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Homogeneous Manifolds 121

Choo ighborhoods U and ¥; of e, cubic relative to the coordinate
system (V,¢), such “;hat
3 - VW,<V and UUc<V,.

Now suppose that ¢.and 7 are points of U which lie in the same coset
modulo H, so o € H. Then ~ '

@ TleeV,NH=V,NS,.

So c’er(Vy N S,). Now 7(Vy N Sp)is an integral manifold of & which
lies in ¥ by the choice of ¥V in (3), and +(¥; N S,) is connected. There-
fore (¥, N S,) lies in a single slice of V. S ie in the same
Slice. Conversely, it is easily seen that a single slice lies on a single
coset. Thus (U,¢) is the desired coordinate system. .

G fRd—k
U
| ’ /
- »
T T ' (V)
~\\\{\\ k”
‘ . s )
5 R
( 1
H S = ruy T
vy O AT TerT "7
~ 0{9@4 aah K
Let S be the slice of o(U) on which'¥.,4, ..., ¥y vanish. Let -1 be AuM 0::‘/5
the map defined by setting , e . 6;:19 ii
(5 ¢r=mo gt |S: S —m(U). S%

CP"\‘ i< a
Then ¢~ is one-to-one by the choice of the coordinate system (U, @), 'S
and is also continuous and an open map; hence it is a homeomorphism. C\m—
Let © be the inverse, :
? g&w Tl S,

(6) ¢:m(U)— S < RF
Then (= (U),§) is a coordinate system about the identity coset in G/H. TC{ £ is
We_obtain coordinate systems about other points of G/ by left trans- & M r{)QAWV\
‘laﬁw__qg_s; Indeed,if o € G, we let l; be the homeomorphism of G/H induced —~
by left translation /, on G; that is, : W S

m | o  ﬁ&H)=adi | 3 . .

35\?;.,




42 Manifolds

me M. A smooth distribution 9 is called involutive (or completely inte-
grable) if [X,Y] € 9 whenever X and Y are smooth vector fields lying in 2.

1.57 Definition A submanifold (N,1,u)' of M is an integral mamj’old
of a distribution & on M if S

) - dy(N,) = .@(¢(n)) for éach neN.

1.58 Remarks Our object in this section is to prove that a necessary
and sufficient condition for there to exist integral manifolds of & through
each point of M is that & be involutive. Perhaps a word of explanation is
in order about thé expression “completely integrable’’ sometimes used in
place of “involutive.” We have required integral manifolds to be submani-
folds whose tangent spaces coincide with the subspaces determined by the
distribution. One could define a weaker notion of integral manifold by
requiring only that the tangent spaces of the submanifold be contained in
but not necessarily equal to the distribution at-each point. It is possible for a
distribution @ to be “integrable” in the sense that it has low-dimensional
“integral manifolds,” but not completely integrable in-the sense that &
does not have integral manifolds of the maximal dimension. For us, unless
specified otherwise, integral manifolds of distributions will always be taken
to mean integral manifolds of maximal dimension, that is, as defined in 1.57.

1.59 ‘Proposition Let 9 e a smooth distribution on M such that through
each point of M there passes an integral manifold of 9. Then 9 is involutive.

PROOF Let X and ¥ be smooth vector fields lying in £, and let m € M.
We must prove that [X,Y],, € Z(m). Let (N,y) be an integral manifold
of @ through m, and suppose that (n,) =m. Since dy: N, — D(yp(n))
is an isomorphism at each 7 in N, there exist vector fields X, ¥ on N
such that S

= X o Py

1 .
W dpoY =TYoy.

It is easily checked that X and ¥ are smooth. By 1.55, [X,¥] and
[X, Y] are y-related. Hence [X, Y], = dy([X, Y]"o) € D (m).

dy o

1.60 Theorem (Frobenius) Let 9 be a c-dimensional, involutive, co
distribution on, M®. Let me M. Then there exists an integral manifold of
D passing through m. Indeed, there exists a cubic coordinate systeni (U,9)

which is centered at mi, with coordinate functions %y, ..., X, such that the
slices : :
m x; =constant forallie{c+1,...,d}

are integral manifolds of 9; and if (N,y) is a connected integral manifold
" of D such that w(N) < U, then w(N) lies in one of these slices.
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