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We gwem-ffge the /efmz}-nfaa? of cale. T Yo AF cwur puposes /P-‘.'f!:

the m{a.ﬂ:hg of localt minfrmox wnd abgs i »rrin ) Mo Aa ve
44-.(, obviows m-cnn;}?ar.

= ™

Def”/ §: dom(#)< R*— IR has & locd maimam ob (a,b) if
-p{,xi}'} - -P.['o\‘b] whemn {X,*g) s on ceme dith Centeced o (q'b}_

‘L\‘ﬂ.{ewhe -F{ﬂ,b) ir o loced mimum of £ if 'F(x,'é)?‘-'apfa!b]
when (%,9) is en soma ik centered o (o,b), T we have

Yod F(x,9) < f,b) Vi(x9)e Scdm(f) +hen we say

Yhe 'F(‘Hb) s Yhe moximum of £ on S, hike wise if L(xy) 2 flab)
V(x9)e Scdem(f) then (o) is the minimam of £ on S, When

.__S = dom (f) we codl %.na%lubd MOXimam o TR MAM, |
bt me ik the theoreticcd Fools then we'll do  afew examples.

’»‘1:7_1':[' f hos « leced moxx/min od (a,b) and the firet-orden
pactiod decivatives exisk thece then  (VF)(a,b) =% (s,6), 4, (3,0 = 0.

Dt/ sayy (a/b) is a ceiticad poink i etther (VF)0b)=0 o ot or boths
of Y ?nan-ﬂ derivatives do net exist,

as the -Hi!um .fnnf;'na‘v.r i we 'II#«W a fdaj mav)gfm-rh at which the Far;f'?u.f;
axist then theb posnt muwd be o coificed point. We cannet reveme Shis thengh

‘o becante (ab) is & cciticed Pm‘rdb Haeh deoer rut %ﬁku&l’aﬂ'}u Heb "Ffa\‘,{;.) Y
‘o e femin, Tust s ia dhe VY =A(x) care welll wont 4
chech ol Yhe ceiticed puints fo see i thegie  exteemed.

Tlr\"-y S"’FP““ He -2"-_4 F'Hﬂ"l decivadives of .F wre Conflavow on & 1
disk centeed on (a,b) and (VF)ab) = 0. Debin

D= Db) =L @b, @b~ [fi,@]
Men we hove Ahiee  cages
(1) If D=0 and £ (6,0) > O 4hem £(a,b) is loced min.
() ™ D>0 wd fi (ab) < 0 thon Flap) is locef movx.

(i) If D< (3;, then £0a,b) is net o \ocod mesc/min. We soy
Ahh 'F(hh} it o Soddle ?ﬂ“_t of £ in Hhis cese.




g}( mmpLsM} . @

Find locel moscfimin and cuddle points of £x9)=x"4"=Yxy+ /.
T = LUC-Yy, 9% - 4x> =0 ok criticd poids,

3 o K]
‘:ﬁq}( —WY:O""‘?‘)’*X =q
Vfo“‘"-i‘&g—L{x—-'-a -—*><-—-\ﬂ>—’xx

Tane X=X = x(g“-l) = x(xM)(x-1) = _>§(x”++)(x’+a){3<;._” =0

3:};@ el roodr X =0,t1
W Af\rul] Lr;+1¢4 Pumi‘s (G;Q]J UJIJJ (-|j}), Neow &pp[g "ﬂ\.a
l*j derivahive test 'ﬂ‘ﬂ; bod  feed Find D,
z 2
Dixy) = foctuy H[fwj = (10x)(139%) - [- 47" = 194x°¥*- 16,

Lue uroborni%c ownr Veswls a o deble

2

\

Cethied Boink Vodot of £ 'Fxx I D | Canelweun
CD:D) 1 0 -16<0 S‘Wﬁpﬂf}:f
{ (]4;} —1 139 fa.:?:-"ﬂ fuaj min,
1 (1,-1) -1 | 12| 10856 | focal mia, “:

2] 6ol the shkert dishoa um (1,0, -2) #o the plane X+284% =4.
Debna d= 'Jix—.'}z-;.ngﬂ(%-rzf He dichnc om (1,0,-2) o (x,9,3)
Pum F on the plane we heve F = Y-x-29 so

d= ~=1)*+9* + (6 - x-29)*
Vow mininize £loy) = d* = (x=1)?+4° +(6-x-29)"

