[ MATH 321 MISSION 3 |

Same instructions as Mission 1. Thanks!
_Problem 41 Your signature below indicates you have:

(a.} 1read Chapters 4 and 5 of Cook’s lecture notes:

Problem 42 Give a proof by mathematical induction that: for each n € N the product of n-multipliable
matrices satisfied the n-folded socks-shoes rule: (445 A4,)7 = AT ... ATAT,

Problem 43 Consider the equation Av = b where: .

0 1 3

1 19
A“:zl' & b= 11

2 1 12

You can easily see the equation Av = b has no solutions. That said, solve AT Av = A7b.
It turns out (for reasons we explain much later in this course) multiplication by AT has
the effect of remouving the part of b which causes the original system to be inconsistent.
The meaning of this problem is to find the least-squares fit of m,c such that y = mz + ¢
15 the closest to the data points (0,3),{1,9), (2,11) end (2,12).

Problem 44 Let 7 = [ ”; Z } and find all real solutions of 27 = 1.

Problem 45 Consider the block-matrices M = { g g ] and [ = J?;‘ g . Assume the blocks
A 2

are square and have matching matrix dimensions. Given that M D = DM which blocks
of M commute with Iy 7 Also, which blocks of M cominute with Dy ?

1 2 3 1
Problem 46 Show that the product of A = | 4 4 4 | and v = | ¢ | is a linear combination of
0 5 1 C3

vectors; Av = cywy + s + cywy. Identify the vectors wy, wm, ws as they relate to A.
Problem 47 Is (1,2,0,4) € span{e; + 23,22 + €3 + €4, 3¢] — €y — €3 — ¢4} 7

Problem 48 Is v = (a,b,¢,d) € span{(1,2,3,0),{0,4,4,1)} 7 What condition{s) must be made on
a,b, ¢, d for v to be in the span? Write down the set of vectors which is not in the span.

Problem 49 Are (1,2,3) and (0,1,1) in span{(1,3,4),(—1,3,4)} 7 1If so, explicitly give the lincar
combinations to prove both of your assertions.

Problem 50 For what value(s) of % is the set § of vectors below a linearly independent set ?

§=1(1,2,3),(2,2,2), (3,4, k)}.

Problem 51 Let S = {v;,v2} C R* and T = {v1, ve, v3} C R™. Suppose that S is a linearly independent,
set. Is S UT linearly indendent 7 What about ST 7 Prove your assertions.




Problem 52

Problem 53

Problem 54

Problem 55

Problem 56

Problem 57

Problem 58

Problem 59

1 2 31
Suppose A= | 2 1 3 0 and after some calculation we find:
2 3 5 1
1 2 31 -1 14010 -5
ef 12 13 0 0 (=10 110 10
2351 4 0 001 16

If we denote A = {v;|va]vslvslvs] then determine all subsets of {v;, vs, vy, v4, v5} which have
three elements and are linearly independent. (please use the CCP to gquide your selection
process: here CCP standard for the Column Correspondence Property which is sometimes
known as the Linear Correspondence)

You have two sets of vectors S = {81, 80,83} and T' = {#,4,} in R®. Let [T)5] denote the
matrix formed by listing the vectors in § and 7" as columns. Furthermore,

(10 0[]0 4]
0 1 0[0 3
reef[S|T]=10 0 1{0 2
00 01 0
00 0i0 0

Use the CCP to decide if § and T form LI sets. Also, determine which vectors in T fall
inside span(S).

Find the standard matrix of 7. R* — R? which is defined by
T(x,y,2) = 2z -+ 3y~ z,2+y+ 2).

Find a linear transformation T for which 7(1,2,2) = (0.1,0) and 77(3.0,3) = {1,1,0)
and 7'(0,0,1) = (1, 2,3). You should give both the fornrula for T as well as the standard
matrix.

Let P = span{v,vs, ..., v} € R". We define an affine space to be a space 4 of the
form A =z, + P = {x,+v | v € P} where z, € R". The point z, is called a base-point
of A. Let T : R"* — R™ be a linear transformation. Show that the image under T of an
affine space is once again an affine space; that is, given A is an affine space show that
T{A) is an affine space.

Let T : R* — R be defined by T{e;) = (1,1,2) and T{es) = (2,2,1) and T(es) = {1,0,1).
Show that T is both injective and surjective. Find the formula for T,

Suppose T is a rotation about the z-axis by # and S is a rotation about the y-axis by 3.
Find the standard matrix for T- S and ST

Let T(v} = Av be a mapping from R™ -+ R™ for which AT = A. Find how v« 7T (w) and
T(v)»w relate for v,w € R™. If necessary, break into cases.



Problem 60 And now for something a bit different: if A : B — B™*® defines a matrix-valued function
of a real-variable then (%—:—)u = %fﬁ— defines the derivative of such a function {provided the
derivatives of each component function 4;; exist of course). Show the product rule works
in this context: that is, given two differentiable multipliable matrix-valned functions 4, B

we have

d dA dB

—(AB) = —B + A~

dt dt dt
Notice: the products above are matrix-products. Your argument ought to use the index-
arithmetic and some plain-old single-variable caleulus. the caleulus of matriz-valued func-
frons 15 a fun topic which we continue to revisit from time to time.
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