), - ,uPT(z)), z € g°. For each z € g°, T,g" may be identified with g by
identifying the basis {u”} of T,g" with a given fixed basis {eg} of g. Similarly, choose a single
coordinate chart on v°. Moreover if f is a function from g° to v°, then denote its components
relative to the chart on v? by the functions f? : g® — A. Recall that if f is of class C™, then it
is also of class G™ iff each component function f? is of class G*. Notice that the components
L £2, .- fP are all even while fPH1, fP+2 ... fP+4 gre all odd. Also notice that the derivatives
d® fB of each component function are maps from g¥ = g x --- x g to A at each w € g° due to
the identification of g with T;,g°.

Definition 3.14. Let g be a supervector space with basis {eg} and let 3 : g* — A. We say that
B is multi-linear over g° iff for some, pure basis {eg} of g,

B(v1, vz, ,vp) = vitwg2. --vﬁ’“ﬁ(eAk, S, €45,€4,)

0
fOTUl,UQ,“‘ Uk € 9.

Notice that one must require that 3 be defined on all of g¥ rather than (g°)*, since it must

be possible to evaluate § at arbitrary elements of a basis of g. This is also the case for higher
derivatives such as d* f? as defined above. This shows up explicitly in the proof of the following
proposition.

Proposition 3.15. Let g and v denote Banach super vector spaces and f : g° — v° a C®
function. Then f is of class G* iff for each x € g° and each positive integer k,d* fB : gF — A
is multi-linear over g° for each component fP of f.

Proof. Assume first that f : g% — v% is of class G> and that f? is a component of f. Choose a
pure basis {ep} of g and define u” on g° by u (> a®ef) = a®. Regard the (u?) as coordinates
on g°. We first show for z € g% and vy, v9, - -- vy, € g°, that

k
k ¢B — Az Ak o°f
dmf (U17U27 7Uk)_vl Uy Vg, 8uAk---5uA28uA1 (x)

The proof proceeds by induction. First observe that d, f?(v) = v(f?) = vAgﬁ—j so the result is
true for £k = 1 Now assume the result for arbitrary & and we show that

k+1
As . UAk+1 8 f (x)
2 k+1 auAk+1 “e. 8UA2 auAl :

A
d¥TLFB (01, v, -y upg) = v
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By definition

d‘l’2+1fB(U17027”’ ,'Uk+1) :dx[dka(UQ,’l)g,"' ,'l)k+1)](?]1) =
k k
Ay Az Apt1 o f _ A 0 A, Az A1 "f
d [’1)2 'U3 . Uk—l—l auAkal T (9uA33uA2]( ) Ul 8 Al [ 2 U3 ’ Uk-i—l 8uAk+1 . 8UA38UA2 ]
Now the partial derivative =2 can be pushed through the term U2A2 v?g vfj{l but in doing so

it produces a sign change € = (—1) (A1)e(A2) (_1)e(A)e(As) ... (—1)=(A1)=(Art1)  Thus one obtains

k
k+1 B . _ A1, A2, As . Agg1 0 f
dw f (U171)27 ,'Uk+1) _E[U Uy "3 Uk:+1 8UA18UAk+1 .HauAgaqu]'

Now one must permute the order of the partials but one finds that

" f B ok f
8UA1 auAk+1 e auA38uA2 - g[auAk+1 . e 8UA3 auAZ 8UA1 ]

The two signs cancel to give the desired result

k+1 B A A Aptl oy
. — 2., .. k
dx f (Ula V2, 7Uk+1) Uy U2 Uk+1 auAk+1 L. 8UA26UA1

().

This finishes the first part of the proof.
To complete the proof we must show that for each positive integer k,

0 0 0 ok f
k B _
dmf (auAl ' QuAz’ e 8uAk) T OultouAz - - Oule (.Z')
This proof also proceeds by induction. The result is obvious when k = 1, since d, f? (8%) gﬁ—j
Assume, inductively, that for some positive k,
0 0 0 ok f
k B —
daf (8uA2 Touds’ auAkH) T QuA20uds - Qulne ().
By the definition of d**1 2 we have
0 0 0 0 0 0 0
k+1 ;B _ k B o
d:c f (8’u,A1 ’ 8uA2 [ 8uAk+1) - dm[d f (8’u,A2 ) 8uA3 ’ ) 8uAk+1 ))(auAl]
8kf b 8k+1f
= (Gt oA GuA ) = G auds - pude L)

and the result follows. From these two results, we have that for for all £ and for vy, ve, - v € go

oy
dl;fB(U17U27 e ,’Uk;) - Uflvgxz ' ',U]?k auAk te '8uA26uA1 (:E)
A Ap 9 0 J
= (M2 v Hl)dka(auAk’m ’aqu’auAl)’

Thus d’; fB is k-multi-linear and consequently if f is of class G, then all the derivatives of the
components of f are multi-linear over g°.
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Conversely, assume that all the derivatives of the components of f are multi-linear over g°.
We show that f is of class G*°. In fact the result is an immediate consequence of Theorem BT
since we have that

0 0 0
i fP (o1, 09, ) = (Ufhvéh"‘”?k)difB(auAk"”  Dudn’ GuAr)
k
A A A o"f
:U11U22'“U’9kauz4k...aquaufh (z)

and the hypothesis of Theorem BIIl holds with b:{h Agdy = W%‘ The proposition
follows. O

4 Submanifolds of Supermanifolds

Definition 4.1. Let M be a (p|q) supermanifold and S C M. A chart of (U,¢) of M is called
an (r|s)-submanifold chart of M relative to S iff

H(UNS) =4(U)N K x {(0,0)})

where (0,0) € K@= We say that S is a (r|s) submanifold of M iff for each x € S
there exists a (r|s)-submanifold chart (U,v) of M relative to S such that © € U. There is
a subtle point to be made here and that is that the definition depends on a specific splitting
Krle = Krls x K®="la=35) In general many such splittings are possible. In our definition we
choose one specific splitting and all submanifold charts are required to respect this particular
splitting.

Remark 4.2. If S is a (r|s)-submanifold of M let As denote the set of all pairs (U N S,1s)
such that there exists an (r|s)-submanifold chart (¥,U) of M relative to S such that SNU # ()
and ¥s : UNS — K5 is defined in terms of ¥ by requiring that s be the restriction of
Y to UNS composed with the obvious projection of K'* x {(0,0)} to K'ls which discards the
{(0,0)} € K®=rla=9) It is obvious and well-known that if (U,) and (V, ) are such charts with
UNV NS #0D then

psovs! i hs(UNVNS) = Ys(UNVNS)

is a C*° mapping. Thus S inherits a C*°-manifold structure from BM which we denote BS
when we wish to emphasize that it is a Banach manifold. Moreover ¢g o 1/)51 s essentially the
restriction of o™t p(UNV) — d(UNV) to (U NV)N (K" x {(0,0)}) which maps this set
to p(UNV)NK"® x {(0,0)}) and consequently it is easy to see that ds o¢§1 s a G*°- mapping.
Indeed the inclusion mapping

iK' KT % {(0,0)} — KPle

is a G*-mapping as is also its restriction ig to the open set Q = Ys(UNV NS) C K'ls. For
1<i<randl<a<s

¢Si o w;l — ¢2 o 1/}—1 OZQ and ¢S7‘+a o w;l — ¢r+a o w—l o ZQ

Consequently the components of ¢s o 1/151 are G*° maps and thus so is ¢g o 1/}51. This proves
the next proposition.
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Proposition 4.3. If S is a (r|s)-submanifold of a (p|q)-supermanifold M then S is a (r|s)-
supermanifold.

Corollary 4.4. If S is a (r|s)-submanifold of a (p|q)-supermanifold M then the inclusion i :
S — M is a G*°-mapping.

Proof. Let (U,) be a (r|s) submanifold chart of M relative to S. We must show that yoiog!
is a G*°-mapping. But 1/151 =y to ig where Q = ¥s(UNS) C K’ls and i@ is the inclusion
Q— Q x {(0,0)} = KP4, Thus ¢poio ¢§1 =1 ot~ toig =ig which is a G*®-mapping. O

Definition 4.5. Let M be a supermanifold of dimension (p|q) with S C M. A chart (U,) €
A is called an initial submanifold chart relative to S centered at x € U iff

Y(Ca(UNS)) = p(U) N (K™ x {(0,0)}) (24)

relative to a specific splitting
KPle = Krls « gP—7la—s) (25)

and C,(U N S) denotes the set of all y € UNS such that there is a smooth curve in M from
x toy lying in UNS. We say S is an initial super submanifold of M of dimension (r|s) iff
for each x € S there exists an initial submanifold chart relative to S centered at x whose image
is contained in K'ls C KPl9. See [Z5] for details regarding initial submanifolds of an ordinary
manifold.

The authors are grateful to Ratiu for the last reference and for clarifying the status of these
concepts for Banach Lie groups. He is, of course, not responsible for any misunderstanding of
these ideas by the authors.

