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Let me try to summarize the physical and mathematical motivations for covering the hodge-
podge of topics that appear in thesenotes.

The physical motivations of the coursestem from a single question, "why are Maxwell's equa-
tions relativistic ?". In order to answer the question we must rst understand it. Addressing
this question s largely the goal of Part Il of the notes. We dewote a chapter ead to Newtonian
medanics, Maxwell's equations and special relativit y. Our approad is to educatethe studert
to the generalidea of the theory, however we will not get terribly deepin problem solving. We
simply have not the time for it. This coursecuts a wide spectrum of physics,sol don't think it
reasonableto askditcult physical problems. On the other hand | think it is perfectly reasonable
to ask you to duplicate a particular physical argumert | make in lecture (given fair warning of
course).

The mathematical motivations of the coursestem from a simple question, "what are di®er-
ertial forms ?". Addressingthis questionis largely the goal of Part I11. To answer this question
we must discuss multilinear algebra and tensors. Once the idea of a tensor is settled we in-
troduce the "wedge" product. As a mathematical asidewe'll derive somefamiliar formulas for
determinants via the wedgeproduct. Then we consider di®ereriial forms, Hodge Duality, and
the correspondenceto ordinary vector calculus. In the course of these considerationswe will
rephraseMaxwell's equationsin terms of di®erenial forms, this will give us an easyand elegan
answer to our primary physical question. Lastly we seehow the generalized Stokes' theorem
for integrating di®erenial forms uni es ordinary integration involving vector elds. | intend for
Part 111 to occupy about half of our time, but be patient pleaseits the last half.

Part | is largely a review of prerequisite material and we will not cover it in its entirety. We
will have somehomework from it to get the coursein motion and alsoto familiarize you to the
Einstein index convertion. I'm hoping that will soften the blow of later topics. The repeated
index notation is a little confusing at rst, but once you get the hang of it you'll nd it an
incredible tool. Well, at least| do.
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Chapter 1

Vectors at a Point and their
Algebraic Structure

For the majority of this chapter we focus on the three dimensional case,however as we note at
the conclusion of this chapter many of these ideas generalizeto an arbitrary nite dimension.
This chapter is intended asa lightning review of vector analysis, it's main purposeis to introduce
notation and begin our discussionof medanics and electromagnetism.

1.1 vectors based at a point

Let us begin by recalling that a point P 2 R® canbeidenti ed by the it's Cartesian coordinates
(P1; P2; P3). If we are given two points, say P and Q then the directed line segmen from P to
Q is called a vector basal at P and is denoted PQ. For a vector PQ we sa the point P is the
tail and the point Q is the tip. Vectors are drawn from tail to tip with an arrow customarily
drawn at the tip to indicate the direction.

Veerors, Points |, Liwe SEGMENTS SIMILAR BUT DISTINGT,

TR TY Y

P A =23 S~

3 QP = P-Q af
31 5 I D s +the point Q..

-
*1 i p= (a,b,¢) ¥
Con '\&enﬁ{v&, Foin"rs Q,Y\A Remarkz_% we'll net o,\wg\as be »
vechrs Hom o(f%‘\n. Hhis ?ic\fl%}on\\a when T meadters,

~

If the vector PQ hastail P = (0;0;0) then we can identify the vector with it's tip PQ = Q.
In practice this is also done when the tail is not at the origin, we usually imagine transporting
the vector to the origin sothat we canidentify it with the point that it reaches. There is nothing
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wrong with this unlessyou care about wherethe tail of the vector resides. Thus, to be careful if
we move a vector PQ = A to the origin to gure out it's components with respect to the standard
basis then we should make a note to the side this is a vector at P. We write,

A= (A1;A2 A3) basedat P:

Of courseif we usethe directed line segmen notation this would be redundant, when we say
PQ =< A1;A, Az > it is already implicit that the vector is basedat P. The numbers Aj,
i = 1;2; 3 are called the componerts of A with respect to the standard basis. We may also write

A=A+ A+ Ak basedat P:
As you may recall,
= (1,0,0)" e =020 e R=(0;01)" es

where the notation e is the standard basis (notation borrowed from linear algebra). For our
future corveniencelet us denote the set o®all vectorsat P in R3 by Tp R® which is called the
tangentspace to R3 at P. The fact that R3 canbeidenti ed with Tp R3 is very special, in general
when the spaceis curved we cannot identify the spaceand the tangent space.

1.2 vector operations in TpR3

Let A; B be vectors basedat a point P 2 R3 and c 2 R then recall we can add, substract and
scalevectorsto obtain new vectors at P,

A+ B = (A1+B1;Az+ By Az + Bg)
Ai B=(A1i B1;A2i By Az Bj) (1.1)
CA = (CA1;CA2; CA3):

1.3 Newton's univ ersal law of gravitation

Newton's Universar  Law oe GraviTATion

Tue fore of abteaction between tuwso masses ml/mz is 1avecsel
3 p 3 % -—p  Z

peopoctional o the sguare of the distwnce |7 -r7_|=J?.z

be tween them,
m, :
F = G m‘ M';J
/'LZ

(/—\ch‘m of o olisﬁmcp_)

1.4 electrostatic repulsion, Coulom b's law

Electrostatic interactions involve chargesthat have xed positions.



Couromss Fence Law

s\nc»r%eﬂ is ?ﬂ:pof’h‘ano\i to the  inverse of 4he sgumoce of the
digtanes Seperw’ﬁn% Y% oond I, |
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%, F %.
T T LT S B, 32
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| ORIGIN
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| 3 / ‘ )

Wewdon's G(mh*ha Laaded Lo Contrast  we will eventu

eofn Yrob "4\1; Low onh,a.- oppears “+a Engh'ccxll:é actaon QJL‘?,
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CoulomB forea. In +he case of orawvit 1t was onl
with Hhe oadverth of %znemﬁ telotivity +heh the appacecd
non-»*mc,a,i i of Newhnian Grow was fecest as a
subeuse of o \ecod (ﬂe ochon ot a d{ﬁ’&ma)
ClaSS]cDj ‘geu "H\:en(u&n. (\\CIO..SSiCo.,QU in Pi'\u()sfcg means no)

guantum mechinics in play.

1.5 cross pro duct

We de ne the cross-poduct of A 2 TpR® with B 2 Tp R? accordingto the rule,

A£ B = (AB3i A3B2;A3B1i Ai1B3;A1Boi A2By):

(1.2)

The output of the crossproduct is again a vector basedat P. One way to remember the formula
above is that the i!" slot doesnot cortain the i componerts of A or B and the indicesin the
order f 1; 2; 3; 1g get a positive sign whereasindicesin the order f 3; 2; 1; 3g obtain a minus sign.

Notice the crossproduct hasthe properties,

AEB=iBE£A skewsymmetry
(K+B)EC=AEC+BEC
AE (cB)=c(A£ B)

for all A;B;C 2 TpR3 and c2 R. It is straightforward to verify that

fEf=R PER=1 REf=1
T£Ef=0 TET=0 RER=0
Finally, we note the following is a useful heuristic for remenbering the cross-praluct,
0 » =& 1
PR H T M T M 1
AEB=det@a; A, AA " Tdet Az As i 1det At A3 paet A1 A2
BZ B3 Bl B3 Bl Bz
B1 Bz Bs

(1.3)

(1.4)

(1.5)



the expressionabove is heuristic becausethe determinant is typically de ned only for matrices
Tled with numbers, not vectors likeT: and K.

1.6 Lorentz force law

LORENT? ‘:'Oﬂce LP(‘/V

. = '
Given electric  and ml%he:}'fc Lelds Ea ond B measuced
in a PM‘HLwlmr ’grame Sa ssg. I’P we have a
chorge G - meving ob’ V' relative o S Hhen Hhe
force i expecienws in is

—F_:: %’(?'&“ 7)(?)

1.7 dot product

Let A; B 2 TpR® then de ne the dot product of A with B,
A ¢B = A;By+ AsBy+ A3B3: (1.6)

The output of the dot product is a number. It is simpleto shav the dot product hasthe following
properties,
A¢B = B ¢A
(K+B)¢eC=A¢cC+BCc¢C a.7)
A ¢(cB) = ¢(A £ B)

for all A;B;C 2 TpR® and c2 R. It is straightforward to verify that

T¢'=0 T¢ek=0 Ret=0

e =1 =1 Rek =1 (1.8)

1.8 lengths and angles

The length of a vector A 2 Tp R? is denoted jj Ajj and is de ned to be the length from the origin
to the point which correspndsto A, that is,

A= " ADZ+ (A2 + (Ag)2: (1.9)

Notice that the length function jj : jj : TeR®! R forms a norm on TpR3. A norm is de ned to
be a mapping from a vector spaceto scalarssud that,

A, O non-negative

iAiji=0() A=0 positive de nite

jiA+ Bijj - jiAjj + jjBjj triangle inequality

JicAll = iq jiAdl pull out absolute value of scalars

(1.10)
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forall A;B 2 TpR3andc2 R.

The anglep betweentwo non-zerovectorsA; B 2 Tp R® with lengths A; B respectively is de ned
to be

u=cod - —— : (1.11)

Unit vectors are denoted by hats, if A haslength A then de'ne A~ AA. A unit vector for A is
vector of length onethat points in the samedirection as A.

We have the following results for non-zerovectors A = AA and B = BB separatedby angle |,

A ¢B = AB cos()

AL B =ABsnWAE B: (1.12)

The rst of these relations is trivial given our de nition of angle, the secondrequires some
thought. Finally notice that,
jiAji2 = ACA:

1.9 orthogonalit vy

In three dimensionsthe whenvectorsare perpendicular this meansthe anglebetweenthem is ¥&=2
radians. Sincecos{/#2) = 0it followsthat the dot product of suc vectorsis zero. Orthogonality
is simply then generalizationof the conceptof perpendicularity to arbitrary dimensions,wede ne
orthogonality with respect to the dot product on R",

A is orthogonal to B i® A ¢B = O: (1.13)

Moreover we say a set of vectors is orthogonal if ead pair of distinct vectors in the set is
orthogonal. A set of vectors which are orthogonal and all of length one is called orthonormal.
For example, the standard basison R" is orthonormal sincee ¢g = 0if i 6 j and they all have
length one.

1.10 tiny work from atiny displacemen t

Turnitesmar Woepe  dW ;
Suppese o focen \?—wop_%is o pacticle of prass M @
genoll c&is_gﬁau.wrdo d) +hen +he wocle done on
m \'Ju& F g dﬁ:ﬁne{ﬁ_;}u be

dW = F-d¥

Noh \?MM focens do the mest wocle /whema;
pecpendicalar forceo de none,




1.11 power expended during a tiny displacemen t

PoweR ouTpPuT 8y ForCE Doind lNF!N!W'(SiMi:iL WeR W,
Power lis | the lehan tn Q“e(‘&“& w \Hh respecf}' “+s the
c\mmcaz n ‘HmE,“ %;: d%t. Now here he enecoy
is trealeased do{m;a wocke  dw - then
P:ﬂ/ _—_i =. ﬂ\:_-.._i:-: _*._’:
T d(a% = F-V =P

%
=

-1
Q-

Q-

Here T howe pm\\EJ oud sinca 1+ cunned cm.r? during
Yhe | infditesimed| e 1 | dukes o meve M dy. - Lf
we have o Censecvadive 'po(uz then. I U ;uc)\ *'ﬁ«.ch

@:} U= Po’tar\“\’fa} ene oy

then there is o i@ clean decivehon, V="V (X ,2) , ned time.

d€ 1 dU = {oUx L U dy OV dz
T e € e _&EIJ{ * oy dt *3-;3?)‘
=Cvu)eV
The mninus  stems from Yhe cengecvakion of ener %eumm/

the worlke dent by a consecvabive fore i wninus  +he
, 2

changge in potentiad enecopy . Sinca the work dune

5 a frra F s egfw»? 45 the chan in Kinghe

2 i ! ; . &

enecay Hhis  odves Wi+ U = I + U,

1.12 Einstein summation notation

We adopt the following convertion, Latin indices (like i,j,k,...) which are repeatedin the same
term are to be summedover their values. In R3 we have indices ranging over f 1; 2; 3g so,