{( = A(x-1)- A(6-%X-29) = Yx -1y + Yy
-F,, = 29 - t{(é-rx-.z‘s) = 0% - Y + ¥x
ICrH‘;‘cJ Painty  heve b =0 and -K; =0 Se (:‘:,4 extst Cc-n?‘?hw.w@éﬁ’f%:)




[6.82 cum‘iqum"} We nqu =0 QHJ,C 4 1{;_ c!rﬁgﬁj‘ppmf o @
ameunts  + ‘*W“ 9, e unhnewn; Pana

/‘{x+f0y=2? g
=\Ux + 4y = VY

6Y = /0 ~ Y= = 5/

Hm X= - 109 = g-4010 _ g_ tew _ _ 2% _ 25 _ |l
6"‘1;_ qu_éz_ge 5 3

Y
Fhe ceiticod pont s (% 2). Now Fand f}}

D=fdy- xy] M)(10) =(0) = 40 >0 and fo=9>0

Hhus we have o leecad mimimam. So the ¢ forect /,,;”L

s where X =/, 9=/ ad Ho=iq-y - lo A6tk 26 2
{f

dhat is (e, S, 7h) is dhe closect Point on Hha plang
’)a_ = Y-¥ _2% +o e P‘,.,d: (lf-ﬁ}*?), The distance i

d= \K (5) HEe2f \Izs+|nu+zs \JTES .

Rem“h" L mi%\fb wonden how de T moximize a fanchon
(‘J'F Ahree or mMaore \fmrfy.blg&? "n’\! ansSwer s ot £oundd

Ta  Shewert or Thomas for Aheh e dder . Cn,]]e? hos Yhe angwer "hk;_
o Yook ob §H Z P as #.l. ;-gftmar afmuﬁw Tert -:‘;f ftﬂh—ﬁ c?ﬂ‘*"‘ﬂ@-
WE uie 'FKH.'Q'-; s [‘Fx\f] "rxx ‘va -‘H”-E '+EI+ 'fhr' 'EM‘WhanJ

'F“‘!' 'i“f

of ’ﬂ\fﬂ- Varinblbo  is bated of tha “Hestian ¥ of tha ﬁ"“’f’w}

'FXx 'r)(y 'Fx-z
HfE =18 £, &

.FE‘K 'rgy '{‘;!

h\

|

b o~ lesk i Ch“eg Lor e aie.,{-m'lr, e onet B i*rr'r.h‘z,




A-":r'Sal'fvﬂ YHoxc/mwms  and Wvmems

In cale L. we 14.14.&0* & P(ﬂﬁ!ﬂfmre ¥4 locadis: e MM/M,«Q )
of f(x) on a closed inperved [a:‘s]. We now oiscacs the

g,qmera fr'euﬁaﬂ 'r:lrlf -#'”6 'itb -f(X,, }f’) ﬁr Cfﬂea/ Qm/ ﬁdmna"feﬁ/ rué,rer(d' nf//"?f

A closed set contains /F bounduy puinfs and a bounded set s intiile
come  Finite dick 1o R

ﬂV If £:DeR— IR is a wnhavew funchon on o closed

'ﬁogu.mled 97 P n ITZE +h en 'ﬁ oFuing an ohscluty mm:;mnm

Jodet  and  an whselete viainimwm Value Semewhere in D,

Mvigg: 4o Frnd extreme yoluso ‘g'n“ Continy ows 'F on L we
‘]‘) fnd Ahe critieod pointy (whete Ff=0 or <N d,n.e‘)w.mﬁﬂ

2.) find exfreme valwto of £ on 4ha bnuhdur\a of D (which I el aD)

3.) The Velaes Fom 1) and 2.) compae  and  cheose bizagﬂ' Jemidlest
.-(SE.?. hwle Lo e;mm?{x) ' -

Considn o Compang theh acpfs anly rechngulor boxes whase

jfny#] and 3‘}‘#\ ( £ )PEKJme‘fr of a crirse Em) do net Sum over j0&8"
Eind the dimensions of an accepfrble box of [acgect velumae

V= x93 L/

X+ 2Y+ 2% = |08
|g,.é{. %ir‘{"h

% = |0%8-29-2%

x

V (9,%) = (108 -38-0%)9% = 10897 - 2%°% — 9%

W, = |082 ~Yyz - 22° = 0O Voaking B
% 0 e
N, = gy -2% -4yz =0 ceibiced poriss

Z(\08-4Y-232)= O
fvuw e need #}”c- -fb be Ifmdﬁmgw_@ =Y . /Ur.:.iﬁq
Z2=0 and % =0 34'w.r ore Solutron, Or we condd/ huve
[0 -YY - 22 =0  Awp |08~ 2Y—42 =O. Or we
conld have P=0 ond [08-2Y-YZ=o or 9=0 aw/ [0F-YY-2Z =0,