Theorem 4.6. Let M be a supermanifold and S C M an initial super submanifold of M of
dimension (r|s). Then there exists a unique C*°-manifold structure on S such that the injection
i : BS — BM is an injective immersion. Moreover, S is in fact a supermanifold and i is a
G*°-mapping.

Proof. Given that S is an initial super submanifold of M it is clear that as a subset of BM, BS
is an initial submanifold of BM.

It is known that an initial submanifold of a Banach manifold, such as BM, possesses a unique
C*>-structure relative to which i : BS < BM is smooth.

Thus given an atlas A of M and Agyg = Aprg we have that the set of pairs

(Ce(UNS),¢|C(UNS))

such that z € U, (U,v) € Anm, and U NS is nonempty is an atlas of S. Moreover S is a Banach
manifold relative to this atlas and i : S — BM is smooth. To see that it is a supermanifold we
must show that for two overlapping charts (U, ), (V, ¢) in A which are used to define charts
on S we have that

go 15_1 : &(Um N Vm) - qz_ﬁ(Um N Vm) (26)
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is of class G where U, = C,(UNS), V, = C.(VNS) and ¢ = |U,, ¢ = ¢|V,. Let ¢’ denote
the J-th component of ¢ and observe that for u € (U NV)

+ —
dk((bJO'lp_l)(‘/l,VQ,...,Vk) = Ii ‘GAl‘GAz"'VkAk< 8k(¢‘]o¢ 1) )(u) (27)
) Ay Ap=1 82Ak . aZAzaZAl

for Vi, Va,...,V;, € KPla, Eq.0) holds by the definition of supermanifold which implies that
the transition maps ¢’ o y~! are G*®. If we restrict to u € (U, NV,) and V4, Va,...,V; € K'l®
where we identify K’* with K" x {(0,0)} C KPl9, then

d* (@7 o VY (1, Vay ..., Vi) = dX (¢ o™ (Vi Vo, ..., Vi) (28)

Thus,

pt+q k J o —1
«mwmkawWWWinjvﬁ%bvwﬁ (g ov™) ym. (29)

Ap ... 9sA25,4
A= 0z 0220z

Therefore, ¢/ o1~ is G* on (U, N V,) by Theorem BII We simply take f = )~ and
N = KPl¢ which is of course a trivial supermanifold.

To see that i : S < M is G™ note that, using the same notation as above, ¥ oio ™! is the
inclusion of ¥(U,) into ¥ (U). To be more explicit, it is the inclusion

$(U) N (K x {(0,0)}) — w(U) C KA
which is clearly class G because the inclusion
Krls M gpla
is G* since its components h! are. O

Corollary 4.7. Assume M is a supermanifold of dimension (p|q) and that S is a leaf of a folia-
tion of the Banach manifold BM such that, for each x € TS is a subspace of T, M of dimension
(r,s). Then S is an initial super submanifold of M of dimension (r|s) and consequently S is a
supermanifold whose inclusion of S into M is a G*™° mapping.

Proof. 1t is known that each leaf of a foliation of a Banach manifold BM is an initial submanifold
of BM and consequently if S is such a leaf then it follows from the theorem that S is an initial
super submanifold of M. The corollary follows. O

Proposition 4.8. Assume that M, N are supermanifolds, that P is a supermanifold of dim(r|s),
that ¥ : M — N is a G* mapping, and that i : P — N is a class G™ injective immersion onto
an initial submanifold i(P) of N of dimension (r|s). If 1., : M — P is the unique mapping
such that i o 1, = 1), then it is of class G*.
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Proof. First assume that i(P) is an initial submanifold of N of dimension (r|s) and that the
inclusion 7 : P — N is a class G™ injective immersion. Notice that BP is an initial submanifold
of the Banach manifold BN and that ¢ : BM — BN is a C°° mapping. It is known [I3] that
for Banach manifolds the unique mapping v, : BM — BP such that i o1, = 1 is necessarily
continuous and is in fact of class C°.

To finish the proof, it suffices to show that each point p € P is in the domain U of a chart
(U,y) of P such that y o th| -1 is of class G* (observe that Yo Y(U) is open in M). Let
p € P and let (V,z) be a chart of N at i(p). There exists j1 < jo < --- < j; such that
291 0q, 272 04,... 27t oi are components of a chart on a neighborhood U, of U = i~Y (V) C P.
If y = (271 0d,292 04,..., 29 04) then for ¢ € Y, 1 (U,), 1 <k < t,

(Y 01ho)(q) = (27 0 i 0 1ho)(q) = (a7% 0 ¥)(q)

and y” o 1), = 2% 0 1) which is a class G mapping. Since y o 1, is of class G, it follows that
1, is a class G*° mapping. O

5 Bundles and Supergroups

Definition 5.1. A supermanifold G which is also an abstract group is called a super Lie group
if the group operations are G*° with respect to the supermanifold structure on G.

When G is given the Banach manifold structure implicit in its definition the resulting Banach
manifold is denoted by Bg.

Definition 5.2. A Banach manifold B which is also an abstract group is called a Banach Lie
group if the group operations are C° with respect to the manifold structure on B.

Remark 5.3. Since G*° functions are always class C* functions, it follows that the Banach
manifold BG corresponding to a super Lie group G is necessarily a Banach Lie group.

Left invariant vector fields are defined just as in the classical case,

Definition 5.4. Let G be a super Lie group with left translation map l,(g) = xg. Then a vector
field X on G is said to be left invariant if for g,x € G

X(gr) = dalg(X(2)).
For each v € T.G the vector field XV defined by
X(x) = dely(v)

for all x € G is left invariant and for every left invariant vector field X there exists a v € T.G
such that X = X". We denote the set of all left invariant vector fields on G by L(G). Moreover
L(G)° denotes the set of even left invariant vector fields while L£(G)' denotes those which are
odd.

The first assertion of the following Theorem is Theorem 3.4 in [19].
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Theorem 5.5. Let G be an (p|q)-dimensional super Lie group, then L£(G) is an (p|q)-dimensional
graded Lie left A module subject to the bracket operation |, |: L(G) x L(G) — L(G) defined by

[X,V] = XY — (—=1)*®Myx

for all X, Y € L(G). Moreover, there is a norm ||-|| on L(G) such that it is a Banach space and
(1) L(G)® and L(G)' are closed subspaces of L(G),
(2) L(G) is a Banach super Lie algebra in the sense that there exists M > 0 such that
I, Y]l < MIX|| [[Y]] for all X,Y € £(G),
(3) the Banach Lie algebra of the Banach Lie group BG is L(G)°.

Proof. The first assertion is proved in [I9]. To obtain a norm on £(G) we first define a norm on
g = T.G. Choose a chart 1 = (u',u?, --- ,uP*9) at the identity e of G. For X € T.G, let

Xd} = (X&,,Xi, o 7Xi+q) € AP+Q

where X =), XﬁeA and the basis {e4} of g = T.G is that defined by e4 = 8%" Now define
|| X = ||(X1}},Xi, e ,Xi+q)|| =>4 ||X{Z‘|| which is the norm of (X&),Xi, e ,XZJrq) in APT,
Clearly, g is a Banach space with respect to this norm. It is equally clear that g° = £(G)" and
gl = L£(G)! are closed subspaces of g.

We show that the norm satisfies condition (2) of the Theorem. In this part of the proof we
abandon the notation used in the first paragraph choosing to represent elements of g as the value
X, of some left invariant vector field X € £(G). Using this notation we define a norm on £(G)
by [|X|| = ||Xc|| where || X.|| is the norm of X, as defined in the first paragraph. Let (é4), =
dely(ea),x € G, denote the left invariant vector field defined by an element e4 of the basis of
g. For Z € £(G) note that, because dgl; is even for x € G, Z, = dl;(Z.) = ZAd 1.(Z%,) =
>4 Za(€a)z, for Z4 € A. Define structure constants f§z € A by [€a,é5] = Y ¢ f{géc and let
M > 0 be a number such that ||f§B|| < M for all A, B, C. We have for appropriate ¢(A, B) € Za,

|[X, Y]] |—|IZZ DA XAYPleg el < ) XY Pl fSsecl)
A,B,C

< M(p+a) Y XD IYEI =M+ )l XY ]
A

and (2) follows. Part (3) follows from the fact that as Banach spaces £(G)? is isometric and
isomorphic to go = ng . O

Remark 5.6. Notice that the norm defined on L(G) above depends on the chart chosen at the
identity e and that, relative to this norm, L£(G) is isometric to the Banach space KPI9 @ [(*A)P x
(YA)4). Another chart produces a different norm on L(G) but also provides an isometry from
L(G) onto KPI1 @ [(1A)P x (°A)9]. It follows that L(G) relative to the first norm is isometric to
L(G) with the second norm, but the two spaces are not identical. Thus the topology on L(G) is
chart independent and so a subspace of L(G) is closed relative to one norm iff it is relative to
the other. This becomes important in our next theorem. We refer to a norm which is defined by
some chart at the identity as an admissible norm.
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Definition 5.7. Assume that g is a super Lie algebra. We say that it is a Banach super Lie
algebra if there is a norm on g such that

(1) g is a Banach space relative to the norm such that both g° and g' are closed subspaces
of g, and

(2) there exists a number M > 0 such that ||[X,Y]|| < M||X||||Y]| for all X,Y € g.