AiBi~ A1B1+ AsB,+ A3Bg: (1.14)

When we do not wish to sum over repeated indices we will explicitly indicate "no sum". For
example,

x3
AiBi’ AiB; no summation on i: (1.15)
i=1
In cortrast if we stick to our repeated index corvertion then we'd get

P
AiBi = p izl AiB;

2 (A1B1+ AzB2+ A3B3) (1.16)
3(A1B1+ AB2 + A3B3)

that's why you needto write "no sumoni" if you want ordinary sumsto meanwhat they usually
do.
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If the index is repeatedin di®erer terms then it is takento be free,
A+ Bj= (2.17)

would meanthat A1+ B; = 3and Ao+ B, = 3and A3+ B3 = 3 since,unlesswe say otherwise,
an index which is not summed over is allowed to take all it's values. If there are other indices
hanging around then they just ride along, for example,

AijBik © AyjBax + Ay Bac + AgBak (1.18)

here the indices| and k are free which meansthat there are actually nine equations hiding in
the statemert above. If there are seweral repeated indices then that indicates a double or triple
summation, for example

X3
AjBj -~ Aj Bjj no summation on i or j: (1.19)
i=1 j=1

Remark 1.12.1. Ignore this for now if you'v e never studied special relativit y Although
this comment in inappropriate at this juncture | need to make it for those of you who know
more than you should. We will later nd that A; = A’ because we will use the 4-metric that
is mostly positive. More precisely, we will consider genealized dot-product of 4 dimensional
contravariant vectors (A") = (A% AL; A% A% = (A% A)and(B') = (B%B';B%;B3% = (B";B),
the Minkowski dot product which we will de'ne asA¢8 = j A°B%+ AlB1+ A2B2+ A3B3 which
can be written with the help of the covariant version of B which is (B:) = (Bo;B1;B2;B3) as
A¢B = A%By+ AlB; + A2B, + A3B3 = A'B. invoking the repeated index convention for 4
dimensions where we will use! = 0;1;2;3. The covariant and contravariant components of a
particular vector are almost identical modulo the time component,

Bo=i B’ Bi=B' i=123
With our conventions we cannot distinguish at the level of components a covariant versesa
contravariant spatial component. Also whenwe have A'B; = A ¢B, if we useal the other popular
metric which is mostly negative then instead we would have A'B; = j A ¢B, neither is wrong
of course. | have chosenour conventions so that they correlate with Gritth's "Intr oduction to
Electrodynamics" and also the usual component notation in ordinary calculus texts which would
never bother to write indices up. So we can begin the course without worrying alout indices up
or down. Later we will put our indicesin their proper place and everything we've done here will

still be correct since there is no di®erence; B; = B! (if you usethe other metric then all manner
of funny signs enter the discussionat some point)

1.13 Kronec ker delta and the Levi Civita symbol

De nition  1.13.1. The Kronecker delta function &; is de ned as follows,

0, 16]
1, i=j
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De nition  1.13.2. The Levi Civita symil 2 is de ned as follows
8
21 fi; j; kg cyclic permutation of f1;2; 3g
2k’ S 1, fi;j;kg cyclic permutation of f3;2;1g
0> any pair of indices repeated

this is also known as the completely antisymmetric symbol becauseexdanging any pair of
indiceswill result in generating a minus sign. Just to be explicit we list it's non-zerovalues,

2123= 2231 = 2312=1
1.20
2321 = 213 = %132=j L (1.20)
Thus the symbol is invariant upto cyclic exchangesof its indices,
Ziik = ki = ki - (1.21)

The following identities are often useful for calculations,
Zi k2mj k = 24m
2i kPkim = BiHm i HiEm: (1.22)
Hk = 3
The rst and third identities hold only for three dimensions , they are multiplied by di®eren
constarts otherwise. In fact if n is a positive integer then
Zii igein Zizigin = (N0 1)
Tk = N
Although we have given the de nition for the antisymmetric symbol in three dimensionswith
three indices it should be clear that we can construct a similar object with n-indices in n-

dimensions,simply de ne that 215.., = 1 and the symbol is antisymmetric with respect to the
exchange of any two indices.

(1.23)

1.14 translating vector algebra into Einstein's notation

Now let us restate someearlier results in terms of the Einstein repeated index cornvertions, let
A:B 2 TpR%®and c2 R then

A= Age basis expansion

g g = orthonormal basis

(A+ B)j = A + B; vector addition

(Ai B)i=Aii Bj vector subtraction (1.24)
(cA)i = CA; scalar multiplication

A ¢B = ABy dot product

(A£ B)x = %;kAiB; crossproduct:

All but the last of the above are readily generalizedto dimensionsother than three by simply
increasingthe number of componerts. The crossproduct is special to three dimensions,we will
seewhy aswe go on. | can't emphasizeenoughthat the formulas given above for the dot and
crossproducts are much easierto utilize for abstract calculations. For speci ¢ vectorswith given
numerical ertries the formulas you learnedin multiv ariate calculuswill do just ne, but aswe go
on in this coursewe will deal with vectorswith arbitrary entries so an abstract languageallows
us to focus on what we know without undue numerical clutter.
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1.15 tric ks of the trade

The Einstein notation is more a hindrance then a help if you don't know the tricks. I'll now
make a list of common "tric ks", most of them are simple,

(i) AiBj = BjA; componerts are numbers!
(i) AiBi%j = AjB; no sum over |

(iii- ) Aji Bjj = AjiBji = AmpBmp switching dummies

(iv:) If S5 = §ji and Aj = j Aji then A B;j = 0 symmetric kills antisymmetric

Part (i.) is obviously true. Part (ii.) is not hard to understand, the index j is a xed (but
arbitrary) index and the terms in the sum are all zero exceptwheni = j asa consequenceof
what +; means. Part (iii.) is alsosimple, the index of summation is just notation, wether | usei
or j or m or p the summation includesthe sameterms. A word of caution on (iii.) is that when
an index is free (likej in (i.)) we cannot just changeit to something else. Part (iv.) desenesa
small proof which we give now, assumingthe conditions of (iv.),

= i ApmSpm using our hypothesis
=i Aj S by (iii.)

therefore 2A;; Sj = 0 thus Aj S 0 asclaimed.

There are other tricks, but theseshould do for now. It should be fairly clear theseideasare
not particular to three dimensions. The Einstein notation is quite general.

1.16 applying Einstein's notation

We now give an example of how we can implement Einstein's notation to prove an otherwise
cumbersomeidentity. ( if you don't believe me that it is cumbersomefeelfreeto try to prove it
in Cartesian componerts ).

Prop osition 1.16.1.

(i) A£ (BE£ C)= B(ACC)j C(ACB) (1.25)
(i:) AGBE£ C)= B¢CE A) = CHAE B) '

Proof: The proof of (i.) hingeson eq. [1:21]. Let's look at the k' componert of A£ (B £ C),

IKE (BEC)k =2 kABE C)
= 2 kAi?mpi BmCp
i Zikj2mpj AiBmCp
i (Bmxpi Hptkm)AiBmCp (1.26)
HprmAIBmCpi tim &pAiBmCp
= AiBkCi i AiBiCg
Bk(C ¢tA) i Cyk(A¢B):

13



Now this equation holds for ead value of k thus the vector equation in question is true. Now
let us attack (ii.),

A¢B £ C)

Ax(B £ C)k
Akzij kBiCj bob
Bi2jj kCj Ax componerts are numbers

= BiZjkiCjAx  since?jx = i Zjik = i

= B¢(C£A) half done. (1.27)
= Cj2%jkAkBi  going badk to bob and commuting numbers

= Cj2j AkBi  since?jjk = j 2ij = %

C¢(A£ B) and nished.
Thus we seethe cyclicity of 2 hastranslated into the cyclicity of the triple product identity

(ii.). Hencethe proposition is true, and again | emphasizethe Einstein notation has saved us
much labor in these calculations.

1.17 work done by magnetic eld

We'll userepeated index notation to shav that the magnetic eld doesno work.

Woay  Dove By Magwenc Field s Pera

Considec o chatge %  with ve\oc\'ﬁe N then plac
Tt o mu%sae'h'r_ £reld '€ ond -Fiaé if oanuy worle 1§
dene, Lets lak ob  Hhe power instead,

V=4 =E).v

% € Vi 85V,

% Civivi B

..% Qkki V‘.Vk 8%

= E% gk’z] Vi Vs 3%

= =% (VxB)? =p=0 =>PW=0]

il

1

o

1.18 work done by electric eld

We recall a few conceptsfrom freshman physicsin this example, sorry we don't have more time
to dewvelop them properly.
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Chapter 2

Vector Fields on R"

A vector eld is a function from R" ! TpR", it is an assignmen of a vector A to eadh point
P 2 R". Sometimeswe will allow that assignmem will depend on time.

2.1 frames

A frameis an assignmen of an orderedbasisto Tp R" for each P 2 R". We de ne the Cartesian

denotethe it standard basisvector paralell transported to the point p.

CARTE’SII‘\N CGQRD!MATES anp  Frame

A 3

2 ‘ ) ot
Bo\sicﬂ% € =1 ) s =;/ e, =‘% and we S\m?fua/
move Yhem 4o point p  W/o changing theic direchon.

It is trivial to verify that it forms a basisfor Tp R". We could say that a frame forms a basis
for vector “elds, however we should be careful to realize that this would not be a basisin the
senseof linear algebra. An arbitrary vector eld X in R" would have the form

X (P)= X'(P)e(P) (2.1)

where the componerts X ' (P) are functions of position, not just numbers. This meansthat the
set of all vector elds on R" is a module over functions from R" ! R. A module is basically a
vector spaceexceptthe "scalars" are taken from a ring instead of a eld. But, this is a topic for
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a di®erert course.

Although X (P) is better than X;(P) conceptually we will let the indices stay down in this
chapter to keepexpressionspretty. There are other corvertions.

De nition  2.1.1. An orthonormal frame is a frame that assignsa orthonormal basis at each
point.

coordinate frameswhich we will soon discuss.

2.2 spherical and coordinates and their frame

Cartesian coordinates are great for basic formalism but they are horrible to use on many com-
mon physical problems. Often a physical problem has the property that from a certain point
all directions look the same, this is called spherial symmetry. In such casesusing spherial
coordinates will dramatically reducethe tedium of calculation.

We recall spherical coordinates relate to Cartesian coordinates as follows (I use physics
convertions (r; I; A) instead of the usual math version (Y2A; 1) sorry, but it's for my own good.
When | refer to Colley you'll needto translate me 7! Colley asr 7! % u7! Aand A7! uif you
try to comparethesenotesto conventional math books)

X = r cos@) sin(p)
y = r sin(A) sin(p) (2.2)
Z = r cos(y)

wherer > 0and0- p- YandO- A . 2Y, We can derive,

r2= 24 y2 4 72
tan(l) = x2+ y2=z (2.3)
tan(A) = y=x

Let us denote unit vectorsin the direction of increasingr; y; A by €r; €., €a respectively, then it

can be showvn geometrically (seepages76-77 of Colley) that,

A= e = sin(y) cofA)T + sin(y) sin(A)] + cos)k
U= e, =i codp) codA)T| cos sin(A) + sin(pk (2.4)
A=es=i sin(AT+ cos@f:

the notation f; {I; A matches Gri+th's notation.
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SPHERICAL  CooRDINATES AND FRAME

Z2 A : Z A
| N
| 4 <
i
i s "
A
: L S
";\ \ ’Y -\\\ E >y
T i el

bad
> X

~ A

the  unit vectors Y‘,E)I?J- peint in +he direchon
of wnereasing, T, © 0 P respective 5«3. These vary
from ‘?@fhé" +o ?u'm'tl bud ot o Pa(“h’(,m\&f paint
'\Aheu() o c(%ﬂodanu&. ({.«Ue Could use the ﬂ-mﬁdﬂ
A & . a o Ao @

K =T, Y=, 2= for the Carmesian  FrAme )

This is also an orthonormal frame on part of R". Although | will not belabor suc points
much in this courseit is important to note that spherical coordinates are ill-de ned at certain
points. (a pretty detailed discussionabout someof the dangerscan be found in pages67-77 of
Colley). In cortrast, Cartesian coordinates are well de ned everywhere.