FEQ?) C-ﬂf{fﬂueJ‘] We -Aﬁmf (Gfd) our firet e’.ﬂ':r‘-‘i:‘c-fparhf. There are fﬁfeem@

org;
(i) 1e8-4y-23 =0 = Cle*av-qs'zo)
0 =2¥ =M% = & ~\log -2Y =43 = ¢

—

= = : ='—°Ez d =
log ~6Y =0 « Y= 128 = 9= g,

Z=584Y~2Y = G4-35 = |18=32
('IEHE) evnarthe v crujrl'n-ﬂ_pi-,

(i) 2 =0

08-2y-4z2=0 = lot-2v =0 = Y=5Sy = (590) crhitet

(1) 9= 0 | |
108 -22-YY =0 => 1068 -22 =6 = Z=54 « (0,54) ¢t rtiead point

we heve exposed theb @\?)(w,i)-:o %a-e;u, Y sel®s, (o,0), (18,1¢)
(0,5%) and (SY,0), theat points muck give e min/moenc. Vudneo, Calenle

Vg = =M% Vi = \08- uz
Nz = =My

D = 1697 - (log-yz)°
Netw V(g0) =0, V(0,5)=0 and V(SY,0) = O ~Ahwr
we  Surpeck (18,1¢) %f?‘we.r Mmascimum  Velnme , letr check
D(1s,18) = IG(IE)Z-(IGE— '-}2)1 = 16(13)~- (36)° = 16(18)-4(18)*= (208> ©
ad  Vyy ==Y (18) <O & V(1g,18) i maximwm,

Nobhe X = 108-2%-232 = |08~ 36-36 = 36 Ly

V= xgz = (36)8)8) = t’* 664 in” =" e obons Mﬂﬂ

+» e comgtraint
X = (ef=2Y-Y2

}?emmrz( : we ojur% moximizged a fonchon  of Shee variobles X 4,2
gu,ﬁjecf b o constrat. Dur wmothed wus to substre 7R
Constraint tham dreB 4 or a2 veridle  wmen /moss problem.

'ﬂu(g I & ¢ lever J".rr‘ém for Sha /a/aé;ﬁm ” 9”,,,&{ %
etiod o gy oMo, vt A




_LP.GRAi(_‘_?_‘E' NuLT) PLIERS
0"-""‘- oaaa.ﬂ is te "F‘-N:i Fhe exitema, of -F()(,}:‘E} Sﬂbée'-'.'f' 4t a Constraint
condtion DX, v, 2) = ¥ f he an extrema Velue ob P = (X., 4., 2.)

hen e cuwive T(H <‘.><fﬂ ‘ﬁ(ﬁ, 3(!‘)) ﬂam,aaieJ_ wiith £
will have an extrene velw ot 2, , whee r(ts) = (x,, 9, 3,) hus

%[_{_‘(x{f}ﬂ{tl,%fﬂ]}tﬁ (gobf od a; a#’da)}

= (F)(r)s v(4) =

ﬂ

On Yo other hound Hais curve can  alre be C,nmpnj‘ew‘ widh %’

di [‘5(Kfﬂ i) %&})] 23? 233% _idi 2 = (9%) k) = 5&(&) -0

dhece  we ogh 2 Sinte %(XM?J=)%} Hoas we olts have (V)(P)e C(4) = O,
'ﬁn‘:‘fﬁcm we degluu M V£ = AVY o Ha extremum.

MEmep of LagrangE NwiTeLiERS S
ASSHM;.!\F&, thed  Flxv,2) hos Mox/min Values on +he surfa S (x v, 2)= F

with 2% # 0 we cn Bnd them or follows

(i) set Uf = A9% and ure %(xv,3) =k -I-;.,-,;.-mr,“'{.a

ond And  gel®%.

('iij -Q,\IL".%I.J:I. ‘H\l Sﬁlﬁ': 'Fﬂm {U 'l"ﬁ Lep WM _F E_th ;+5 mfﬂ/w
o £f={(xy) od % =2XY)= Kk then do 4ha same , ot wikh 2~dim'f
q\ﬁdnem i
il . '
3> = 1.