We prepare to determine when a sub-super Lie algebra of £(G) is L(H) for some super Lie
group H. If b is a sub-super Lie algebra of £(G), then we say that it is closed and split in £(G) iff
it is closed with respect to some admissible norm on £(G) and there is a closed complementary
subspace m of b in £(G). More precisely, we require that £(G) = h @ m as graded normed linear
spaces so that in particular h¥ is closed and split in £(G)°.

Remark 5.8. Suppose M, N are supermanifolds and that ¢ is a G* mapping from M into N.
If X is a vector field on M and Y is a vector field on N, then we say X is ¢-related to Y if
and only if dy¢(Xy) = Yy) for each x € M. For ordinary manifolds, M, N it is well-known
that if X1, Xo are vector fields on M and Y1, Ys are vector fields on N such that X; is ¢-related
to Y; fori = 1,2, then [Xy, Xo| is ¢-related to [Y1,Ys]. This also holds in the present case for
supermanifolds M, N when ¢ is a G mapping. The proof is identical to the classical proof and
is left to the reader. This fact is needed in the proof of the next theorem.

Theorem 5.9. Let G denote a type (plq) dimensional super Lie group and g = L(G) its super
Lie algebra of left invariant vector fields. Let ) C g be a (r,s) dimensional sub-super Lie algebra
of g which is closed and split in L(G). Then there is a type (r|s) super Lie group H which is a
subgroup of G such that L(H) = b and the inclusion i : H — G is a G™ injective immersion.

Proof. Let G be a super Lie group of type (p|q) and g its Banach super Lie algebra of left invari-
ant vector fields. Let h C g be a sub-super Lie algebra of type (r,s) which is closed and split.
Then h° C g° is a closed and split sub-Lie algebra of the Banach Lie algebra g°. Moreover g is
the Lie algebra of the Banach Lie group BG. Since h° is closed and split in g it is known (see
[T5]) that there is a Banach Lie subgroup H of BG with Lie algebra h°.

Moreover H can be obtained as the maximal integral submanifold through the identity of
BG of the subbundle F — BG of the tangent bundle TBG — BG defined by E, = delx(bg) for
each = € BG where b, = {X.|X € h} and g, = {X.|X € g}. Here b? is identified as a closed split
subspace of gg which is identified with T.BG. It is known that a leaf of a foliation is an initial
submanifold (see the book by Kolar, Michor, and Slovak [13]). Moreover it is known that the
inclusion i : H < BG is a smooth injective immersion. It follows from Corollary 27 that H can
be given a supermanifold structure and if we call H with this structure H, then the Corollary
also assures that the inclusion i : H — G is a G* mapping. Note that F, has dimension (r,s)
for each z € G, and E. = hY. So T.H = h? and charts take their values in the appropriate
subspace Kl* of KPl9. Since the charts of H take their values in K"*, H has dimension (r|s).

Let 1 : GxG — G denote the group multiplication on G. It follows that po(ixi) : HxH — G
is a G*° mapping. Since H is an initial submanifold of G and u(H x H) C H it follows from
Proposition 4] that the mapping puy : H X H — H such that i o upy = po (i x i) is a class G™
mapping. A similar application of Proposition EE4] shows that invy(z) = 7! is also a class G
mapping. Thus H is a super Lie group and i : H — G is a G*°-immersion.
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Finally, since H is a super Lie group, I, : H — H is a G°°-mapping for each x € H and dyl,
maps T,H into T,,H for all z,y € H. In particular dyl, also maps Tz?H into TSyH so that for
each © € H,dcl,(TOH) = TOH and bY = T,BH = TOH. Thus TOH may be identified with h°. It
is perhaps, not as obvious that T}H can be identified with h?.

We show that b is isomorphic to £(H) as super Lie algebras in a succession of steps. To do
this first observe that £(G) can be identified with T.G by identifying v € T.G with Xg € L(G)
where X§(z) = dely(v) for all x € G. Notice that since h is a sub-super Lie algebra of £(G), b
is identified with h. = {X|X € L(G)} ( notice the change in notation, h. here and below is a
subset of £(G) not L(H)). Both b, and T.G are given a super Lie algebra structure by defining
[v,w]g for v,w € T.G by

X5 =[xy, xg).

Thus b = h, which is a sub-super Lie algebra of T.G.

We now show that T.H can also be identified as a sub-super Lie algebra of T.G to be
followed later by a proof that h, = T.H. To do this recall that « : H — G is an immersed
initial submanifold of G and consequently that det : TeH — T.G is a right A-linear injection
of TeH into T.G. For v € T.H let X7, denote the left invariant vector field on H defined by
X7(y) = dely(v),y € TeH. For v,w € T,H define [v, w]y by

X7 = (X3, X3,
Notice that for every v € Te'H, the vector field X7, is t-related to XSEL(U). It follows from Remark
ER that for v,w € T,/ H,

VW v w det(v),det(w det(v det(w
X7[_[ }H:[XH’XH] and X[g () ( )]g:[Xg ()an ( )]

are -related. Consequently det[v, w]y = [det(v), det(w)]g, and (TeH, [, ]1) may be identified as
a sub-super Lie algebra of (7.3, |[,]g)-

It remains only to show that h, and T,H are equal as subsets of T.G. To see this notice that
a pure basis of h. can be extended to a pure basis of T.G. It follows that there exists a pure basis
{ea|l <A <p+q}of T.G such that {e4|]A € A}, A={1,2,--- ;r,p+1,p+2,--- ,p+s}isa
pure basis of h.. Choose a chart ¢ : U — T2G of G at e € U. Then ¢pov : 1t~ (U) — b is a chart
of H at e € .= (U). If we define coordinate functions (u?) of ¢ by ¢(x) = Y5 % ut(z)ea,z € U,
then we have coordinate functions defined on H by (1 0 )(y) = 3 4c 4 v (1(y))ea,y € V().
Thus {8%4|A € A} in T.'H is identified with {e4]A € A} in b, and

T.H={> Mea [\ eA}=h.
AcA

Consequently, we have that as super Lie algebras
h = be =TH = ﬁ('H),

from which the theorem follows. O

Definition 5.10. Let G be a super Lie group and g its tangent module T.G at the identity e of
G. For each v € g° we define a left invariant vector field XV on BG by

XY(2) = dely(v) € T2G = T,BG
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for x € BG. Let ¢, : R x BG — BG denote the flow of the vector field XV on BG. Thus

%qﬁv(t, x) = XY(¢y(t,x)) where ¢, (0,2) = x. (30)

Definition 5.11. exp is the mapping from g° into BG defined by exp(v) = ¢,(1,e).

Note that exp is C'°° mapping which is also a local diffeomorphism. Also, we can regard exp as
a mapping from go into G since as sets BG = G. In fact it can be shown that exp : go — Gisa
G*°-mapping. We now establish several lemmas towards that goal.

We fix the notation from this point up through the proof of Theorem 4.15. Let
G denote an arbitrary super Lie group and g its tangent module 7.G at the identity.
Even vectors are denoted g°. We have a fixed pure basis {e,} of g which can be taken
to be the partials relative to a chart at e.

Definition 5.12. The adjoint mapping defined on g is the mapping ad : g — End(g) where, for
$7 y e g?
ad(x)(y) = adx(y) = [z, Y]

Observe that ad,, = aad, for all o € A; the adjoint ad on g is right-A-linear, thus ad €
L~ (g, End(g)). However, for a particular = € g, we note that ad,(ya) = ad,(y)a for all a € A,
thus ad, € End*(g).

Lemma 5.13. Let (End*g)? denote the linear space of all even left endomorphisms of g. Once
for all, identity these linear mappings with their matrices relative to our fized basis of g. For
each matriz M (representing such a linear mapping), define,

P g
M= I My |l
i=1 j=1

Assume that {ag}5>, are numbers in K such that > 72 |ax| ||M|[¥ converges for all M €
(End*g)® such that ||M|| < R for some R > 0. Let BR(0) be the open ball at zero in (End*g)?,
then f : Br(0) — (End*g)? defined by f(M) = > 3> ,arM¥ is of class G*.

Remark 5.14. Having chosen a basis {e;, €} of g the even endomorphisms of g are identified
with matrices with a (p,q) block-form,

M e (Endtg)? — M= (g g) (31)

where Appn, Do g € OA and Bpg, Cam € LA. Notice that as a vector space over K (Endtg)? may
be identified with K®*+¢°+2pa),

We now prove the Lemma.