We give the standard order to the basisat eat point, fe;; e, esg. The ordering is made so
that the crossproduct of vectors matchesthe usual pattern,

TET=R TeR=" ReT
e £e =€ enf ea= e eif g

)
Le (2.5)

We also have the notation T = ey, § = e, K = e3 which allows us to compactly state the Tst
line of the above ase £ g = 2jxe. Thusif wedenef, = e, fr= g, f3= es wewill likewise
obtain f; £ f; = 2 kfi.

A good example of a physical problem that is best described by spherical coordinates is the
point charge. Pictured below is the electric eld dueto a point charge, it is called the Coulomb
“eld
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2.3 cylindrical coordinates and their frame

Cylindrical coordinates are useful for problemsthat have a cylindrical symmetry, you can guess

what that means. Anyway, cylindrical coordinates (s;A;z) are related to Cartesian coordinates
as follows,

X = scos@)
y = ssin(A) (2.6)
z=z2

where A is sameasin spherical coordinates; 0 - A - 2% We can derive,

§2= x2+ y2

tan(A) = y=x (2.7)
z=1z:
Graphically,
CyLinDRICAL C;amwmss atngg  ERAME
ZA ZA
~
z A
5
N
$
X
r O<sfle2T
st '
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Let us denote unit vectorsin the direction of increasings; A;z by es; es; e, respectively, then
it can be shavn geometrically (seepages76-77 of Colley) that,

8= e = cos@ + sin(A)]
A=ei=i sin(AT+ cos@f (2.8)
2=¢,=K:

It can be shown that fes; e4; e,g form an orthonormal frame. Indeed if we de ne h; = e5 and
h2 = e and hz = e, we could verify that hy, = 2; hih;.

The magnetic eld due to along linear current is best described by cylindrical coordinates.
The right hand rule helpsus maintain a consistert systemor orientations, I'vetried to illustrate
it....

MagueTic Fiewp oF  STeany Liwg  CurmrenT
' current Coming.
out of 9oge .,
I
e‘i@ .
7
Hrwmb poir\‘ﬁ‘n
!-bgk’t of pon®.
— LT A Relds circle g \T%BS'\QQ::;
B = Q__‘QP enfound  wire ag 8
Fl'ch' hand rule wdicotes.
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Chapter 3

Di®eren tial Calculus on Vector
Fields in R"

Our goal hereis to review all the basic notions of di®ereriation that involve vector elds. We
will usethe r operator to phrasethe gradient, curl and divergence.

3.1 The r operator

We de ne the r operator in Cartesian coordinates,
R @
@

where we have intro duced the notation @ for @@,. Admittably r is a strange object, a vector of
operators. Much like the determinant formula for the crossproduct this provides a corveniert
mnemonic for the vector calculus.

retg gt Re = e@ (3.1)

3.2 grad, curl and div in Cartesians

Let U %2R" and f a function from U to R. The gradient of f is a vector eld on U de ned by,

grad(f):rf:?%+f@+k‘%:a@f (3.2)

Let F = F'e beavector eld on U. The curl of F is dened by,

ct @)= £ F=0E2 Foyuq @ty Foy 0@y Guyoay(@ryec (3
Let G = G'e be avector eld on U. The divergene of G is de ned by,
div(G) =r ¢G= @C;l + @gz + @@;3 = @Gi: (3.4)

All the operations above are only de ned for suitable functions and vector elds, we must be
able to perform the partial di®ereriation that is required. | have listed the de nition in eath
of the popular notations and with the lesspopular (among mathematicians anyway) repeated
index notation. Given a particular task you should choosethe notation wisely.
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3.3 prop erties of the gradient operator

It is fascinating how many of the properties of ordinary di®ereriation generalizeto the caseof
vector calculus. The main di®erences that we now must take more careto not commute things
that don't commute or confusefunctions with vector elds. For example, while it is certainly
true that A ¢B = B ¢A it is not even sensibleto ask the questiondoesr ¢A = A ¢r ? Notice
r ¢A is afunction while A ¢r is an operator, applesand oranges.

Prop osition 3.3.1. Let f;g;h be real valuad functions on R" and F;G;H be vector elds on
R" then (assumingall the partials are well de ned )

(i)r(f+g=rf+rg

(it)r ¢(F+G)=r ¢F+r ¢G

(i:)r E(F+G)=r £EF+r £G

(iv)r (fg)=(rf)g+f(rg)

(v)r ¢dfF)=(rf)eF +fr ¢F (3.5)
(vihyr EfFR)=rfEF+fr £F

(vik)r (FEG)=G¢(r £F)j Fe¢(r £G)

(vii)r(F¢G)=FE((r £G)+GE(r £EF)+ (F¢r )G+ (G¢r )F

(ixx)r E(FEG)=(G¢r )Fj (F¢r )G+ F(r ¢G)j G(r ¢F)

Pr oof: The proofs of (i.),(ii.) and (ii.) are easy we beginwith (iv.),

r(fg) =e@fo)
= g[(@F )g+ f @g] ordinary product rule (3.6)
= (e@f)g+ f(e@0) '
=(r f)g+f(r g
Now consider (vii.), let F = Fijg and G = G;g asusual,
r ¢(F£G) = @Q[(FE£ Gl
= @[%; «FiGj]
= 2k [(@Fi)Gj + Fi(@Gj)]
= % k(@Fi)Gj i Fi%ikj (@Gy) (3.7)

21ii (@Fi)Gj i Fi%gi(@G))
(I’ £ F)j Gj i Fi(l‘ £ G)i
=(r £EF)¢Gj Fe¢(r £ G):

The proof of the other parts of this proposition can be handled similarly, although parts (viii)
and (ix) require somethought sol'll let you do those for homework.

Prop osition 3.3.2. Letf be a real valuad function on R" and F be a vector eld on R", hoth
with well de ned partial derivatives, then

r ¢r £EF)=0
r£rf=0 (3.8)
re@ £EF)=r(r ¢F)j r %F
Again the proof is similar to those already given in this sectionand I'll let you prove it in the
homework.

22



Chapter 4

Integral Vector Calculus

If we only dealt with a nite collection of point particles then, for electromagnetism,we would
not needthe results of this section. Howewer, in nature we do not just concernourselhes with
a small number of localized particles. Classical electromagnetism describes how chargesand
currents that are smearedout e®ectother objects. Charge and current densities replace point
chargesand currents along a line ( with no size). Intuitiv ely we do imagine that thesedensities
are assenbled from point-lik e charges, but often a macroscopicdescription is more interesting
to the macroscopicworld of everyday experience. Sowe will learn that the laws of electromag-
netism are phrasedin terms of performing integrations of charge and current density. Of course
the integral vector calculus has many other applications and we actually include this chapter
more for the sake of understanding integration of di®erertial forms later in the course.

4.1 line integrals

Let me give you a brief qualitativ e run-down of wherewe are going here: Before we can integrate
over a curve we needto know what a curve is. Curvesare understood in terms of paths, but
then there are two ways to make the path go. For certain types of integrals it matters which
direction the path progressesowe will needto insure the path goesin a certain sense.A curve
that goesin a certain senseis called an oriented curve. All of these ideaswill be required to
properly understand line integrals.

Denition 4.1.1. A path in R® is a continuous function A: 1 4R ! R3. If | = [a;b] then we
say that A(a) and A(b) are the endmints of the path A. When A has continuous derivatives of
all orders we say it is a smath path (of classC?! ), if it has at least one continuous derivative
we say it is a di®erentiable path( of classC?).

More often than not, whent 2 | ¥ R we think of t astime. This is not essetial though, we
can also use arclength or something elseas the parameter for the path. Also, we neednot take
| = [a;b], it could be someother connectedsubsetof R like (0;1 ) or (a;b).

Denition 4.1.2. Let A:[a;b]! R" be a di®erentiable path then the length of the path A
is denotal L 4, de ned by, 7
b

La= jj A%t) jjdt:
a
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The arclength parameter is s which is a function of t,
VA t
s() = ji AYu) jjdu:
a
It is the length of A from A(a) upto A(t).

By the fundamertal theorem of calculus we can deducethat,

¢, ds . . ..
— = jj A(t
sT AW
where we have introduced the "¢" notation for the time derivative. You can seethat if t = s
then we will have ds=dt= 1, this is why a path parametrized by arclength is called a unit speed
curve.

Denition 4.1.3. Let A:[a;b]! RS2 be a di®erentiable path and suppsethat A(l) ¥ dom(f)
for a continuous function f : dom(f) ! R then the scalar line integral of f along Ais
z Zy
fds”  f(A®) A dt:
A a
We can also calculate the scalar line integral of f along somecurve which is made of nitely
many di®erertiable segmeits, we simply calculate eadh segmetis contribution and sum them
together. Just like calculating the integral of a piecewisecortin uous function with a nite num-
ber of jump-discontin uities, you break it into pieces.

Notice that if we calculate the scalarline integral of the constart function f = 1 then we will
obtain the arclength of the curve. More generally the scalarline integral calculatesthe weighted
sum of the valuesthat the function f takesover the path A. If we divide the result by the length
of A then we would have the averageof f over A.

Denition 4.1.4. Let A:[a;h! RS2 be a di®erentiable path and supmsethat A(l) ¥ dom(F)
for a continuous vector “eld F on R® then the vector line integral of F along Ais
z Zy z
Feds” F(A®M) ¢AAt)ydt=  (F ¢T)ds:
A A

a

As the last equality indicates, the vector line integral of F is given by the scalar line integral of
the tangertial componert F ¢T. Thus the vector line integral of F along A givesus a measureof
how much F points in the samedirection asthe path A. If the vector “eld always cuts the path
perpendicularly ( if it was normal to the path ) then the vector line integral would be zero.

-_—>

Work &one L’)Lg '{:orce = '
Svppese ..o particle % cavels c«f\ema& o Po:H'\ ¢ : ia,b'j-—DIT,Ea
From 4’(_6_\’\ to ¢(b) +hen +the work done by a

focce’ F on the peacfic is defined

w o= {F-d47
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Denition 4.1.5. Let A:[a;h! RS2 be a di®erentiable path. We say another di®erentiable
path ° : [c;d]! R®is a reparametrization  of A if there exists a bijective (one-one and onto),
di®erentiable function u : [a;b] ! [c;d] with di®erentiable inverseui ! : [c;d]! [a;b] suchthat
A(t) = °(u(t)) for all t 2 [a;b].

Theorem 4.1.6. Let A:[a;b! R3 be a di®erentiable path and f : dom(f) ! R a continuous
function with A([a; b)) Yadom(f). If ° :[c;d]! R?3is a reparametrization of A then
Z Z

fds= f ds:
A o

If F is a continuous vector “eld with A([a;b]) ¥2 dom(F) then there are two possibilities,
z z

F ¢ds = F ¢ds ° is orien tation preserving
A o
z z

F ¢ds = j F ¢ds ° is orien tation rev ersing
A o

This theorem shaws us that we cannot de ne vector line integrals on just any old set of
points, when we wish to disasseiate the set of points Ala; b] from the particular parametrization
we refer to the point setasa curv e . We seethat depending on the type of parametrization we
could di®er by a sign. This suggestswe re ne our idea of a curve.

Denition 4.1.7. A simple curv e C % R® hasno self-intersections. If A is one-oneand C =
Ala; b for somepath A then we saythat A parametrizesC. If C is parametrized by A: [a;b]! R®
and A(a) = A(b) then it is said to be closed. If we choosean orientation for the curve then it
is said to be orien ted . Choosing an orientation means we give the curve a direction.

It's not hard to seethat there are only two possible orientations for a simple close curve,
clockwise and courterclockwise. However, the terminology "clo ckwise" and "counterclockwise™
is ambiguous without further corverntions. Given a particular situation it will be clear.