@ fbﬁ 1C(X', Y) = Xy find  extrema of £ on e 9}%0;( ,é}'_a
IJEﬂ{f% thed 9():,?):)@/9 + 'ﬂt/z = 1. Cﬂﬂ:fgf_u B
VE =299 = K4,X> = AN, ¥
= Y4 =2% and X =A%
o R}
> %= :r(M)
= ‘g(t.-zy‘):
= %Y=0 o A=ty
e e e e /2




@:39 fﬂﬂ?ﬂ"'“‘ﬂ_"’} We tve Mcmf thd 9=0 o F=22 gvle;"c/#@ extrema, @
V=0 Heorn X=2A% and S¢ X=0 ar well bub (0,0) neten ellipce.

—

=2 X =2% aond 4% = 2x o lea, ‘é-=1—1}<
R N : (A
=X = 1 & X=Y
S X=2Q and B=L(Ex) =] se (-2,-1) or (2,1)

£(-2,71) = ()= 3 whia £lz,1)=20)= 2.

_—T == T A s T o = ’ =
T T gz Tyr=Elax
X222 ad Y=L(¥X) =51 se (-2,1) o (2,-1)

P2 =<3 whiz Flz1)= ~2. .
The exfreme valuso are 2 and =2. The mox is 2 which s reoched
at (-2,-1) and (2,2) white tha mun. is obhuned o (=2,1) and (2,~/).

AY

+ S
+y S

o % Lpg,

@0

Wow con  oapprecietn  fom the geomertry wh\a. g-emhnkﬂ%lff Medhed waked here,




Find the point on the plane 3 = X+4 +hed is
Cfo:er-f' -f'o '.Hl-‘-’- P“":"’f ("I, ":r D) . In a#}g( tordr 77141777 ¢ €
‘F(x; y:‘ E) = (K_f)a-}- (tg_vz.'l- "3:! FM&JEG‘H’ ,,{,a 9{9{{ 9,3): x-f-g_%' —

VE = A0S = {x-1), 3(¢-1), 23> = A1, 0, =1
Z2(xX~1)= 2
= { 2(94) =2
s
B Ay = X~ = Y-|l.= - %
= X =% ond F =I1-%
= Slhhae F =X+% = 2% = 1%
S 3= Hws Y=Yz = X ad B=|-l4 = T3,
Hhe closest point on the plang 3 = X+9%
o e point (1,1,0) is (Y, Vs, ¥3)

Cf?u}’r oue answec ynmfnc%

(I_,i_,o} B v= (0=
A (i )A = proj, (v)
fx %2 (xv2)= (, }rgju(v.n)ﬂ

e J\M‘i’ "\M'J‘L'v *F\!‘\J 0. num‘u».p of Hha P{am ﬂmd
‘Pm‘n% on +ha ?'I*Wl Cheost 1N = <‘; I,-l) Se

LY
dhb =<, ed =<0, 0,00, Heng,

= (i,1,0) |
profu(v) = L <1, 1 -i>= <1, 0y D = &R = 3,11,
(131,0)-prac}ﬂ{u)= (,,00-50,17) =uV3_,T/3, E/?ﬂ

Jhic war our it $o/? we uied in Fha ear /o portin
O'P 'f’)f.f f‘“ﬁff ‘l‘jﬂt closess Fumf"' 'réﬂ} on the ﬁg(mg.j /:fzw

{annem‘maj #u /?Mn% and %P/ﬂfuz.




1586' A fEc‘{lb,ngaA.{&.r éax wf&ﬂ;é a Jff'd’ 1 mecle fr,m fJ

Sﬁ/nwe un:ﬁ af rmjp‘enkf, .F'-J;‘iJ #& moXmum Velame gf Sch a bex.
Thed is meximige V= X933 Swhjedd 7 % = 2x3+29% +xy =13,

VV=2vy = %% %% x4> = A2y +%, 23+ X, 2x+2y>

Wy = (2% +y) = X9% = 2(a3x +yx)
X% = 2(2%+x) = x93 = 2(23% +xv)

X9 = A(2x+2y) = x93 = 3(2x3+24%) =2(12-xv)

T i

Thee 2 (3%X+x3) = 2(939 +X9) =2 (/12~x9). We can
diui da l‘*? A s A=0 = XW3=0,6 MNofe #ham

FIX+XY = 234 + X% = 12 ~-x%
= 2%X 239 D X=%  (nte =@ is nta veedid vedar)

Next  mohe 235 +X9 = 2x% +293 = Yi=2y3 - y= 23

Then  7x% + 293 +x9 = 437+ Y37+ ¥Y2* = 133%= /3.