Proof. Note that for ||M|| < R,

00 k
FIM+H)=f(M)+> ap Y _(MF"THM') + O(H?).
k=1 =0
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Thus,
00 k
dyf(H)=> ap» (MF'HM).

k=1 1=0

The components of this matrix are

[eS) k
debc Zakzz Mk - 1 mn MZ nc ZHmn (32)

k=1 =0 m,

3

where, for some €y, € Zo

Thus % exists and is equal to A}’"; moreover the components fy. of f are of class G' on
BR(O). Thus f is of class G* on Bg(0). Observe that

das ( afbc ZT ers mm“s )

4 Z ag Z(_l)ébmnrs (Mk_i_l)mejzo(Mi_l_l)nr(Ml)sc

Thus (r?z ’2’; is of class G' and consequently f is of class G? on Bg(0). An inductive argument
with calculations similar to those above show that all the partials of f;. exist and are power
series in the components of powers of M which converge on Br(0). Moreover their Frechet
derivatives are linear in the components of H. Thus f is of class G®. We leave the details to
the reader. O

Corollary 5.15. Let g be any super Lie algebra such as the one defined above and let g° be its
even elements. Define a mapping f from g° into (End*g)? by

; 1
Xr—>/ e % wdx g
0

Then f is of class G*™°.

Proof. First note that if X € g° and adx(Y) = [X,Y] then since X is even and
([X,Y]) = e(X) +e(Y) = e(Y) we find that adx is an even left endomorphism of g. The
composite of even endomorphisms is even, thus the series

[e.9]

e X =3 (—5)" (adx)!

k=0
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is an even left endomorphism of g. This series is absolutely and uniformly convergent on every
ball about zero relative to the matrix norm defined in the lemma. It follows from the lemma
that the mapping from (End*g)° to itself defined by

M— =8 M
is a G*° mapping.

To finish the proof we must show that ad : X — adx is a class G*° mapping. The mapping
ad : g° — (End*g)? is linear over K as is clear from adx (Y) = [X, Y] and the definition of the Lie
bracket. Hence the best linear approximation to the adjoint mapping is itself; dx (ad) = ad. Thus
the mapping X +— dx (ad) is constant, its higher derivatives are zero. To see that ad is class G
we have only to show that it is of class G*, so we must show that for X € g°, H € g°, dx (adS)(H)
is linear in the components of H where the adS : g° — A are the component mappings of ad
defined by representing adyx as a matrix .

Since ady is left linear its matrix is defined by adx(e,) = [X,es] = 3 Xlep, ea] = 3. XPfE ec
so that adS(X) = > X f¢,. Now observe that dyadS(H) = ad$(H) = Y H°f¢, which is linear
in the components of H. It follows from Proposition that ad is a class G*° mapping, hence
X +— e~% %X g the composite of G® maps and is consequently G for each s € R. Finally
integrate to obtain the desired result. O

Notice that the proof that ad : g — End(g) is a class G mapping is completely analogous
to this proof since it is also linear over K and posseses the required properties with respect to
the module operations over A. Moreover the mapping ad regarded as a mapping from g° to
(End*g) is also a class G*® mapping. Its components adS are obtained as before even though
the basis is not a basis of g°.

Lemma 5.16. exp : g° — G is a class G' mapping.

Proof. We need to compute the Frechet derivative of exp at X € g°. Since BG is a Banach Lie
group we have the following formula for the Frechet derivative (see [{]),

1
dx (exp)(H) = delegp(x) </ e ? C”dX(H)ds>. (33)
0
Define a function F : g° — (End*g)? by
1
F(X)(H) = / e™% X (H)ds. (34)
0

It follows from Corollary 5.15 that F' is a class G> mapping. Notice that dx(exp)(H) =
delegp(x)(F(X)(H)) even though, in this formula, not only is H restricted to g%, but it is also
the case that F'(X)(H) € g°. We have insisted, however, that F(X) be defined on all of g since
we need the identity F(X)(H) = H'F(X)(e;) + HYF(X)(ea) which requires that F(X) be
defined on odd elements of g. On the other hand this very formula shows that the mapping from
g" to (End*g?)? defined by X — F(X)|q is also a class G> mapping. We will occasionally
abuse notation by failing to distinguish between the two mappings. Let u: G x G — G be the
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class G°° group multiplication of the supergroup G. We have that,

dX(exp)(H) = dele:cp(X)(F(X)(H))
= de[pleap(X), )] (F(X)(H)) (35)
= (dap)(exp(X),e)(F(X)(H)).
Where dyu denotes the Frechet derivative with respect to the second slot of pu. If H =
P Hie;+>0_, H®é, with respect to the pure basis {e;, &, } of g then

dx(exp)(H) = (dzp)(exp(X),e)(F(X)(XCF_, Hei + 361 H )
= Yoy H'(dap)(exp(X), e)(F(X)(e:)) + 34—y H(dop)(exp(X), €)(F(X)(a))
= Yoy H'dx(exp)(er) + 34—y Hdx (exp)(&a)-

To pull the “scalars” out of dop in the above we used the following observation. Since p :
G x G — G is G*™ so is the mapping with one argument fixed, that is (uq)(z) = p(a,x) is G™.
Therefore dp, is a mapping from the full tangent module 7.G = g into T,G such that

q
(depta)( ZHZ (detta)(es) Z (depta)(

We have shown that dx(exp) is linear over the components Hi H* and hence that exp is
superdifferentiable at X for each X € g°. It follows that exp is of class G'. O

Lemma 5.17. exp: g° — G is a class G mapping.

Proof. Let H K € g° and let A\ — X, be a curve in g° whose value at A = 0 is X and whose
derivative at zero is given by -4 (X))|[y=0 = K.
For each A we have

dx, (exp)(H) = (dap)(exp(Xy), e) (F(X)(H))

from which it follows that

d%, (exp)(K,H) = %[alxA exp)( ]

= [t co)m)

I
=8

1(dzu)(6wp(Xo, e) (Fx(ex ( ))(F(XO)(H))
+ (daop)(exp(Xo,e€) % H))

= dy(dap)(exp(Xo, €)(dx, (exp)(K)(F(Xo)(H)))
+ (d2p)(exp(Xo, e)((dx, F)(K), H)

= di(dzp)(exp(Xo, e) ((dap) (exp(Xo, €)) (F(Xo) (K)(F(Xo)(H)))
+ (dap)(exp(Xo, €) (dx, F(K)(H)).

Since F and p are of class G we find that we can expand d% ,(exp)(K, H) linearly in the
components of K and H as is required by Theorem BTTlin order that exp be a class G? mapping.
Thus exp is of class G2. O
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Theorem 5.18. exp: g° — G is a class G™ mapping.

Proof. The proof is by induction on k. Inductively, assume that for each k there exists a G*°
mapping A* from g° x G into the space of all A-multi-linear mappings from g* into T'G such that
dk (exp)(v1,va,. .., v) = N(X, exp(X))(v1, v, . .., vp).

Note first that there exists such A* for k = 1,2 by the previous two lemmas. In particular,

dx (exp)(v) = N (X, exp(X))(v)

where
A(X,a)(v) = (dap)(a, €)(F(X)(v)).
Likewise,
d5 (exp)(v1,v2) = N*(X, exp(X))(vi, v2)
where

N (X, a)(v1,v2) = di(dzp)(a, e) ((dape) (a, €) (F(X)(v1)(F(X)(v2))) + (dzp)(a, e)((dx F)(v1)(v2)).

Now assume the existence of A\¥ and prove A*+1 exists. If A — X is a curve in g° whose value
at zero is Xy and whose derivative at zero is vy, then

d';;gl(exp)(vl, Vo, .. Upr1) = dx, [dk(emp)(vg, U3, .. ,vk+1)} (v1)
= dx, [dk(exp)(vm V3, ... ﬂ%ﬂ)} (45 X2 |r=0)
= % |:d§(—)\ (emp)(vg, V3, .. ,vk+1):|
A=0
= di |:)\k(X)\,€33‘p(X)\))(’U2,U3,... ;Uk+1):|
A=0
= [(de)(Xoa exp(Xo))(v)](vz, - - -, vk1)
+[(doNF) (X, exp(X (% eme,\ A= 0)](v2,...,vk+1)
= [(d1\")(Xo, exp(X0))(v1)](va, - .., vk 41)
+[(d2A*) (X0, exp(X0)) (A (Xo, exp(X0)) (v1)] (v2, - - -, Vgs1)-
Thus,
d];(ng(eﬂfp)(U17vz, ey Uky1) = )\Hl(X, exp(X),e)(v1,v2, ..., Vktr1)-
where
>‘k+l(X’ a)(vl’v% s avk-i-l) = [(dlAk)(Xv a)(’ul)](l)% s avk-i-l)
+[(doAR) (X, a) (A(X, a) (v1)) (v, - - ., V1)
By the induction hypothesis it follows that \¥*1 is of class G and d’;;gl(exp)(vl, Uy ooy Ukt1)
is multi-linear over g° for each Xy € g°. It follows from Theorem Bl that exp is a class G
mapping from g° to G. O
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Theorem 5.19. Let G be a (p|q)-super Lie group and S a subgroup which is also an initial
(r|s)-submanifold of G. Then S is a (r|s)-super Lie group.