De nition  4.1.8. Given a simple curve C with parametrization A and a continuous function
f :dom(f)! R suchthat C %2dom(f) then the scalar line integral of f along C is de ned,
z z

fds= f ds:
C A
R
When the curve C is closal we indicate that by replacing  with

Notice that we did not necessarilyneedthat C was oriented, however the condition of non-
sel ntersection was important asit avoids double courting.

De nition 4.1.9. Given an oriented simple curve C with a orientation preservingparametriza-
tion A and suppsethat F is a continuous vector “eld with C % dom(F) then the vector line

integral of F along C is de ned,
z z

F ¢ds = F ¢ds:
C A
. . R R
When the curve C is closal we indicate that by replacing  with
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Notice that it is essetial to have an oriented curve if we are to calculate the vector line
integral of somevector eld along the curve. If we did not have an orientation then we could
not tell if the vector eld is pointing with or against the direction of the curve. We will almost
always consider vector line integrals along oriented curves, these are the interesting ones for
physics and also the generalizedStokestheorem.

4.2 surface and volume integrals

Before we can integrate over a surfacewe needto know what in the world a surfaceis. Much
like the previous section we will proceedby a seriesof re nements till nally arriving at the
notion of an oriented surfacewhich is the kind we are most interested in.

De nition 4.2.1. Let D be aregion in R? consisting of an open setand its boundary or partial
boundary. A parametrized surface in R® is a continuous function X : D % R?! RS that
is one-oneon D exept possibly along the boundary @ (such a function is said to be "nearly"
one-one). The image S = X (D) is the underlying surface of X denoted by S. We usualy
employ the following notation for the parametrization for each (u;v) 2 D,

X (u;v) = (x(u;v); y(u;v); z(u; v))

wecall x;y;z:D ! R the coordinate functions of X . We refer to u; v as the parametersand D
as the parameter space.

contineus Surfrce

W

Continous Surfaces Can have
cerners, but ne holes,

De nition 4.2.2. The coordinate curv es through X (a;b) 2 X (D) are as follows,
1) The mapu 7! X (u;b) givesthe u-coordinate curv e on S through X (a;b)

2.) Themapv 7! X (a;v) givesthe v-co ordinate curv e on S through X (a;b)

where we assumethat X is a parametrized surface with parametersu;v.
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Upto now we have only demandedcontinuity for the map X, this will allow for ridges and
kinks and cuspsand such in S. We usually wish for most of our parametrized surfaceto be free
from sud defects,soto that end we de ne the notion of locally smooth next.

De nition  4.2.3. The parametrized surface S = X (D) is smooth at X (a;b) if X is di®eren-
tiable near (a;b) and if the normal vector N(a;b) 6 0 meaning,

N(a;b) = Tu(a;b) £ Ty(a;b)

where we have denotel the tangent vectors along the u and v coordinate curves by T, and T
respectively; thatis T, = @X=@ and T, = @X=@. If S is smath at everypoint X (a;b) 2 S then
S is a smooth parametrized surface. If Sis a smmth parametrized surface the (nonzero)
vector N = Ty, £ T, is the standard normal vector arising from the parametrization X.

We do not needsmoothnessfor the whole surface,solong aswe have it in the bulk that will
do. To be more precise,typical physical examplesinvolve piecewise smath surfaces.

De nition 4.2.4. A piecewise smooth parametrized surface is the union of nitely many
parametrized surfacesX; : D; ! R® wheri= 1;2;::m< 1 and

(1.) Each Dj is an open set with some of its boundary points

(2.) Each X; is di®erentiable and one-one exept possibly along @D

(3.) EachS; = X;{(Dj) (no sumon i) is smath exept possiblyat @;.

_Eieoz Wwise smooth smoeth

“rhe a:'i‘s'\cle c‘F

Hre 6w+3| de

+he tube Forms o~ shin of
o mostly Smooth . Sphere is
Swuefaca . : Smooth .
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De nition 4.2.5. The surface area of a parametrized surface is given by
ZZ
Area(S) = jiTu £ Tyjj dudv:
D

Given a piecewise smaoth surface we sum the areas of the piecesto nd the total area.

De nition 4.2.6. LetX :D ! RS2 beasmamth parametrized surface where D % R? is a bounded
region. Let f be a continuous function with S = X (D) % dom(f ). Then the scalar surface
integral of f along X is
z ZZ
f dS” f (X (u;Vv)jjTu £ Tyjj dudv:
X D

The salar surface integral over a piecewise smaoth surface is found by calculating the contribu-
tion of each piece then adding them all together.

Obserwe that in the casef = 1 we recover the surfacearea. This integral givesa weighted
averageof the valuesof f over the surface,if we wanted the averageof f on the surfacewe could
divide by the surfacearea. Incidentally, the following proposition revealsthe nuts and bolts of
how to actually compute such an integral.

Prop osition 4.2.7. If X (u;v) = (x(u;V);y(u;Vv); z(u;v)) and if we intr oduce the notation

@ig. @@ @@
Quyv) @@' @@
Then N (u;Vv) = gﬁf’;?, gﬁ\z/;f+ gﬁf’lgﬁ thus
z zZ7Z S RN 2 2
_ . @y; z) @z; x) @x; y) .
Xf ds = Df(X (u;v)) Gey T Gev T @uv dudv:

Denition 4.2.8. LetX : D ! RS2 beasmamth parametrized surface where D % R? is a bounded
region. Let F be a continuous vector eld with S = X (D) ¥2dom(F). Then the vector surface
integral of F along X is

z YAV

F¢ds” F(X (u;V)) ¢N(u;Vv) dudv:
X D

The vector surface integral over a piecewise smaoth surface is found by calculating the contribu-
tion of each piece then adding them all together.

Let usintroduce A(u; v) the unit normal at X (u;v),

N(u;v)
N (u; v)jj
Obsene that the vector surfaceintegral is related to a particular scalar surfaceintegral since
T.E T, = N = jjNjjih = |jTy £ Tyjjit it should be clear that
z z
F ¢dS = (F ¢en)ds:
X

n(u;v) =

X

28



Thus we can seethat the vector surfaceintegral takesthe weighted sum of the componert of
the vector eld that is normal to the surface. In other words, the vector surfaceintegral gives
us a measureof how a vector eld cuts through a surface, this quartity is known asthe °ux of
F throughthe surface

Now we have done everything with respectto a particular parametrization X for the surface
S = X (D), but intuitiv ely we should hopeto nd resultsthat do not depend on the parametriza-
tion. It would seemthat X is just one picture of S, there could be other parametrizations.

Denition 4.2.9. LetX :D;! R%®andY : D, ! R3 be parametrizations of some surface
S = X(D1) = Y(D,). We sayY is a reparametrization  of X if there exists a bijection
(one-one and onto) function H : D, ! Dj suchthat Y = X £H. If X and Y are smath and
H is smooth then we say that Y is a smooth reparametrization  of X.

Theorem 4.2.10. LetX :D;! R3andY :Dy! R?2 be parametrizations of some surface S
and supposethat f is a continuous function with S %2 dom(f ) then,
z z

f dS= f dS:
Y X

Howeverif F is a continuous vector eld with S %2 dom(F) then two possibilities exist,
z z

F ¢dS = § F ¢dS:
Y X

If we obtain (+) then we say that Y is orien tation preserving , but if we obtain (-) then we
call Y orien tation reversing .

Therefore, just aswith curves,we nd the integral will not bewell de ned for just any old surface.
We needsomesystemto insure that we pick the correct type of parametrization. Otherwise our
answer will depend on the choice of parametrization we made. To avoid this dilemma we de ne
a two sidad surface.

De nition 4.2.11. A smaoth connected surface S is two sided (or orientable) if it is possible
to de ne a single unit normal at each point of S so that thesevary continuously over S. If S is
a orientable surface where a particular choice of unit normal has been establishe then we say
that S is an orien ted surface.

Given this conceptwe naturally extend the idea of surfaceintegration to oriented surfaces.

De nition 4.2.12. If S is a smooth oriented surface with unit normal eld A on S thenif F
is a continuous vector “eld with S %2 dom(F) then de ne
Z Z Z
F¢dS” (F ¢n)ds” (F ¢n)ds:
s s X

for any parametrization X of S that resgects the orientation of S, meaning the normal vectors
genented from X emanate from the sameside of S as the orienting unit normal eld ( which
we assumel by hypothesis).
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We can be certain that this de nition is sensiblegiven the theorem above. Becausewe have
assumedthe surfaceis oriented we avoid the § ambiguity.

Denition 4.2.13. Let S be a boundel, piecewise smath, oriented surface in R3. Let C be
any simple closeal curve lying on S. Consider the unit normal A given by the orientation of S,
use it to orient the curve by the right hand rule. If the alove is true then we say that C has
orien tation induced from the orientation of S. Now suppsethat the boundary @ of S
consists of nitely many simple closel curves. Then we say that @ is orien ted consisten tly
if each of those simple closal curves has an orientation induced from S.

4.3 Stokes's and Gauss's theorems

We defer the proof of thesetheoremsto Colley.

Theorem 4.3.1. (Stok es's) Let S be a boundel, piecewise smamth, oriented surface in RS.
Further supmse that the boundary @ of S consists of nitely many piecewise di®erentiable
simple closal curves oriented consistently with S. Let F be a di®erentiable vector eld with
S Yadom(F) then, 7 7

(r £ F)¢dS = F ¢dS
S @

and,

Theorem 4.3.2. (Gauss's) LetD be a bounded solid region in R® whoseboundary @ consists
of ntely many piecewisesmaoth, closal, orientable surfaces each of which is oriented with unit
normals pointing away from D. Let F be a di®erentiable vector eld with D %2 dom(F) then
z z
(r ¢F)av = F ¢dsS
D @

where dV denotesthe volume elementin D.

hopefully we'll have time to study the generalized Stokes theorem, that theorem includes
both of theseas subcasesand much much more...
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Part I

Geometry and Classical Physics
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Chapter 5

Maxw ell's Equations

The goal of this chapter is to make Maxwell's equations a bit less mysterious to those of you
who have not seenthem before. Basically this chapter is a brief survey of electromagnetism.
For most of this coursewe will usethe eguations electromagnetismas our primary example. In
contrast to a physics coursewe are not going to seehow to solve those equations, rather we
will study the generalproperties and seehow to restate the mathematics in terms of di®ereriial
forms. If | were not to include this chapter then this coursewould be much more formal, our
starting point would just be Maxwell's equations. Hopefully by the end of this chapter you will
have someidea of where Maxwell's equations camefrom and also what they are for.

5.1 basics of electricit y and magnetism

To begin we will considerthe fate of a lonely point charge g in empty space. Supposethat the
charge is subject to the in°uence of an electric eld E and a magnetic eld B but it doesnot
cortribute to the elds. Suc a chargeis called a test charge The force imparted on the test
chargeis

F=qE+¥£ B) (5.1)

where ¥ is the velocity of the test charge in someinertial coordinate system. We also suppose
that the force, electric eld and magnetic eld aretakenwith respectto that sameinertial frame.

We know that oncethe force is given we can in principle calculate the trajectory the charge
will follow, but to know the forcewe must nd how to determine the electric and magnetic elds.
The elds arisefrom the presenceof other chargeswhich we will call source charges Someof the
sourcechargesmight be in motion, then those would give a source current. The basic picture is
simply
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Given a collection of sourcechargeswith certain nice geometrical featureswe may calculate
E and B accordingto one of the following laws,

Gauss'Law Qenc=? 530k
Ampere's Law hol enc = B ¢dr (5.2)
Faraday's Law Ec¢dr=; 9%

where © = RE ¢dA is the electric °ux and ©g = RB ¢dA is the magnetic °ux, both taken
over the surfacein consideration. We will expand on the precisemeaning of these statemerts in
upcoming examples. Our certral obsenation of this chapter is that it can be shovn how eadh
of the integral relations derivesfrom one of the following partial di®ererial equations,

GaussLaw r ¢E = ¥%4=3
1 -_— @
Ampere's Law r £ B=1,J+ 142, a (5.3)
Faradays Law reEE=; &
no magnetic monopoles r ¢6=0

where %is the charge per unit volume, J is the current density a.k.a the current per unit area
with normal J%JJ” 25,1, are the permitivit y and permeability of free spacewhich are known con-

stants of nature. Theseequationsare known as Maxwell's equationsbecausehe wasthe rst to
understand them collectively. In fact | should really say that Ampere'sLawisjustr £ B = 1 ,J
since the other term is due to Maxwell. That other term has profound signi cance which we
will elaborate on soon.