;L/er}'cz %’ = i'i* Ows mo.ftn;.j &W% éﬁﬂ.mr i /aa,rz?ﬂre /eng%_r

So F=| hera Xx=9=3 }'ﬂ-ﬂ- ng is 2"'>_<:Zx‘Hiﬂ“t"H

E’emwj,: #ere are 4 cuuf& f‘.'xmny?&o " \’-g}d;ﬂf Jed I heven't Stlen.

Hernache * Stade, of notan Wechenics o one hos |
the ﬂanin:: 9% ?-. (s i:?:. ?1? tan be f?ﬁpkmﬂr-iﬁ 63 nefoﬁﬁ}a A%
f e angfen, L L£4+29. Then one finde the

e4% of wetion and b Yo end pwbd ¥ =@, In thb theorsy

Yhe I““’G“‘“%‘ wwdtipltecs A ort found b0 be Yha focces

reeded o mointuin the  Censtraint eﬂ,“fc on +ha  moetion _rF

Yha ?”Nasi'u;.p bﬁclsa, I v one of Yhe pect beondifnd c]uphrr

\n Clu}ﬂcd m-&t-.t.m't..b toke PY ML to gee hit in fema cle'{’a'l.}’ or

bwa. an old Copy, of Goldstein's Closciced p'lf‘LeLhwﬁc:! s liee #JQ, ifs @ classic
T shebeh Ha rne-H_-mJ ovi 4k next Pe, (ng+ ra%d Jrupir.:)




D ] %re:sim ’ E—,{?mwnr%e, Mmfﬁpﬁ‘ers m  Cla _rfs'{gj 72% 7 T -
léﬂ‘ul maey e org %f'.f l.f 3«'“ w ish. 7?11 Lma,r‘..ng,,'gn rA C?Mrfr..f
mechumti ?-ﬂu 'ﬁnﬁﬁbn L — T_- u wﬁgre T = KIHG?‘I&‘

Enecyy ond U = potenticd ereroq . The 9 2 of mohine

.Fn!’(’w from minim/gin #he f?f ", / o wnd
ace called +he Eunler _‘;‘eﬁa fan;: a%ﬁi{f’” ffons ﬁf”ﬁ'?&)

_O'_( ?L) a Bb o O ceplaces Newhns Lo
dr \ 9% % Con Cepﬂ-&-&ﬂa_‘r enecun
To mpose constrainfs one ma not -foree ¢ prlmam.a

add Lm?rug,z /ﬂm(’ﬁpﬁﬂr to encads Vhoce wnrtroints, 2 ifagédrate
it Hhe simple pendulum o the conskraint is P=1 okwa f=r-A=o0.

P D Akt W
e T = +m(#+2&")
U = -Mgr ces ©

' = L = Z(r+r*é%) + morezd

’TL\‘EM +‘-|Q "\'cohﬁ:-%u\ﬂ. G’P l—\u,tﬁﬂ&h%ﬂ‘ MLHH"\?E_[Q(I c.xdel_; -‘]’j'te teinn en+ha RHS

d 2Ly _2L _ qof e, 23 . Lagran
45 -5 =25 = omomrommee ?‘@

tf_r(%_Lé) _%% - — cﬁ_(mr‘é} + m%r‘sin@' = O

“Then we have the »{;t"fau;’a; eq 7% 4 salve, guéd‘ec/‘ %_Q_-j-_,_?
mr - mré® - mgces® =2
d—%(mr*éz) +mgrsin® = O
This example s kinda sifly sine tha conchraint is v Arivied, onca
we opply =8 we hnd T A= -mlT smgees@ and fhe eg”
| ﬁ(mjzéf)+ mgﬂﬁfne = O . hese can
5 be salved For smill © whe s =@, I+t

E‘G con be Sean Yhoh A is Yhe Force +had
a0 anforces  fhe congtraint = L. Generaﬂz}
% Lmo&m,«? Mu“‘fiﬁifﬁf&“ ollow wv§ 4o Solve Hhe
ng  of mohon Smb'ae'fj' o Soma %ﬂnmehr‘c (even Time d&'oehd»:'secé)

conskrant wfo WKnowin Ahe focces thod couse the mohon To be
Con shnihel- Ne.:..:i‘ kai )ﬂ\t mi-l’kacl shoux Wl\o}b Hhe 'ﬁrc,e_: are,

ag s