Proof. Let i : S — G denote the inclusion mapping and ugs, ug the group "multiplications” on
S and G respectively, then by Theorem 4.5 ug o (i X i) is the composite of G mappings and
so is of class G*°. Since S is an initial submanifold, it follows from Proposition 4.7 EE4l that
the unique mapping ps : S x & — S such that i o us = pg o (i x i) is of class G*. A similar
argument shows that invgs is a class G* mapping. The Theorem follows. O

Definition 5.20. If G is a (p|q) super Lie group and S C G is a subgroup which is also a
(r|s)-submanifold of G then we say S is a sub-super Lie group of G.

Remark 5.21. If S is a closed sub-super Lie group of a super Lie group of G then BS is a
closed sub-Lie group of BG as Banach Lie groups. Moreover the coset space BG/BS is known to
be a Banach manifold and BG — BG/BS is a principal fiber bundle with structure group BS.

Theorem 5.22. If G is a (p|q) super Lie group and S is a closed (r|s) sub-super Lie group of
G then G/S is a (p — r|qg — s) supermanifold. Moreover G — G/S is a G®-mapping and is a
principal fiber bundle with structure group the super Lie group S. All local trivializing maps are
G*>®-maps.

Proof. One only needs to check that the mappings which define the bundle structure of BG —
BG/BS are in fact G*°-maps so there is little to prove. We sketch the main features of the proof
for the convenience of the reader but in fact the argument is borrowed from Brdcker and Dieck

[

First notice that since i : S < G is G the mapping di : T0S — T°G is injective. Choose a
pure basis {e;,é,} , 1 <i<rand 1< a < sof T.S, and extend it to a pure basis {e;, €4} ,
1<i<pand1<a<gqofT.G. Thus,

0 [ - - Y 0
TIS = K'ls s KTl¢ x KP7la=%) = 170G
and one may factor TOG = TOS x M, as Banach spaces where
p q
vEM, <= v= Z vej + Z %€,
j=r+1 a=s+1

where v/, 5% € °A. The Banach structure is given by the norm on T°G which is defined by,

p q p q
1Y Hiei+ > H% || =Y |[H A+ > [Hs
=1 a=1 i=1 a=1

for H* € °A and H* € 'A and | - | is the norm on the Banach algebra of supernumbers A. The
definition for the norm on subspaces of Teog is obvious.

Now define M¢ = {X € M, | || X]|| < €} for € > 0 and let D, = exp(M,.). Recall that
exp : T9G — G is both a local C* diffeomorphism and a G*°-mapping. Consider y: D, xS — G
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defined by u(g,s) = gs in G. We claim that for e small enough p is an embedding. To see
this first note that (du)(e,¢)|(T2De % {0}) and (dp) (0| ({0} x TPS) are identity maps on T)D.
and T?S respectively. So (dit) e,e)(v,w) = v+ w and if (dp)(e,e)(v,w) = 0 then v = —w €
T9D. N TS = {0} and ker(dp).) = {(0,0)}. By the inverse function theorem for Banach
manifolds there exists an open set U about e in S and € > 0 small enough

so that u: D x U — DU is a C* diffeomorphism. It is also a G°°-mapping since the group
operation on G is a G*°-mapping and since the inclusions D X U —< D xS -G XS — G x G
are all G*°-mappings. Note that for s € S the right multiplication map Rs : G — G defined by
Rs(x) = zs is a G*°-mapping and so is

pl(De x (Us)) = Rs o [u|(De x S)] o [idp, X Ry-1].

Moreover u|(D, x (Us)) is a C*° diffeomorphism from D, x (Us) onto D Us for each s € S and
w|(De x S) is a local C*°-diffeomorphism and a G*°-mapping. We claim that for small enough
€, 1t|(De x S) is injective. Indeed if one chooses V' C G open about e such that (V=1V)NS C U
then for each € < e, ¢ > 0 such that Do C V one can show that u|(De x S) is injective.

Thus we have the existence of ¢ > 0 such that pu: D, x § — DS is an embedding.

We now show how to obtain a G structure on the coset space G/S. Let n : G — G/S
denote the mapping which sends = € G to the coset n(z) € G/S. For g € G let U, = ¢D.S and
notice that U; = u(De x S) is open in G. Since Uy is the union of cosets n(Uy) is open in the
quotient topology on G/S. Let ¢g_1 denote the inverse of a chart where ¢g_1 : De — n(UyS) is
defined by

D. — D x {e} — D x § 2 DS % ¢D.S = U, - 5(U,).

For g, h € G such that the relevant maps are well defined,

(n o by ) (2)

Il
=
=
<

Q|

p(,e))))
Ih-1lg)(p(z, €))))
Z(h‘lg% ¢))))

“lgz,e))

o~ o~~~ —

Thus vy, oqu_l is a G°°-mapping and consequently {(n(Uy), 1) | g € G} is a G* structure on G/S.
We now produce a G* local trivialization of G as bundle over G/S

For g € G let gb;l :n(Uq) xS — Uy € G be the inverse of our proposed trivialization mapping
where gb;l is defined by

n(U,) x 8 "Y' D 8 4 DS 12 gD.S = U,

meaning,

(@, 8) = (Pg(x),8) = p(thg(z), 5) = lg(1(tg (), 5)).
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For appropriate g,h € G

(pnodg ), s) = onllg(u(ihg(x),s)))
= n(ln((htg)p(vy(2), 5)))
= ¢n Eh_lg)wg(:v)s)
0

I

ASHIRSS

>
NN N N N N

>

Il
S
=
<
g
-
8
»
=

Thus two ”adjacent” local trivializing maps agree and one has a principal bundle structure on

G —G/s. O

6 A Super Version of Lie’s Third Theorem

Our next result requires us to show that if one has a supersmooth (G*°) vector field on the even
part of a super Lie algebra and if this vector field depends supersmoothly on a parameter then
the solution depends supersmoothly on both the parameter and the initial condition.

Consider then a Banach super Lie algebra g and a function F : g x g° — g° which we
interpret as a parameterized vector field on g°. What does it mean to say F is a G func-
tion? We choose a basis of g and identify g° with KP? via the obvious globally defined chart.
We actually choose two copies of the same chart but denote the components of the first by

(u1,ug, -+ ,uP*9) and its copy by (v!,v2 .-+, vPT9). So coordinates on g° x g° will be denoted

by (u',u?,---  uPtd v w2 ... oPT9) although strictly speaking these should be reordered so
that all even coordinates come first in the 2(p+ ¢)-tuple and the odd coordinates last so that the
chart has its values in K?!12¢. Throughout this section, E will denote the Banach space g° x g°
with the norm defined below. Thus F is a G* manifold with a single global chart. Now F' is a
G*° function iff all its component functions are.

In that which follows we will assume F' is of class G*° in which case it is necessarily of class

C° on the Banach space F. Additionally, by Theorem BTl there will exist continuous functions
bA, Ay Ay > VB By By VA Ay A By By By
such that
A
(dlfF)(m,y)(Xth, LX) = Zthbe D kbzlAzmAk(%y)a
(dIQF)(w,y) (Y17 Yéa U 7YYI) = Z YIBIYéBZ T YEBlb%1Bz---Bl (:E? y)7
A
(dlfdéF)(Z‘,y)(XlaX27 o 7Xk7 Y17Y27 e 7}/2) = Zth ce Xk kY1B1 s }/lBlb%ZAkBlBl

Here djF' denotes the i-th partial Frechet derivative iterated r times for i = 1,2 while
(d¥d,F denotes [ iterations of the second partial Frechet derivative followed by k iterations of
the first partial Frechet derivative. Not all cases are exhibited above; one should consider iterated
partial derivatives obtained via any permutation of first and second partial Frechet derivatives
and similar formula would exist for each reordering. All such conditions characterize when a
class C* function F' is of class G*° by Theorem BITl
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If g denotes such a Banach super Lie algebra let £ = g° x g° denote the Banach space
with norm defined by [|(X,Y)||r = max{||X||p,[|Y|[g} for (X,Y) € E. We write B,(0) to
denote {X € g°| || X|[po < r} and BF(0) for {(X,Y) € E| [|(X,Y)|| <r}. We also drop the
subscripts on both || - ||z and || - [|q0 below since it should be obvious from the context which
norm is intended.

Lemma 6.1. Let F : g° x g° — g° be a class G mapping such that F(0,0) = 0, and such that
for some positive number M and each positive number r, ||(doF),|| < rMe™ for all u € BF(0).
Then, for some v > 0, there exists a unique mapping f : [0,1] x BF(0) — g° such that

(1) for each t € [0,1] the mapping from E into g° defined by u — f(t,u) is a class G* mapping
and

(2) L(t,X,Y) = F(X, f(t, X,Y)) and £(0,X,Y) =Y for all (X,Y) € BE(0).