5.2 Gauss law

Remark 5.2.1. Gauss' Law: The integrations below are taken over somearbitrary connected
“nite region of space where we know that Gauss' theorem of integral vector calculus will apply,
R R
= =2 = 1 14ds= ;
r ¢E = =3 ) o Vedes p(r CE)de (5.4)
=) Qenc=% = E CdA"~ ©

Notice that Qenc is simply the total charge enclosa in the region, when we integrate a charge
density we get the total charge. The quantity ©g is the °ux of the electric “eld through the
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boundary of the region. This short calculation establishesthat Gauss' equation as a partial
di®erential equation yields the more common expressionwe usal in freshmanlevel physics.

The example to follow is basic physically speaking, but the mathematics it entails is not
really socommonto most mathematicians,

Example 5.2.2. Consider a point chargeq positioned at the origin. The charge density is given
in termsgof the three dimensional Dirac delta function, +3(r) which is the unusual gadgetthe
satis es f (1)23(r)d%- = f (0) basically it just evaluatesthe integrand wherever its argumentis
zer. Technically it is not a function but rather a distribution. Dirac delta functions have been
rigorized by mathematicians to some extent, ses the work of Schwarzfor example.

Caui.om\? \:_AEL‘D

A Gaussian Sphere of radius
= RS 2, encloses oko\rgy_ Q.

AESTAE —é:%%&”’('r*)dt:ﬂi

S L €.
I\\\ P ,)

S AN S has sucface area "{'l'l"r‘2
and by spherical Syymmetry
the eleetric Field must be
onluy rm&iaﬁ,-l’kus

§ E-dA = E (urr?)
s

Gowss' Low QE“‘”" =8/ = g’— = E (47r?)
E

L T =
et E‘qrre‘,,r"

Remark 5.2.3. The electric eld we just found is the Coulomb or monopole eld for a static
(motionless) point chargeat the origin. Notice that if we gobackto Gauss'equationr ¢E = %4=3
we'll nd an important identity for the delta function as follows,

H 1
q i = ﬂ+3
r ¢ TR T2 2, * (¥
Thus we nd,
r ¢r£2 = 4v#3(r) (5.5)

Well usethis identity whenwe investigate the existene of magnetic monomles.

Example 5.2.4. Supmsethat instead of a point charge we have the same charge smeared out
uniformly over sometiny spherial region of radius a > 0,

=(3va®); 0-r- a.
0; r>a '

1
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Then to nd the electric eld we apply Gausslaw twice, once for inside the sphee and once for
outside the sphee. The dotted lines indicate the shels of the so-alled Gaussian sphees.
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We observethat the electric elds of a true idealized point charge and the smeared out point
charge considered here look identical for r , a. In contrast, whenr < a the eld considered
in this example smathly geesto zem at the origin wheras the Coulomb "eld diverges. That
divergene is why the Dir ac delta function comesinto play, on the °ip-side one could avoid delta

functions by insisting

have some nite size.

that point chargesare simply an idealization and that in fact all charges
If you chooseto insist on nite size then experiment forces you to make

that sizeextremelysmall. Mathematically the current physial theories treat elementary particles
as if they are at a point. Alternative viewpints exist, string theories give strings a nite size
and electrons come from vibrations of thosestrings, or noncommutative geometry saysspacetime
itself is granular at some sale so there are no points. It should be emphasizd that neither of
thesehaveyet to contacted experiment conclusively.
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5.3 Amp ere's law

Remark 5.3.1. Amp ere's Law for steady curren ts: The integrations below are taken over
some arbitrary closel surface S in space where we know that Stokestheorem of integral vector
calculus will apply,

R R
r £B=1,J =) Rs(l £ B) G6dA = 14 ((J) ¢dA

5.6
=) @B ¢dl"= 2 olenc 6

here | ¢nc is the current that cuts through the surface S. It should be emphasizd that this rule
only applied to steady currents, whencurrents changewe will see things need somemadi ¢ ation.
This short calculation establishesghat Ampere's equation as a partial di®erential equation yields
the more common expressionwe useal in freshmanlevel physics.

Example 5.3.2. Consider a wire which is very long and carries current in the z j dir ection
alongthe z-axis. We apply Ampere's Law to obtain the magnetic eld at a radial distance s from
the z-axis ( we use cylindrical coordinates as they are natural for this geometry )
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L EEEEH R
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If we had more time we could uncover the fact that there is a delta function hidden in the
current density J. That fact is re°ected in the singular nature of the magnetic eld at s = 0. We
could again replae the idealized wire with a wire which hasa nite size and we would nd that
outside the wire the same magnetic eld results, but inside the wire the magnetic eld is well-
de ned everywhee. As a geneal rule, wheneverone considers point chargesor line-currents
one nds singular “elds where those source chargesreside.

5.4 Faradays law

Remark 5.4.1. Faradays Law: The integrations below are taken over somearbitrary closeal
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surface S in space where we know that Stokestheorem of integral vector calculus will apply,

Note that @

R R
rEE=; & =) rs(r £ E)CdA 5 (i @) ¢cdA
=) &E ¢dr= | & (B ¢dA (5.7)
=) Voltage around @ = | &

is the boundary of S. This short calculation establishesthat Faradays equation

as a partial di®erential equation yields the more common expressionwe usal in freshmanlevel

physics.

Example 5.4.2. Consider a xed magnetic eld coming out of the page, then let a metallic loop
with a resistor with resistan® R start completely within the magnetic eld at time zem. Then
supmsethe loop is pulled out of the eld as shownwith a constant velcity v.
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Alternatively one could let the loop sit still and vary the magnetic eld. This is why one
should not put metallic objects in a microwave, the changing magnetic “elds induce currents so
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large in the metal they will often spark and causea re. In a metal loop with no resistor the
value of R is very small sothe current | is consajuently large.

5.5 Maxw ell's correction term

Trouble with naiv e extension of Amp ere's Law Naively one might hope that Ampere's
Law held for non-steady currents. But, if we considerthe example of a charging capacitor we
can quickly deducethat somethingis missing,

Sku.{ Yhe switch and the capac(ﬁr will strt chmro&'n%. The cattent T

Rl Qm

—_ S
S PE s

(= B +#0) ;(-» g8 =0)
s not S‘\-ewi\& Cose (A) S encloses ewmtcent T | cace 8) suncfoca
5 encloses no cwnttent . Both S and T have Sume ‘ov;\/\nduﬂg/ cwrve 9S. L

K'r)'\' )

Let us examine how Maxwell framed this inconsistency as a theoretical problem. Maxwell
consideredthe consenation of charge an important principle, let us state it as a partial di®er-
ertial equation,

CZ

consenation of charge ) r ¢J=i — (5.8)

@

this equation says the chargethat leavessometiny region is equal to the time rate of change of
the charge density in that tiny region. Considerthat Gausslaw indicates that

(1/3
o ¢E) (5.9)
i 20r ¢@

r ¢J

But, Ampere'slaw without Maxwell's correction saysr £ B = *,J. But recall you proved in
homework that the divergenceof a curl is zerothus,

O=r ¢r £B)=r1 ¢1,J) =) r ¢J=20: (5.10)

This is an unacceptableresult, we cannot demand that %/2 0 in all situations. For example,
in the charging capacitor the chargeis bunching up on the plates asit charges,this meansthe
charge density changeswith time.
Maxwell realized that the x to the problem wasto add what he called a displacemernt current
of Jg = 20% to Ampere's Law,

r £ B=1,J+ Jy)

although technically speaking Jy is not really a current it is sometimesuseful for problem solving
to think of it that way. Anyway nomenclature aside lets seewhy charge is consened now that
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Maxwell's correction is added,

O=r1 ¢r £B) =1lor &I+ Jy)
' @&
Yo.r CF+ 201 ¢(@) ¢
! @
1,1 ¢J+ Zoa(r ¢CE)

Lo(r ¢F+ 9

(5.11)

Thusr ¢J = j %/2, chargeis consened. The geniusof Maxwell in suggestingthis modi cation is
somewhatobscuredby our modern vector notation. Maxwell did not have the luxury of arguing
in the easycompact fashion we have here, only around 1900did Oliver Heaviside popularize the
vector notation we have taken for granted. Maxwell had to argue at the level of componerts.
Maxwell's correction uni ed the theory of electricity and the theory of magnetisminto a single
uni ed eld theory which we call electromagnetism. As we will exposelater in the courseone
should not really think of just an electric eld or just a magnetic eld, they are intertwined
and actually manifestations of a single ertity. Personally, | 'nd Maxwell's lasting successin
resolving a theoretical inconsistencyone of the better argumerts in favor of theoretical researd.
| mean, experiment has its place but without individuals with creative vision like Maxwell
physicswouldn't be nearly as much fun.

5.6 no magnetic monop oles

We have onelast equation to explain, r ¢B = 0. Let us supposewe have a magnetic monopole.
We know from our experiencewith the Coulomb eld it would follow an inversesquare law, (
this is really a de nition of magnetic monopole )

r
B = kr_2
Now well show that B = 0. Obsene,
r\
0=r B =kr ¢ = 47K+ (1) (5.12)

then integrate over any region containing = 0 to seethat 4%k = 0 hencethere are no nontrivial
magnetic monopole elds. This is why sometimesthe equationr ¢B = 0 is termed the no
magnetic monopolesequation. In contrast the Gaussequationr ¢E = %4=3 allowed the electric
monopole as a solution.

Remark 5.6.1. Magnetic monopoles are fascinating objects. Many deep advanas is modern
“eld theory are in some way tied to the magnetic monopole. For examplein the rst half of
the 20" century, Dirac treated magnetic monopoles by using strange objects called Dirac Strings
(no direct relation to the strings in string theory if you're wondering), one famous result of his
approach wasthat he could explain why magnetic and electric chargecamein certain increments.
If just one magnetic monole existad somewhee in the universe one could argue that charge
was quantized. By the end of the 1970sit became clear that Dirac's strings were just a weird
way of talking atout principle ber bundes. With that viewpint in place it became possibleto
rephrase Dir acs physial ideas as statements alout topology. From this correspndene and its
various genealizations many new facts atout topology were gleaned from quantum eld theory.
In other words, people found a way to do math using physics. Many of string theory's most
important intellectual contributions to date havethis characteristic.
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5.7 overview of potentials in electromagnetism

Maxwell's equations prove intractable to solve directly for many systems,the potential formu-
lation proves more tractable for many problems. One replacesthe problem of nding E and
B with the alternate problem of nding a scalar potential V and a vector potential A
which are de ned sud that they give electric and magnetic elds according to the following
prescription,

_ . @
E =ir Vi g (5.13)
B =r £A

The potentials are calculated for electrostatics and magnetostatics according to the following
formulas, . 7 o .z o

=240 A(F) = > 2dg° 5.14
M, 1 ¢ =g, % (5.14)
wheret = | ris the vector connectingthe sourcepoint  to the eld point + and the integra-
tions are to be taken over all space. The formulas above really only work for time-independert
sourcecon gurations, that is chargesthat are xed or moving in steady currents.

V(r) =

Generally, when the sourcesare moving one can calculate the potentials by integrating the
chargeand current densitiesat retarded time t, which is de ned by the time it takesa light-signal
travel from the sourcepoint to the eld point, that ist; ~ tj r=cand much as before,

z 0 z 0
1 “%e S t) o o J(Et) o
V(1) = d¢ AlFt)= — ————=d¢ 5.15
(M0 = ga — A (k)= 2 = d (515)

Theseare not simple to work with. If you consult Grixth's you'll seeit takesseeral pagesof
careful reasoningjust to show that the electric eld of a charge g moving with constart velocity
¥ S,

q 1j v3=2& R

E(RD = 43, [1] v3sin2(p)=c3=2 R2

(5.16)

assumingthe charge wasat the origin at time zeroand R = i twv is the vector from the current
location of the particle to the eld point + and p is the angle betweenR and v.
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It is odd that although the integration is basedon the retarded time we seeno mertion of it
in the formula above. Somehav the strength of the electric eld dependson the current position
of the moving charge, relativit y could give us an explanation for this. Also it can be showvn that
the magnetic eld due to the samemoving chargeis,

B = —(v£ E): (5.17)

Finally, if v2 << ¢ we recover

q R 1og 1

Eriy= -1 = B(rit)= 23~
"= Za.re "= Zire

(£ R): (5.18)
what we can take from theseformulas is that a moving charge generatesboth an electric and a
magnetic eld. Moreover the faster the charge movesthe greater the magnetic eld strength.

