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Vector Operator Formulas in Cartesian, Cylindrical, and Spherical Coordinates; Vector Identities
Formulas for Grad, Div, Curl, and the Laplacian
Cartesian (x, y, 2) Cylindrical (r, 6, z) Spherical (p, ¢, 0)
i, j, and k are unit vectors u,, Uy, and k are unit vectors in the u,, Uy, and u, are unit vectors in the
in the directions of directions of increasing r, 6, and z. directions of increasing p, ¢, and 6.
increasing x, y, and z.
F,, F,, and F, are the F,, F,, and F, are the scalar F,, Fy, and Fy are the scalar
scalar components of components of F(r, 6, z) in these components of F(p, ¢, 6) in these
F(x, y, z) in these directions. directions.
directions.
. af . df. f of 19f of _f 19f 19
Gradient Vf—w +—yJ k Vf_ar ,+7&0u9 ak Vf—5u9+ﬁ£u¢+psin¢30u"
Di v.p=, % OF vr=19py4 1% vE=192F
ivergence B 5 B =vyF) 550+ 5 = 529 (" Fp)
1 14k
p sin ¢ ¢9¢ (Fd’ s p sin ¢ d6
. 1 1 _ % W b
; ‘(]7 g e I p?sin ¢ psin ¢ P
Curl VXF=|Z £ Z VXxF=|9d J 9 VXF=| 4 9 3
ox dy oz or 98 Iz dp b 30
£ Bk F, F, F, F, pF, psin ¢ F,
9*f  o*f I*f 19 ( 8\, 13°f 9*f 19 (.9
i L s At A TR Rpmm = O fg i S 7 8 & 2 f= =0 (2L
Laplacian | V*f Pw + P + 7 Ve f el L +r2(992 + P A% 22 9p p P
1 4 AN, 1 f
2 o sin ¢ 2 2 1 an2
p sm¢¢7¢ p sin” ¢ 96

Vector Triple Products

(u><v)-w=(v><w)-u=(w.><u)-v

uX(vXw=u-wyv-—(u-vw

Vector Identities for the Cartesian Form of the Operator V

In the identities listed here, f(x, y, z) and g(x, y, z) are differentiable scalar functions and
u(x, y, z) and v(x, y, z) are differentiable vector functions.

Vefv=fV-v+v-Vf=fV-v+ (v:-V)f

VXfv—fVXv+VfXv
V.- (VXv)=0

VX (Vf) =
V(fe)=fVeg+gVf

Vu-v)=@:-V)v+ (v-Viu+uX(VXv)+vX((VXu)

V-@Xv)y=v-(VXu)—u-(VXv)
VX@Xv)=F-Vu—@-V)y+uV-v)—v(V-u) »
VX(VXV)=VV-v)—(V:-V)y=V(V-v) - V¥
(V><v)><v=(v-V)v—%V(v-v)
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AP = vz
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SPHERICAL AND CYLINDRICAL COORDINATES

Spherical

remsasar ety s ———
S D ™ N ¢ =
[ (. o

[P S—
N R
I

7 sinf cos ¢
rsinf sin ¢
rcos@

VA2 4y + 22
tan~1(v/x2 + y2/2)

tan~!(y/x)

scos¢
ssin¢
4

Vx2 4 y?
tan™! (y/x)
z

|
|

e —— premamsved —,
N> Qe @ N> > >

P>

o

N> >

D O "

[

o

o

sinf cos¢ r + cosf cosdq'@ —sin ¢ @
sin@sin ¢ £ +cosOsin ¢ + cos @
cosAT —sind 6

sin fcos@ X +sin Osingy + cosb Z

“cos@cospX +cosfsing§ —sin 0Z

—singX+cos¢g¥

cos¢ 8§ —sin ¢q’5
sin ¢8§+cos¢g @

z

cos¢pX +sin ¢y

—sin ¢X +cosop§

z
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: VECTOR DERIVATIVES
Cartesian.. dl=dxX+dyy+dzi dr=dxdydz .
- at at at
dient : Vi = —X+—§+—12 .
Gradien 8xx+8yY+3zz
d a ]
Divergence: V.v = _;Tx Blyy FU;-
v v dv ov av v
Curl : .V = Rl S A T Zx_Z) % bt A I
- v (By az)x+(az dx k) ox ay
Lavlaci -y %+ﬁ+%
acian : = e —
P 9x2  9y2 = 972

Spherical. dl=dr#+rd0@ +rsinfdp@; dv=r?sinfdrddde

Gradient: Vi = g;f+%-g-;—é+rsiln9%$

Divergence: V.-v = riz:—r(rzvr)+r—8;—9%(sinevg)+rsin 9%

Curl: Vxy = rsilne [%(sinev,p)'—%'g]f-
e S L

Laplacian : V% = rlzi;ir (rzg)—;-;-zﬁgb% (Si“"%)“*;ﬁz’g%tz‘

Cylindrical. dl=ds§+sdpd+dzs; dr =sdsdedy

Gradient : Vi = —8§4+-——o¢+—1%
s z

; 1a 10vy = dvg
D : V- = —— —_ -
ivergence : v oy (svs) + s 99 + 52
1dv vy | . dvs dv;|la 1] 0 ovs | .
Curl : VRY m= | =t 8 e IO v, 1= ___
ur * [s a¢ az}H[az 8s]¢+s[as(sv¢) a¢]z

~ 18 [ or 1 8% 8%
Laplaci i Vzt —— i, —_— e
B s ds (s as) i 2 4 dz2