Proof. First we show that there exists a C°° mapping f which satisfies condition (2) of the
lemma. For this purpose consider the mapping F : E — E defined by F(X,Y) = (0, F(X,Y)).
Then F is a smooth vector field on E such that F(0,0) = 0 and by Corollary 4.1.25 of [I]
there exists r > 0 such that whenever u € E and ||u|| < r there exists an integral curve of F
through u which is defined on [—1,1]. Since there exists a flow box of F at (0,0) on E it follows
that, for some r > 0, there exists a smooth function f : [-1,1] x BF(0) — E such that for
(t,u) € [-1,1] x BE(0)

Uit uy= F(f(tw)  F0.u)=u.

dt

Since, for u = (X,Y) € BE(0), F(f(t,u)) = (0, F(f(t,u))) and % = (4 4L} it follows that

% =0 and % = F(f(t,u)) = F(X, %(t, u)). Consequently, f = f is a smooth mapping from
[0,1] x BF(0) into g° such that

df

Z(tXY)=F(X,f(t,X.Y)) and fO.X.Y)=Y

for all (X,Y) € BZ(0).

We must now show that (1) of the Lemma holds. To do this we require an explicit formula
which shows how the derivatives of the function (X,Y) — f(¢,X,Y) depend on X and Y for
each fixed ¢ € [0, 1].

Let F denote the Banach space of all continous maps g from I = [0,1] into g° equipped with
the sup-norm:

g |l = tubier|g(t)]-

It is our intent to show that the mapping h : BF(0) — F defined by h(u)(t) = f(t,u) for
u € BE(0),t € [0,1] is of class G*, that is, we will show that the mapping from BZ(0) to g°
defined by u — h(u)(t) is of class G* for each ¢ € [0, 1]. It will then follow that the solution of
our differential equation is a G* function of (X,Y) where X € g° is a parameter and Y is an
initial condition of the differential equation. To avoid excessive language we simply say h is of
class G*° in this situation.
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Notice that g x g is a Banach super vector space such that (g x g)° = g x g° = F and
(g x g)! = g' x g'. A function such as h : BF(0) — F is of class G iff the function h; : E — g°
defined by h¢(w) = h(w)(t) is of class G* for each t and by Proposition this is true iff it
is of class C> and the derivatives d¥hP of the components hP are multi-linear. Here d%h¥ is
a mapping from (T, E)* = E* into A. Since this is a condition on the components h? of h; we
may write d¥ h; = d* hPep and think of it as a g°-valued function. Indeed, hy = hPep where
{ep} is a basis of g (not g°) and so hl,h2,--- h? are even functions while RZt pP+2 ... pPta
are odd. Thus d¥ h? maps into A? for 1 < B < p and maps into A' for p+1 < B < p+ ¢ from
which it follows that d¥ hy = d* hPep is g'-valued.

Observe that multi-linearity implies that for each ¢ € [0, 1], there exist continuous functions
Vi Oy BEF(0) — g° such that

dyhy (Y1, Ya, - V) = YOV2 Y o,y (w)

for Y1,Y5,--- ,Y; € E. We do not need to write explicit formulas for the functions 7;‘(})1 Oy W€
need only know that if Y7, Y5, - | Y] are arbitrary elements of F and are written in terms of their

components relative to the basis ¢, =2 then d hi(Y1,Ys,---,Y]) is linear in the components

ul > duB
of each Y;. The order in which the components chl Y2CZ e chl occur will not be important since
they can be permuted up to signs and the definition of VG Oy CaN be adjusted in a manner
to agree with Theorem BTl

Define K : E x F — F by

t

K((X.Y).0)(t) =Y + / F(X.g(s))ds

for (X,Y) € E. Notice that K((X,Y),g) = g iff
dg _
dt

If f is the smooth solution of the vector field F' obtained above and h : BF(0) — F is defined
by h(u)(t) = f(t,u) for t € [0,1],u € BF(0), then h is smooth (since solutions depend smoothly
on parameters and initial conditions) and

F(X.g(t) and  g(0) = K((X,Y),g)(0) = Y.

K (u, h(u)) = h(u) Yue BE(O)CE
Thus if H(u, f) = f — K(u, f), then
H(u,h(u)) =0
and for A — uy a curve through v in BF(0) and 6 = %(u,\)hzo
H(ux, h(uy)) =0

we have
(d1H) u,n(w)) () + (d2H) o, m1(u)) ((dh)u(6)) = 0.

If we can show that r > 0 can be chosen small enough so that (d2H)(yn(u)) @ F — F has an
inverse for all (u, h(u)), then it will follow that

(d2H)((dh)u(0)) = —(dir H)(9)
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and that

(dh)u(8) = = (doH ) (o ) (1 H) () (8) (36)

This explicit formula for dh will enable us to show that h is of class G' and eventually that it is
of class G*°. In order to obtain the required r > 0 first notice that do H can be written in terms
of dy K which, in turn, can be written in terms of do F. Indeed, if A — f) is a curve in F through
f € F, then

(doH) ) (75 (F)|r=0) = 45 (H (1, £1))|r=0
(fx = K(u, fx))Irx=0

(F)a=0 = (d2K) 1) (% (1) ]r=0)

Sl

and denoting 05 = %(fx)b\:m we have

(d2H ) (u,5)(05) = 05 — (d2 K ) (u,)(07) (37)

It follows that (d2H )y, 5y = I —(d2K)(y,5) as operators and so if the operator norm of (d2 K) (5
is smaller than 1, then (d2H)(, sy will be invertible. But we also know that K((X,Y), fa)(t) =

Y—i—fo F(X, fa(s))ds so that

(oK) (xv),5)(05)(t) = S(K((X,Y), H)())
L(F(X, fr(s))ds

d
(daF")(x,f(s)) (07 (8))ds.
Note that,

1
(2 K) u, 1) (6 S/O 1(d2F) x|l 1107 (5)llds < rMem™ |5

and [[(da K )y, || < rMe™ < 1 for appropriately chosen 7 > 0. Now let wy = (X3, Y)) € BF(0)
be a curve through w = (X,Y) and § = %(U)A)b\:o = (01,62) € E = g% x g°, then

Hws, f)(t) = £(t) — K(wn, f)(t) = F(£) — Yy — / F(X f(5)ds

and (d1H) (w1 (0)(t) = =02 — Jo (diF) (x f(s)) (61)ds.
Let o(t) = (le)(w,h(w))(é)( ), then

Bi_aA/t(d F) (i)ds
2 5,B 1 0 LEJNXh(w) ()N 5y, B/

It follows that eqn.[B6] becomes

(dh)w(9) (d2H)_ (d1H) w,n(w)) (6))
(dzH) L(9) A
= [Ir — (d2 ) (i, ()] 1 (0) by eqn. [B7]
= [Ir+ (d2K)(w,h(w)) + (dQK)(w,h(w)) (de)(w h(w))

~

=0+ (d2K)(w,h(w)) (5) + (dQK)(w,h( ) (dQK(w h(w (6)

o(t) = =0

+- ](5> )
)+ (2K )y iy (0) +
(38)
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We now show that & is of class G'. For § as defined above,

(d2K)(w,h(w)) (5)(t) =
t B 6 A s 8
(d2F) o h(w)(s)) (=05 55 — 01 [ (d1F) (x hwy () (5 )T )ds = 6575 (w)(2) + 67 v% (w) (¢)

0 aU 0 8U

where
" t s 8
)0 =~ [ P wnwin [ (@) o Gomdr)ds

and

t
v B 0
)0 = = [ (@P o (G

Write (d2K) (w,h(w)) (0 5)(t) = >0 0%yc(w)(t) where the components §¢ include all the compo-
nents of both d; and d2 and the ¢ include both types of indexed functions +4 and 3. We have

[(dQK)(w,h(w))]l (5)

= [(d2 K) w,n(uy)) ™ 25070 = U2 K ) ) (o (w)) =D 60 (w)

C C

for some set of continuous functions b}, from BE(0) to F. Tt follows that if w € BF(0) and
0= ((51,(52) e F= go X go then,

duhe(8) = (dh)(8)(t) = 37 673 By (w) (1)
C =0

and by Theorem BT1] & is of class G*.