5.8 summary and apology

So,in thesefew brief pagesl have assaultedyou with the combined e®ortsof hundreds of physi-
cists over about 150 yearsthought. Most physicists spend at least 5 full coursesjust thinking

about how to solve Maxwell's equations in various contexts, it is not a small matter. Many
hours or su®eringare probably required to really appreciatethe intricacies of theseequations. If
you wish to learn more about how to solve Maxwell's equationsfor particular physical situations
I recommendtaking the junior level sequenceout of Gritth's text, if you havetime . To my
taste, electromagnetismhas always beenhe most beautiful subject in physics. It turns out that

electromagnetismis the quintessettial classical eld theory, it stemseasily from the principle of
locality and symmetry, perhapswell have time to discussmore about that later ( that approad
is called gaugetheory ). Anyway all | really want for you to take from this chapter is the names
of the equations and some cursory understanding of what they describe. My hope is that this
will make later portions of this coursea little more down to earth.
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Chapter 6

Euclidean Structure and Newton's
Laws

This chapter is borrowel from Dr. Fulp's notes word for word in large part, we changesome of
his notation just a bit, but certainly we are indebted to him for the overall logic employel here.

Although much was known about the physical world prior to Newton that knowledge was
highly unorganizedand formulated in such a way that is wasdi+cult to useand understand. The
advent of Newton changedall that. In 1665-1666Newton transformed the way peoplethought
about the physical world, years later he published his many ideasin "Principia mathematica
philosphiae naturalia” (1686). His contribution wasto formulate three basic laws or principles
which along with his universallaw of gravitation would prove suzcient to derive and explain all
medanical systemsboth on earth and in the heavensknown at the time. Thesebasiclaws may
be stated as follows:

1. Every particle persistsin its state of rest or of uniform motion in a straight line
unlessit is compelled to changethat state by impressedforces.

2. The rate of change of motion is proportional to the motive force impressed;
and is madein the direction of the straight line in which that force is impressed.

3. To ewery action there is an equal reaction; or the mutual actions of two bodies
upon ead other are always equal but oppositely directed.

Until the early part of this certury Newton's laws proved adequate. We now know, however
that they are only accurate within prescribed limits. They do not apply for things that are very
small like an atom or for things that are very fast like cosmicrays or light itself. Nevertheless
Newton's laws are valid for the majorit y of our commonmacroscopicexperiencesn everyday life.

It is implicitly presumedin the formulation of Newton's laws that we have a concept of a
straight line, of uniform motion, of force and the like. Newton realizedthat Euclidean geometry
was a necessiy in his model of the physical world. In a more critical formulation of Newtonian
medanics one must addressthe issuesimplicit in the above formulation of Newton's laws.
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This is what we attempt in this chapter, we seekto craft a mathematically rigorous systematic
statement of Newtonian medanics.

6.1 Euclidean geometry

Nowadays Euclidean geometry is imposedon a vector spacevia an inner product structure. Let
X1;X2; X3, Y1;Y2;Y3; € 2 R. As we discussedR? is the set of 3-tuples and it is a vector spacewith
respect to the operations,

(X1:X2;X3) + (Y1, Y2, Y3) = (X1 + Y1;X2 + Y2; X3 + Y3)
C(X1;X2;X3) = (CX1; CX2; CX3)

where X1; X2; X3, Y1, Y2; ¥3; € 2 R. Also we have the dot-product,

(X1; X2, X3) G(Y1,Y2,Y3) = X1Y1 + X2Y2 + X3Y3

from which the length of a vector x = (x1;X2;Xx3) 2 R can be calculated,

p__ 44—
jxj= xex=  x2+ x5+ x3

meaning jxj> = x ¢x. Also if x;y 2 R3 are nonzero vectors then the angle between them is
de ned by the formula, u q
1 X Gy

ixjiyj
In particular nonzerovectors x and y are perpendicular or orthogonal i® p= 90° which is soi®
cos(w) = 0 which is turn true i® x ¢y = 0.

u= cos

Denition  6.1.1. A function L : R®! R?3 s said to be a linear transformation if and only
if thereis a 3£ 3 matrix A suchthat L(x) = Ax for all x 2 R3. Here Ax indicates multiplic ation
by the matrix A on the column vector x (alternatively could also formulate everythingin terms
of rows)

Denition  6.1.2. An orthogonal transformation is a linear transformation L : R®! RS3
which satis es
L(x) ¢L(y) = x ¢y

for all x;y 2 R3. Sucha transformation is also called an linear isometry of the Euclidean
metric .

The term isometry meansthe samemeasure,you can seewhy that's appropriate from the
following,
iL(X)j? = L(x) ¢L(x) = x ¢x = jxj?
for all x 2 R3. Taking the squareroot of both sidesyields jL(x)j = jxj; an orthogonal trans-
formation presenesthe lengths of vectorsin R3. Using what we just learnedits easyto show
orthogonal transformations presene anglesas well,

L(x)¢L(y) _ x8y _
JLOJLY) iy
Hencetaking the inversecosineof eat side revealsthat the angle . betweenL (x) and L(y) is
equal to the angle u betweenx and y; . = W Orthogonal transformations presene angles.

cos( ) = coqH)

43



Prop osition 6.1.3. Letl be aline in R3; that is there exist a;v 2 R3 so that
l=fx2R?jx=a+tv t2Rg denition of a line in R®:
If L is an orthonormal transformation then L(I) is also a line in RS.

To prove this we simply needto nd new a®and v°in R® to demonstrate that L(l) is a line.
Take a point on the line, x 2 |
L(x) L(a+ tv)

L(a) + tL (v)

thus L (x) is on a line described by x = L(a) + tL (v), sowe can choosea®= L(a) and v0= L(v)
it turns out; L(1) = fx2 R®jx = a%+ tvd.

(6.1)

If one has a coordinate system with unit vectors ‘l\;f;Q along three mutually orthogonal
axesthen an orthogonal transformation will create three new mutually orthogonal unit vectors
LA = L) = f°L(K) = KOupon which one could lay out new coordinate axes. In this way
orthogonal transformations give us a way of constructing new "rotated" coordinate systemsfrom
a given coordinate system. Moreover, it turns out that Newton's laws are presened ( have the
sameform ) under orthogonal transformations. Transformations which are not orthogonal can
greatly distort the form of Newton's laws.

Remark 6.1.4. If weview vectors in R® as column vectors then the dot-product of x with y can
be written as x ¢y = x'y for all x;y 2 R3. Recall that x! is the transpse of x, it changesthe
column vector x to the corresmpnding row vector x!.

Let us consider an orthogonal transformation L : R® ! R® where L(x) = Ax. What
condition on the matrix A follows from the the L being an orthogonal transformation ?

L(x)¢L(y) = x¢y () (Ax)'(Ay)=xly

() x(A'A)y=xly 6.2
() x{(AtA)y = xtly (62)
()

xHAA | 1y = 0:

But x'(A'Aj I)y=0forall x;y2 R®I®A'Aj | = 0or A'A = |. ThusL is orthogonal i® its
matrix A satis es A'A = |. This isin turn equivalert to A having an inverseand Ai 1 = Al,

Claim 6.1.5. The set of orthogonal transformations on R3 is denotel O(3). The opera-
tion of function composition on O(3) makesit a group. Likewise we also denote the set of all
orthogonal matrices by O(3),

0R)=fA2R¥3jA'A=Ig
it is also a group under matrix multiplication.

Usually we will meanthe matrix version, it should be clear from the context, it's really just a
guestion of notation sincewe know that L and A contain the sameinformation thanks to linear
algebra. Recall that every linear transformation L on a nite dimensional vector spacecan be
represerned by matrix multiplication of somematrix A.

44



Claim 6.1.6. The setof special orthogonal matrices on R3 is denotal SO(3),
SO3) = fA2 R¥#3j A'A = | and det(A) = 1g

it is also a group under matrix multiplication and thus it is a sulgroup of O(3). It is shownin
standard linear algebe course that every special orthogonal matrix rotates R® atout someline.
Thus, we will often refer to SO(3) as the group of rotations .

There are other transformations that do not changethe geometry of R3.

Denition  6.1.7. A translation is a function T : R®! RS2 de'ned by T(x) = x + v where v
is some xed vector in R® and x is allowed to vary over R3.

Clearly translations do not changethe distance betweentwo points x;y 2 R3,
iTX)i T(Y)j=jx+Vvi (Yi V)j=jxj yj= distancebetweenx andy:

Also if x;y;z are points in R® and p is the angle betweeny j x and zj x then p is also the
anglebetweenT(y)j T(x) and T(z) i T(x). Geometrically this is trivial, if we shift all points
by the samevector then the di®erencevectors between points are unchangedthus the lengths
and anglesbetween vectors connecting points in R® are unchanged.

Denition  6.1.8. A function A: R3! R®is called a rigid motion if there exists a vector
r 2 R3 and a rotation matrix A 2 SO(3) suchthat A(x) = Ax + r.

A rigid motion is the composite of a translation and a rotation thereforeit will clearly presene
lengths and anglesin R3. Sorigid motions are precisely those transformations which presene
Euclidean geometry and consequetly they are the transformations which will presene Newton's
laws. If Newton's laws hold in one coordinate systemthen we will 'nd Newton's laws are also
valid in a new coordinate systemi® it is related to the original coordinate system by a rigid
motion. We now proceedto provide a careful exposition of the ingredients neededto give a
rigorous formulation of Newton's laws.

De nition  6.1.9. We say that E is an Euclidean structure on a setSi® E is a family of
bijections from S onto R® such that,

(1) X:;Y 2 EthenX +Yilis arigid motion.

(2.) if X 2 EandAis arigid motion then A+X 2 E.

Also a Newtonian space is an ordered pair (S;E) where S is a set and E is an Euclidean
structure on S.

Notice that if X:Y 2 E then there existsan A 2 SO(3) and a vector r 2 R® sothat we have
X (p) = AY(p) + r for every p2 S. Explicitly in cartesian coordinates on R3 this means,

[X1(p); X2(p); X3(P)]' = ALY1(p); Y2(p); Ya(p)]' + [r1;r2;ra]":

Newtonian spaceis the mathematical model of spacewhich is neededin order to properly
formulate Newtonian mechanics. The rst of Newton's laws states that an object which is
subject to no forcesmust move along a straight line. This meansthat someobsener should be
able to shaw that the object movesalong aline in space.We take this to meanthat the obsener
choosesan inertial frame and makes measuremets to decidewether or not the object executes
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straight line motion in the coordinates de ned by that frame. If the obsenations areto be frame
independert then the notion of a straight line in spaceshould be independert of which inertial

coordinate systemis usedto make the measuremeis. We intend to identify inertial coordinate
systemsas precisely those elemens of E. Thus we needto show that if | is a line as measured
by X 2 E then | is alsoa line asmeasuredby Y 2 E.

De nition  6.1.10. Let (S;E) be a Newtonian space. A subsetl of Sis saidto be a line in S
i® X (1) is a line in R for somechoice of X 2 E.

The theorem below shaws us that the choice made in the de nition above is not special. In
fact our de nition of aline in S is coordinate independert. Mathematicians almost always work
towards formulating geometryin a way which is independert of the coordinates employed, this is
known asthe coordinate free approach. Physicistsin contrast almost always work in coordinates.

Theorem 6.1.11. If | is a line in a Newtonian space (S; E) then Y(I) is a line in R3 for every
Y2E.

Pro of: Becausel is a line in the S we know there exists X 2 E and X (1) is a line in R3. Let
Y 2 E obsene that,
Y() = (Y+£XTT£X)(1) = (Y £XT H(X():

Now sinceX:;Y 2 E we havethat Y +Xilisa rigid motion on R3. Thus if we can shaw that
rigid motions take lines to lines in R® the proof will be complete. We know that there exist
A2 SO@B) andr 2 R® such that (Y £+Xi1)(x) = Ax +r. Letx 2 X(I) = fx 2 R®jx =
p+tg t2 R and p,q are xed vectorsin R3g, consider

(Y X1 1)(x)

AX +r

A(p+ta) +r

(Ap + 1) + tAq

p%+ tq° letting p°= Ap + r and ¢°= Aq:

(6.3)

The above hold for all x 2 X(I), clearly we can seethe line has mapped to a new line Y(I) =
fx 2 R®jx=p°+tq® ;t 2 Rg. Thuswe nd what we had hoped for, lines are independert of
the frame chosenfrom E in the sensethat a line is always a line no matter which elemen of E
describesit.

De nition  6.1.12. An observer is a function from an interval I %2 R into E. We think of
sucha function X : I ! E asbeing a time-varying coordinate systemon S. For eacht 2 | we
denote X (t) by X; ; thus X¢ : S! R3for eacht 2 | and X¢(p) = [Xt1(p); Xt2(p); Xt3(p)] for all
p2S.

Assumethat a material particle or more generally a "p oint particle” movesin spaceS in
such a way that at time t the particle is certered at the point ° (t). Then the mapping® : 1! S
will be called the tra jectory of the particle.

De nition  6.1.13. Let us consider a particle with trajectory ° : 1 ! S. Further assumewe
havean observerX : |1 ! E with t 7! X; then:

(1)  Xi(°(t)) is the position vector of the particle at time t 2 | relative to the observer
X.
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£ o]
(2) % Xt(° (1)) ji=t, is called the velocity of the particle at time t, 2 | relative to the observer
X, it is denoted vy (to).

2 E
(3) dt2 Xi(° (1)) jt t, IS called the acceleration of the particle at time t, 2 | relative to
the observerX, it is denoted ax (to).

Notice that position, velocity and accelerationare only de ned with respect to an obsener. We
now will calculate how position, velocity and accelerationof a particle with trajectory ° : 1! S
relativeto obsenerY : 1 | E compareto thoseof another obsener X : 1 ! E. Tobeginwe note
that ead particular t 2 1 we have X;;Y; 2 E thus there exists a rotation matrix A(t) 2 SO(3)
and a vector v(t) 2 R3 sud that,

Yi(p) = A()Xi(p) + r(t)

forall p2 S. As we let t vary we will in general nd that A(t) and r(t) vary, in other words
we have A a matrix-v alued function of time givenby t 7! A(t) and r a vector-valued function of
time givenby t 7! r(t). Also note that the origin of the coordinate coordinate system X (p) = O
movesto Y(p) = r(t), this shows that the correct interpretation of r(t) is that it is the position
of the old coordinate's origin in the new coordinate system. Considerthen p = °(t),

V@) = AOXC M) + 1| (6.4)

this equation shows how the position of the particle in X coordinates transforms to the new
position in Y coordinates. We should not think that the particle has moved under this transfor-
mation, rather we have just changedour viewpoint of where the particle resides. Now move on
to the transformation of velocity, (we assumethe reader is familiar with di®ereriating matrix
valued functions of a real variable in short we just di®erertiate componen-wise)

W) = & ON

= § ADX(C (V) + N (65)
SIAIX( () + AD P O] + ST O] |
ATOX(" (D) + A)x (D) + 140):

Recalling the dot notation for time derivativesand introducing °x = X +£°,

Vy = on + Avyx + r (66)

We obsene that the velocity accordingto various obsenes dependsnot only on the trajectory
itself, but alsothe time ewlution of the obsener itself. The caseA = | is more familiar, since
A = 0 we have, . .

vy = lvx + 1 = vy + r: (6.7)
The velocity accordingto the obsener Y moving with velocity r relative to X is the sum of the
velocity accordingto X and the velocity of the obsener Y. Obviously when A 6 | the story is
more complicated, but the caseA = | should be familiar from freshman medanics.
Now calculate how the accelerationsare connected,

ar(t) = & Y( )
= & A0 (0) + AW + 110 (6.8)
ARD)X(° (1)) + AYE) SIXc(° (1] + AYt)vx (1) + A(t) FIvx (D] + rO8)
AR X (° (1) + 2AQt)vx (1) + +A(t)ax (1) + ro%t)
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Therefore we relate accelerationin X to the accelerationin Y as follows,

ay = Aax + I'+ on + ZAVXZ (69)

The equation above explains many things, if you take the junior level classicalmedanics course
you'll seewhat thosethings are. This equation doesnot look like the one usedin mecanics for
noninertial frames, it is neverthelessthe sameand if you're interested I'll show you.

De nition 6.1.14. If ° : 1 ! S is the trajectory of a particle then we say the particle and
X 111 Eis an observer. We say the particle is in a state of rest relative to the observerX i®
vx = %[Xt(°(t))] = 0. We say the particle experiences uniform rectilinear motion relative
to the observerX i®t 7! X(°(t)) is a straight line in R® with velcity vector some nonzeio
constant vector.

We now give a rigorous de nition for the existenceof force, alittle later we'll say how to calculate
it.

De nition  6.1.15. A particle exp eriences a force relative to an observerX i® the particle
is neither in a state of restnor is it in uniform rectilinear motion relative to X. Otherwise we
say the particle experiences no force relative to X.

De nition 6.1.16. An observerX : | ! E is said to be an inertial observ er i® there exists
Xo 2 E, A2 SO(3), v;w 2 R3 suchthat X; = AXo+ tv+ w for all t 2 |. A particle is called a
free particle i® it experiences no acceleration relative to an inertial observer.

Obsenethat a constart mapping into E is aninertial obsener and that generalinertial obseners
are obsenerswhich are in motion relative to a "stationary obsener" but the motion is "constant
velocity" motion. We will refer to a constart mapping X : 1 ! E asa stationary observer.

Theorem 6.1.17. If X : 1! EandY :I ! Eareinertial observersthen there existsA 2 SO(3)
, v;w 2 R3 suchthat Y; = AX;+ tv+ w for all t 2 |. Moreover if a particle experiences no
acceleration relative to X then it experiences no acceleration relative to Y.

Pro of: SinceX and Y are inertial we have that there exist X, and Y, in E and xed vectors
Vi ; Wy Vy s Wy 2 R3 and particular rotation matrices Ay; Ay 2 SO(3) sud that

Further note that since Xo; Y, 2 E there exists xed Q 2 SO(3) and u 2 R® sud that Y, =
QXo + u. Thus, noting that X, = Al L(X¢i tvx i wy) for the fourth line,

Yi = AyYo+ tvy + wy

Ay(QXo + Uu) + tvy + Wy

AyQXo+ Ayu + tvy + Wy (6.10)
AyQAL (Xt i tvxi Wy)+ tvy + Aju+ wy

AyQAL X + tlvy i AyQAL v ]i AyQAL lwy + Ayu+ wy

Thusdene A = AyQAi1 2 SO@), v=v i AjQAL vy, andw = | AyQAL twy + Ayu+ wy.
Clearly v;w 2 R® and it is a short calculation to show that A 2 SO(3), we've left it asan exercise
to the readerbut it follows immediately if we already know that SO(3) is a group under matrix
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multiplication ( we have not proved this yet ). Collecting our thoughts we have establishedthe
st half of the theorem, there exist A 2 SO(3) and v;w 2 R® sud that,

Yi= AXi+tv+w

Now to complete the theorem consider a particle with trajectory ° : 1 | S such that ax = 0.
Then by egn.[69] we nd, using our construction of A; v; w above,

Aay + I'+ on + 2AVX
A0+ 0+ 0°x + 2(0)x (6.11)
=0

ay

Therefore if the accelerationis zerorelative to a particular inertial frame then it is zerofor all
inertial frames.

Considerthat if a particle is either in a state of rest or uniform rectilinear motion then we
can expressit's trajectory ° relativeto an obsener X :1 ! S by

Xe(°(1) = v+ w

forall t 2 1 and xed v;w 2 R3. In fact if v = 0 the particle is in a state of rest, whereasif
v 6 0 the particle is in a state of uniform rectilinear motion. Moreover,

x()=tv+w () vw=v () ax=0:

Therefore we have shown that accordingto any inertial frame a particle that haszeroaccelera-
tion necessarilytravelsin rectilinear motion or stays at rest.

Let us again ponder Newton's laws.

1. Newton's First Law Every particle persistsin its state of rest or of uniform
motion in a straight line unlessit is compelled to changethat state by impressed
forces.

2. Newton's Second Law The rate of change of motion is proportional to the
motiv e force impressed;and is made in the direction of the straight line in which
that forceis impressed.

3. Newton's Third Law To every action there is an equal reaction; or the mutual
actions of two bodies upon ead other are always equal but oppositely directed.

It is easyto seethat if the rst law holds relative to one obsener then it does not hold
relative to another obsener which is rotating relative to the rst obsener. Soa more precise
formulation of the rst law would be that it holds relative to some obsener, or some class of
obseners, but not relative to all obseners. We havejust shownthat if X is an inertial observer
then a particle is either in a state of rest or uniform rectilinear motion relative to X i® its
acceleration is zem. If ° is the trajectory of the particle the secondlaw says that the force F
acting on the body is proportional to m(dvy =dt) = may . Thusthe secondlaw says that a body

49



has zero accelerationi® the force acting on the body is zero ( assumingm 6 0). It seemsto
follow that the rst law is a consequenceof the secondlaw. What then doesthe rst law say
that is not contained in the secondlaw ?

The answer is that the rst law is not a mathematical axiom but a physial principle. It says
it should be possibleto physially construct, at least in principle, a setof coordinate systemsat
ead instant of time which may be modeled by the mathematical construct we have beencalling
an inertial obsener. Thusthe rst law can be reformulated to read:

There exists an inertial observ er

The secondlaw is also subject to criticism. When one speaksof the force on a body what is
it that oneis describing? Intuitiv ely we think of a force as something which pushesor pulls the
particle o®its natural course.

The truth is that a coursewhich seemsnatural to one obsener may not appear natural to
another. One usually models forces as vectors. These vectors provide the push or pull. The
componerts of a vector in this context are obsener dependent. The secondlaw could almost
be relegatedto a de nition. The force on a particle at time t would be de ned to be may (t)
relativeto the obsener X . Generally physicists require that the secondlaw hold only for inertial
obseners. One reasonfor this is that if Fx is the force on a particle accordingto an inertial
obsener X and Fy is the force on the sameparticle measuredrelative to the inertial obsener
Y then we claim Fy = AFx whereX and Y are related by

Yi= AXi+tv+w

for v;w 2 R® and A 2 SO(3) and for all t. Considera particle traveling the trajectory ° we nd
it's accelerationsas measuredby X and Y are related by,

ay = Aay

wherewe have usedeqn.[69] for the special casethat A isa xed rotation matrix andr = tv+ w.
Multiply by the massto obtain that may = A(mayx) thusFy = AFx. Thusthe form of Newton's
law is maintained under admissible transformations of obsener.

Remark 6.1.18. The invariance of the form of Newtoris laws in any inertial frame is known
as the Galilean relativity principle. It statesthat no inertial frame is preferred in the sensethat
the physial laws are the sameno matter which inertial frame you take observationsfrom. This
claim is limited to mechanical or electrostatic forces. The force between to moving chargesdue
to a magnetic eld doesnot act along the straight line connecting those charges. This exeption
was important to Einstein conceptually. Notice that if no frame is preferred then we can never,
taking observationssolely within an inertial frame, deduce the velccity of that frame. Rather we
only can deduce relative velacities by comparing observationsfrom di®erent frames.