To show that h is of class G2 one selects a curve A — wy, in BF(0) with value w at A = 0 and
with & = 2k (w))|ax=0 € E. Then, for fixed d € E, d2h(d1,02) = £ (dy, h)(52) can be computed
in terms of di(daK)(y h(w)) and d2(d2K)w,n(w))- Indeed, d? h(61,02) is a sum of terms each of
which is multi-linear in both variables d1,d2. Explicitly, by Equation (51), if we define 51,09 as
above, then

d —Z— 2
h(d1,62) Z{Z d2 ) o, (uw d}\((d2K)(w,\,h(w,\)))([(d2K)(w,h(w))]l 1(02))[r=0
=1 =0

where o
L ((d2 ) (o oy ) (2 ) (1o o) =7 H(02)) r=o

= (d1d2 K)o (o)) (015 [(A2F) (o pogao)] ' 7 (02))+(d2d2 K ) o o)) (AR ) (61), [(d2F) g pogaoyy] " (02))-

In order to show that d? h is 2-multi-linear it is useful to first show that for arbitrary
¢1,92 € B, (dldgK)(qSl, ¢2)(t) is bilinear in the components of ¢1, ¢o. Here, for arbitrary ¢ € E,
O(t) = 6% % — o [[(diF) Xh(w)(s))(aus)ds

Recall that (d2K)((x,v), )(5f fo (daF")(x,f(s)) (07 (8))ds, and note that for ¢1 = (dx,dy) €
Tix,y)E=E and ¢ € E with (bg as defined above

(d1d2K)(¢17(£2)(t):/ (d1daF) (x f(s)) (D, D2(s))ds
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Since (d1d2 F) (x, (s)) (9, $2(s)) is linear in the components of ¢1, ¢o we see that (didaK)(¢1, o) (¢)
is linear in the components of ¢; and ¢2. Thus (d1d2K) is 2-multi-linear in both input variables.
Since this holds for arbitrary ngg and since for any do we can define ¢o by taking it to be
[(dgK)(mh(w))]l_i_l(52)) and since the latter is linear in its components we see that the compos-
ite

(d1d2 K ) (w,hw)) (01, [(d2 K ) ) "1 (02))
is linear in the components of do. It is obvious that it is also linear in the components of §; and
so is multi-linear in the components of 41, ds.

A similar argument shows that (d2d2K)(w p(w))((dh)w(61), [(dgK)(w,h(w))]l_i_l(32)) is also
multi-linear in the components of both &; and . It follows that d2 h(81,d2) is as well. Conse-
quently, h is of class G? as asserted above.

To see that h is of class G*° we must examine higher derivatives of both F' and K. Since
F is of class G, (d5F)y : g° x g° — g° is multi-linear over g° for each positive integer I and
w € BE(0). Moreover, we have for w = (X,Y) € B¥(0) and Y7,Ys, - ,Y; € F

t
(d5E) (0 h(w)) (Y1, Yo, -+, Y)(2) :/0 (d5F) (x h(w)(sy) (Yi(5), Ya(s), -+, Yi(s))ds.

Consider the special case when each Y; : I — g% is either constant or satisfies the condi-
tion Y;(t) = 0;(t) = —5338%3 — oA fg(le)(X,h(w)(s))(%iB)dS for supernumbers 6i4, 558 In this
case, it follows that (déK)(w,h(w))(Yl, Yo, -+ ,Y;)(t) is linear in the components of Y7,Ys,--- Y]
since (d5F)(x h(w)(s)) (Y1(5), Ya(s), -+ ,Yi(s)) is (recall that F is of class G* and so is multi-
linear over g°). Similar results hold in the “mixed” case. For example, if w € BF(0) and
X1, X9, , Xy, Y1,Ys,--- Y, € F, then

(A5 K ) ) (X1, Xz, X, Y1, Y, oo YO)(2)

:/o (dYdyF) (x ngw)(s)) (X1(8), Xa(s), -+, Xp(5), Yi(s), Ya(s), -, Yi(s))ds

and the latter is linear in the components of X;(s), Y;(s) whenever each of them is either constant
or assumes the special form of 4(s) for some § € E.

To show that h is of class G one proceeds inductively. Assume that d¥h; : EF — g% is
multi-linear over g° for each t € I,w € BF(0) and that d¥h : E¥ — F is a linear combination
of terms each of which is a composite of the functions d; h, r < k, and iterates and composites
of partial Frechet derivatives of K (see, for example, the formula for d?h above). Notice that if
w € BE(0),t € I, then for 61,02, , 0441 € E

AT (81,69, k) = dlT R(61, 09, -+, Opg1) () = du[dih(S2, -+, 1)) (61) (1)

and p

du[db (62, -+, 8y1)](61)(t) = a(dfukh)(fb"” +O+1)[a=0(t)
where A\ — wy, is a curve through w € BF(0) such that 6, = %(wx)b\:o. Now the inductive
assumption guarantees that d,,, h is multi-linear over g" and that it is sum of terms each of which
is a composite of functions d;, h,r < k, and iterates of various partial derivatives of K evaluated
at the point (wy,h(wy). Derivatives of such terms with respect to A generically increase the

number of partial Frechet derivatives of K and will increase the number of derivatives of h by
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at most one. Thus d%t'h has the same form as that of d¥h with at most one extra derivative
of h. It follows from the discussion in the paragraph preceding this one and from calculations
analogous to those showing that d2 h; is bi-linear that d®t'h; : E¥+1 — g% is multi-linear over
g°. This inductive argument assures that d’ h; : E' — g° is multi-linear over g° for every positive
integer [ and every w € BF(0) and so by Proposition it follows that hy : BF(0) — g° is of
class G* for each t € I. The lemma follows. O

Corollary 6.2. Let I : g° x g° — g% be defined by

> B
F(X,Z2)=X+Y_ k—fad’g(x
k=1

where By, B, Bo,--- are the Bernoulli numbers. Then there exists a positive number r and a
function W : [0,1] x BE(0) — g° such that

(1) for each t € [0,1] the mapping from BE(0) into g° defined by u — W (t,u) is a class G
mapping and

(2) 9Lt X,Y)=F(X,W(tX,Y)) and W(0,X,Y) =Y for all (X,Y) € BE(0).

Proof. Given F' as defined above, observe that it follows from Lemma 5.13 and the second half
of the proof of Corollary 5.15 that F' is of class G* since

7) =Y Fu(X,Z)
k=1

where
Fy(X, Z) = ad(X)

is A-linear in X and is the diagonal of a A-multilinear mapping in Z up to signs.

(Here (z1,29,...,2k) — [21,[22, [, [2k, X], - - -] is multilinear up to signs in the z; over A for
each i =1,2,...k and ad%(X) is the diagonal of this map in the z variables.) Also, notice that
for X, Z € B,(0),

’Bk‘ 1 r
[(d2F) (x,2)(H)| <Zk M|\ Z| X[ H]| <7‘MZ (P M) H | = rMeM | H|.

- 1)

Since F'(0,0) = 0 it follows from the Lemma that there exists a function W : [0, 1] x B,(0) x
B,(0) — g° which satisfies (1) and (2) of the Lemma. The Corollary follows. O

6.1 A Super Lie Theorem

Theorem 6.3. Assume that g is a Banach super Lie algebra such that

(1) ¢° is enlargable with Lie group the Banach Lie group G, and

(2) for all g € G, Ady : g° — g° is "A-linear.

Then there exists a G*°-atlas on G such that the corresponding supermanifold G is a super Lie
group with respect to the group operations on G. Moreover the even factor L£(G)" of the super
Lie algebra of left-invariant vector fields on G is Lie algebra isomorphic to g°. In general, it
does not follow that g is isomorphic to L(G) as super Lie algebras. In fact, g can be given two
different super Lie structures such that £(G)? is Lie algebra isomorphic to g°.
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Proof. Using our Lemma and Corollary, the proof follows that of Duistermaat and Kolk [§]. Let

—xeg 1 kz

ad’% has an inverse }

If n: g0 — g° is defined by n(X) = % then the inverse of n(X) is given by ((X) where ( is
the mapping from g0 to g° defined by

2. By
C(X): eadX—I kz_:k_ k

where By, By, Ba,... are the Bernoulli numbers (see [§]). We know that X +— adx is a G*™
mapping from g° to End(g®), moreover we also know that the mappings from End(g") to
End(g®) defined by

o) 1 ooBk .
A'_)kzzo(k‘—l-l)' and AHI;)k'A

are G*°-mappings (by Lemma 5.13 and the proof of the second half of Corollary 5.15)
Define a mapping F : g? x g — g" by

F(X,Z)= => i— di (X
k=0

It follows from the last Corollary that there exists a function W : [0,1] x B,(0) x B,.(0) — g°
such that

(1) for each t € [0,1] the mapping from B,(0) x B,.(0) into g° defined by (X,Y) — W (¢, X,Y)
is a class G°° mapping and

(2) 4t X,Y) = F(X,W(t,X,Y)) and W(0,X,Y) =Y for all (X,Y) € BE(0).

Thus if we define u : g° x B,.(0) — g° by

N(Xv Y)= W(17X7Y)7

then p is a class G*°-mapping. It follows from the argument of the proof of Theorem 1.6.1 of
Duistermaat and Kolk [8] that

exp(u(X,Y)) = exp(X)exp(Y)

for all X,Y € B,(0) € g% Now we know exp : g° — G is a C*°-diffeomorphism on a small
ball about 0 € g° (here G is the Banach Lie group having g° as its Lie algebra). For each
r € G define k*(y) = log(l,-1(y)) where log = exp~!. Then k% is a local C* diffeomorphism.
Duistermaat and Kolk show that for x,y such that ¥ o (k%)™ is defined it follows that

(o) NX) =Y = Y = p(u(Ye,—X,), X)
for a choice of X,,Y, in dom(k®) Ndom(xY). Thus

(k¥ 0 (k%) 7)(X) = u(n(Yo, —Xo), X)
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and consequently, k¥ o (k%)~! is a G mapping. It follows that the family of maps {x*} is a
G*-atlas on G and we denote the resulting supermanifold by G. Following Duistermaat and
Kolk once more, let m : G x G — G be defined by m(xz,y) = zy~!
operations on G. We show m is of class G*°. We have

where m is just the group

1

(570 omo [(5) 7 x (W) ) (X,Y) = w0 (m((5") 7 (X), () 7(Y)))

e reap(X)(yezp(Y))™" = zeap(X)ezp(~Y )y~
= 2y tyexp(u(X,-Y))y !
= zy~eap(ady (W(X, =Y))).

Since ady, : g° — g¥ is a G>®-mapping for all y € G we see that

K omo [(K%) 71 x (kY)Y

is a G*° mapping since it is just the map
(X7 Y) = ady(:u(Xv _Y))

Thus G is a super Lie group. Finally notice that £(G) can be identified as a super Lie algebra
with T.G and consequently £(G)? = T9G = T.BG = g° as Lie algebras.

Notice, however, that without further restrictions £(G) can not generally be shown to be
isomorphic to g as super Lie algebras. To see this note that we can define a trivial super Lie
algebra structure on g which is generically distinct from the given one in such a way that the Lie
structure on g° is not affected. Indeed, keep the module structures on g intact so as to leave our
construction of G unchanged. On the other hand distort the super Lie structure by requiring
that the Lie structure of g° remain unchanged, but require that [g°, g'] = 0 and [g',g'] = 0.
Thus generically, one has two super Lie structures on g which give rise to the same super Lie
group G. O

Remark 6.4. If G and H are super Lie groups and ¢ : G — H is a class G*° homomorphism
then the mapping d.¢ is a homomorphism from the super Lie algebra T.G to the super Lie
algebra T, H ( using their obvious identifications with the super Lie algebras of left invariant
vector fields). Moreover the diagram

dep

exp exp
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is commutative. The proof of this result is almost identical to the proof in the usual Lie group
case and is left to the reader. The point is that since do¢ is A left-linear it is also a class G
mapping so the entire diagram is in the G* category. In particular notice that if ¢ is an injective
inmmersion then this shows that the exponential mapping on H is simply the restriction of the
exponential mapping on G to ¢(H). This fact makes it possible to make contact with the physicist
usual technique for identifying the super Lie groups of matrices of given super Lie algebras of
matrices.

7 Formal Supergroups

The physics literature sometimes defines supergroups in terms of a formal multiplication. The
rules for muliplying group elements are obtained from the Campbell-Hausdorff formula (see [6]).
Apparently this is related to the approach taken by Berezin and Leites [B], Kac [I1], and Kostant
[14] which are analogus to the formal groups in ordinary Lie theory (see [22] for example). The
formal approach assumes a certain algebraic structure as the starting point. We, in contrast,
have shown that the exponential function is a G*° mapping and can use our general results to
prove that the relevant algebraic structure is correct.

Let V = V° @ V! denote a graded left A-module which is finitely and freely generated over
A. Once for all, select a fixed pure basis of V of type (p, q) and recall that left A endomorphisms

of VY° may be represented by matrices.
A B
M = ( c D> (39)

where A, B,C, D are respectively, p X p,p X q,q X p,q X g matrices over A which respect the
grading. Also recall that M is even iff both A and D have only even entries while B and C have
only odd entries. Similarly M is odd iff both A and D have only odd entries while B and C'
have only even entries.

Let W = V° and notice that W is isomorphic as a vector space to KPI7. We denote the set of
all matrices M defined above by gl(WW) and observe that it is a super Lie algebra with respect
to the bracket

[M,N] = MN — (—1)* <N npf,

Moreover it is a Banach super Lie algebra relative to the norm ||M|| = *Z ;’il || M;j||a. Clearly
the subspace of even elements gl°()V) is a Banach Lie algebra whose Lie bracket is induced by
the multiplication of the associative Banach algebra structure on gi®(W). It is well-known that
the group of units GI°(W) of this associative Banach algebra is open in the associative algebra.
Moreover it is a Banach Lie group whose Lie algebra is precisely the Lie algebra structure on
gl°(W) induced by the associative structure (see Neeb [N]).

According to our general construction we may define a G atlas of charts on GI°(W) having
values in the even part of the super Lie algebra gl(W). We denote the resulting super manifold

by GI*(W).

Proposition 7.1. The super Lie algebra of left invariant vector fields L(GI*(W)) of GI5(W) is
isomorphic to the super Lie algebra gl(W).
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Proof. We omit most of the details as they closely follow the usual proof that the Lie algebra
of Gl(n,R) is gl(n,R). One shows that if B in gl(W) is identified with the vector tangent to
GI*(W) at the identity e, then the left invariant vector field on GI*(W) is given by

XB(A) = dula(B) = Z(AB»-J-Q%\A

i7j

for A € GI*(W). Here z;; is a chart on GI*(WW) where x;;(M) denotes the ij-component of the
matrix M; thus z;; is a A-valued function on GI*(W). Notice that z;; is even for 1 <i4,j5 <p
and for p+ 1 < 4,j < p + g but otherwise is odd. Using the fact that X? = Z”k xikBkj%

one can now show that XIMNl = [XM XN] a5 in the usual case. The tedious details require
careful, but straightforward, considerations of parities; they are left to the reader.
O

It should now be clear that the various supergroups of matrices which occur in the physics
literature are indeed super Lie groups relative to the Rogers definition of a supermanifold when
the supernumbers are infinitely generated. The usual physics treatments of the subject begin
with a super Lie algebra of matrices and then define the corresponding super Lie group by a
formula which is tacitly assumed to be a supermanifold. The Campbell-Hausdorff formula is
then used to link the super Lie algebra to its super Lie group. We have developed the machinery
necessary to understand the super manifold structure of the underlying super Lie group and
have shown that the exponential mapping is indeed a G* mapping. These results then justify
the physicist’s intuition and also show how the super Lie group structure in the matrix case
derives from more general principles.

Definition 7.2. If gr;. is a graded Lie algebra over C, then its Grassmann shell is the super
Lie algebra gL = A ® grie defined by (MX, nY] = A\u(=1)* WX [X V] for \,u € A and
XY € grie. More generally, one says that a super Lie algebra g is a conventional Berezin
superalgebra of dimension (p,q) if and only if it possesses a pure basis for which the structure
constants have no soul.

Notice that if we choose a basis {Em,Ea}, m=12,...pand o« =1,2,...q of a graded Lie
algebra gr;. over C where we define E,, to be even and Ea to be odd, then it is also a pure basis
of the Grassmann shell of g7;. and the corresponding structure constants relative to this basis
are complex numbers. Thus the Grassmann shell of a graded Lie algebra over C is a special
type of conventional Berezin superalgebra.

Theorem 7.3. Let grie = g%l-e &) glLie denote a (p,q) graded Lie algebra over C. Then there
exists a super Lie group H whose super Lie algebra of left invariant vector fields is isomorphic
to the Grassmann shell §ric of gLic-

Proof. First apply Ado’s theorem for the case of graded Lie algebras over C (see [LI] page 79).
This theorem assures us that there exists an even injective homomorphism ¢ : gr;e < gl(r|s, C).
We choose gl(r|s, A) to be the set of all left endomorphisms on a (r, s) supervector space V and
identify these endomorphisms with their corresponding (7 + s) x (r + s) A-valued matrices. Now
identify g7 with its image in gl(r|s,A) and choose a basis {E,, Eq},1 < m < p,1 < a < g
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of grie. Finally, extend this (p,q) basis to a basis {Ep, Ea}, m = 1,2,...(r +s)?, o =
1,2,...(r +s)? of gl(r|s,C). The Grassmann shell of gi(r|s,C) is

gl(rls, ) ={> " En+> *Eq | €76 € A}
m=1 a=1

Likewise the Grassmann shell of gr;. , denoted gr;., is constructed by replacing complex scalars
by Grassmann scalars. Notice that the injective homomorphism naturally extends to the Grass-
mann shell, thus we injectively embed the Grassmann shell of the graded Lie algebra into
matrices having Grassmann supernumbers as entries:

¢+ gLie = gl(r|s, A).

Now we know that gl(r|s, A) = gl(V°) is the Lie super algebra of the super Lie group G*(1°)
and that gr;. is a sub-super Lie algebra of gl(V°). It follows from Theorem that there is a
super Lie group ‘H which is a sub-super Lie group of G1*(V°) having gz;. as its super Lie algebra
of left invariant vector fields. Thus we have the commutative diagram.

grie — gl(r|s,C)

| |

gLie — gl(r]s, A)
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