In contrast, if one de nes the force relative to one obsener Z which is rotating relative to
X by Fz = maz then one obtains a much more complex relation betweenFyx and Fz which
involvesthe force on the particle due to rotation. Such forcesare called ctitious forces asthey
arise from the choice of noninertial coordinates, not a geruine force.
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6.2 noninertial frames, a case study of circular motion

Somearguethat any force proportional to massmay be viewed asa ctitious force, for example
Hooke's law is F=kx, soyou can seethat the spring force is geruine. On the other hand gravity
lookslike F = mg near the surfaceof the earth sosomewould arguethat it is ctitious, howewver
the conclusionof that thought takesus outside the realm of classicalmedanics and the mathe-
matics of this course. Anyway, if you are in a noninertial frame then for all intents and purposes
“ctitious forcesare very real. The most familiar of theseis probably the certrifugal force. Most
intro ductory physics texts cast aspersion on the concept of certrifugal force (radially outward
directed) becauseit is not a force obsened from an inertial frame, rather it is a force due to
noninertial motion. They say the certrip etal (center seeking)force is really what maintains the
motion and that there is no suc thing as certrifugal force. I doubt most people are corvinced
by sudh argumerts becauseit really feelslike there is a force that wants to throw you out of
a car when you take a hard turn. If there is no force then how can we feel it ? The desire
of someto declare this force to be " ctional" stems from there belief that everything should
be understood from the perspective of an inertial frame. Mathematically that is a conveniert
belief, but it certainly doesn't t with everday experience. Ok, enoughsemariics. Lets examine
circular motion in somedepth.

For notational simplicity let ustake R3 to be physical spaceand the identit y mapping X = id
to give us a stationary coordinate systemon R3. Considerthen the motion of a particle moving
in a circle of radius R about the origin at a constart angular velocity of ! in the counterclockwise
direction in the xy-plane. We will drop the third dimension for the most part throughout since
it doesnot enter the calculations. If we assumethat the particle beginsat (R;0) at time zero
then it follows that we can parametrize its path via the equations,

x(t) = Rcog!t)

y(t) = Rsin(!t) (6.12)

this parametrization is geometric in nature and follows from the picture below, remenber we
took ! constart sothat p= 1!t
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Now it is conveniert to write ~(t) = (x(t);y(t)). Let us derive what the accelerationis for
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obtain

(x%t); y2t))

the particle, di®ereriate twice to

%)

i ! 2(t)

Now for pure circular motion the
v=1R. In other words! = v=R,

(i R! %cog(! 1);i R! %sin(! 1))

tangertial velocity v is related to the angular velocity ! by
radians per secondis given by the length per seconddivided

by the length of a radius. Substituting that into the last equation yields that,

a(t) = #Rt) = i

The picture belov summarizesour ndings thus far.
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Now de ne a secondcoordinate system that has its origin basedat the rotating particle.
We'll call this new frame Y whereaswe have labeled the standard frame X. Let p 2 R® be an
arbitrary point then the following picture revealshow the descriptionsof X and Y are related.
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Clearly we nd,
X(p) = Y(p) + r(t) (6.14)

note that the frames X and Y; are not related by an rigid motion since r is not a constart
function. Supposethat ° is the trajectory of a particle in RS, lets comparethe acceleration of
° in frame X to that of it in Y;.

X(°(1)) = Ye(° (1) + (1)
=) ax(t) :t °09t) = ay, () + ) (6.15)

If we considerthe special caseof ° (t) = r(t) we nd the curiousbut trivial result that Y¢(r(t)) = 0
and consequetly ay,(t) = 0. Perhapsa picture is helpful,
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We have radically di®erert pictures of the motion of the rotating particle, in the X picture
the particle is acceleratedand using our earlier calculation,

= 1%ty = | Vzr\
ax = £(t) = R

on the other hand in the Y frame the massjust sits at the origin with ay ¢t = 0. SinceF = ma
we would conclude(ignoring our restriction to inertial framesfor a momert) that the particle has
an external force on it in the X frame but not in the Y frame. This clearly throws a wrench in
the universality of the force concept, it is for this reasonthat we must restrict to inertial frames
if we are to make nice broad sweeping statemerts as we have beenable to in earlier sections.
If we allowed noninertial framesin the basic set-up then it would be ditcult to ever gure out
what if any forceswere in fact geruine. Dwelling on these matters actually led Einstein to his
theory of generalrelativit y where noninertial frames play a certral role in the theory.

Anyway, lets think more about the circle. The relation we found in the X frame doesnot tell
us howthe particle is remaining in circular motion, rather only that if it is then it must have an
accelerationwhich points towards the certer of the circle with preciselythe magnitude mv2=R.
| believe we have all worked problemsbasedon this basicrelation. An obvious questionremains,
which force makesthe particle goin a circle? Well, we have not said enoughabout the particle
yet to give a de nitiv e answer to that question. In fact many forcescould accomplishthe task.
You might imagine the particle is tethered by a string to the certral point, or perhapsit is stuck
in a circular contraption and the corntact forceswith the walls of the cortraption are providing
the force. A more interesting possibility for us is that the particle carries a charge and it is
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subject to a magnetic eld in the z-direction. Further let us assumethat the initial position of
the charge g is (mv=agB; 0;0) and the initial velocity of the charged particle is v in the negative
y-direction. I'll work this one out one paper becausel can.
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It is curious that magnetic forces cannot be included in the Galilean relativity. For if the
velocity of a charge is zero in one frame but not zero in another then does that mean that
the particle has a non-zeroforce or no force? In the rest frame of the constart velocity charge
apparertly there is no magnetic force, yet in another inertially related frame wherethe chargeis
in motion there would be a magnetic force. How can this be? The problem with our thinking is
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we have not asked how the magnetic eld transforms for one thing, but more fundamertally we
will nd that you cannot separatethe magnetic force from the electric force. Later we'll come
to a better understanding of this, there is no nice way of addressingit in Newtonian mecanics
that |1 know of. It is an inherertly relativistic problem, and Einstein attributes it as one of his
motivating factors in dreaming up his special relativit y.

"What led me more or lessdirectly to the special theory of relativit y was the con-
viction that the electromotive force acting on a body in motion in a magnetic eld
was nothing elsebut an electric "eld"

Alb ert Einstein, 1952.

6.3 a lonely example

Assumethat we have a constart electric eld. Let a particle of chargeq start at the origin. Find
its velocity as a function of time, what if any is the maximum speedit attains?
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Chapter 7

Special Relativit vy

In the last chapter we sav how Euclidean geometry and Newtonian physicsgo hand in hand. In
this chapter we will seewhy electromagnetismis at odds with Newtonian physics. After giving a
short history of the dilemma we will examinethe solution given by Einstein. His axiomsreplace
Newtonian medanics with a new system of medianics called special relativity. The geometry
implicit within special relativit y is hyperbolic geometry sincethe rotations in this new geometry
are parametrized by hyperbolic angles. Euclidean spaceis replacedwith Mink owski spaceand
rotations are generalizedto Lorentz transformations. There are many fascinating non-intuitiv e
features of special relativit y, but we will not dwell on those matters. Many good books are
available to ponder the paradaxes (Taylor and Wheeler, Rindler, Resnid,Frenc...). Our focus
will be on the overall motivations and mathematical structure and we will use linear algebra
throughout. We have borrowed somephysical argumerts from Resnik, | nd them clearerthan
most.

7.1 Maxw ell's equations verses Galilean relativit y

Why is it that Galilean relativit y doesnot apply to electrodynamic situations ? If most forces
are to be treated equally by all inertial framesthen why not magnetic forcesas well? Let us
derive the wave equation for an electromagneticwave (light) in vacuum in order to arrive at a
more concrete manifestation of the problem. Maxwell's equationsin "empty" spaceare

r ¢cE=0 r eB=0

7.1
r £E=i @B r£ B=12@E =0 (7.1)

where 1 ,;2, are the permeability and permitivit y of free space. Thus applying egn.38 to
Maxwell's equationswe nd,

re(r £EE)=r(r ¢E)j r2E=jr 2E

(7.2)
re(r £EE)=r £(j @)= @r £ B)=j @".%@E)
Comparing the equations above and performing similar calculation for B we nd,
2 -1 2 @E
"B =loog (7.3)
r ZB = 1020@g:
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The equation for a three dimensional wave has the form r 2f = l@% where the speed of
the wave is v. _Given this we can identify that the eqn.73 says that light is a wave with

velocity v = 1=p 5%, " c. Question: where doesthe inertial obsener enter these calculations ?

Intuitiv ely it seemsthat the speedof light should depend on who is observingit, but the speed
we just derived depends only on the characteristics of empty spaceitself. Given the success
of Newtonian medanicsit was natural to supposethat velocity addition was not wrong, soto

explain this universal speedit was posited that light propagated relative to a substancecalled

Ether. This turns out to be wrong for reasonsl will elaborate on next.

7.2 ashort history of Ether

Light has beeninterpreted as an electromagnetic wave since the discovery of Maxwell's equa-
tions in the mid-nineteerth certury. In the classicalphysicsall wavestravel through somemedia.
Moreover when the media movesthen the wave moveswith it and consequetly movesfaster or
slower. Soit was only natural to assumethat sincelight was also a wave it should propagate
at various speedsdepending on the motion of its media. But what media doeslight propogate
in? It must be everywhere otherwise we could not seedistant starlight. Also this media must
be very unusual as it does not e®ectthe orbits of planets and such, that indicates it is very
transparent both optically and mechanically. It would be a substancethat we could not feel or
seeexcept in through its propagation of light. This media was called Ether, the necessiy for
this immaterial substancewas predicated on the belief of physicists that light could not just
propogate through empty spaceand alsothe wave equation argumert for the universal speed of
light. Once one exceptsthe existenceof the Ether one has a preferred frame, the frame of the
Ether. Sincelight propagateswith respect to the Ether it follows under unmodi ed Newtonian
medanicsthat light should be obsenedto gofaster or slower from framesmaving relativeto the
Ether. This is somethingone could ched experimentally. The famousMichelsonMorely experi-
ment concludeda null result. Light had the samevelocity relative to completely di®erert frames.

Thusthere wasa puzzleto explain. If there wasno Ether then what ? Why wasthe velocity
of light always the same? There were a number of attempts made to explain the apparertly
constart of the speedof light. Il list a few to give a °avor

1.) Emission Theory : the speedof a light ray is relative to the speedof its emitter.

2.)) Ether Drag: material particles drag the ether along with them so that the
ether is always stationary relative to the frame, hencethe speed of light would be
the samefor various obseners.

3.) Modi cations to Newtonian Mechanics: Lorentz and others advocated ad-hoc
modi cations of Newtonian medanicsto match what was found by the experimert.
Particularly he advocated that distanceswere shrunk in the direction of motion in
order to explain the constart speed of light.

Each of the attempts above fails in oneway or another. | recommendreading Resnik's accourt
of thesematters if you are interested in more details.
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7.3 Einstein's postulates

Curiously it seemsthat Einstein knew only piecesof the above history at the time he provided a
solution. Basically, he found the unique characteristics of light strangein the view of Newtonian
medanics. The existenceof the Ether frame seemedto °y in the face of most of physics, other
phenomenafollow the samerules in every inertial frame, why should light be di®eren ? His
objections were theoretical rather than experimental. After much thought Einstein cameto the
following two postulates for medanics,

1.) The laws of physicsare the samefor all inertial obseners. There is no preferred
frame of reference.

2.) The speedof light in free spacehas the samevalue ¢ accordingto all inertial
obseners.

Notice that the rst postulate extends the relativit y principle to electrodynamics, Einsteinian
relativit y is more generalthan Galilean relativit y, it holds for all forcesnot just the straight line
directed ones. The secondpostulate seemslike cheating at rst glance,| meansureit explains
the experiments but what is the power of such a starting point? Remenber though Einstein's
motivation was not so much to explain the Michelson Morely experimert, rather it wasto rec-
oncile electrodynamics with medanics. It turns out that these two postulates are consistern
with Maxwell's equations, thus in a systemof mecanics built over these postulates we will 'nd
that Maxwell's equations have the sameform in all inertial frames.

Special relativity contains preciselythe systemof medanicswhich is consistent with Maxwell's
equations. The cost of reconciling mecanics and electromagnetismwas common sense. Once
oneacceptsthat specialrelativit y describesnature onemust admit that things are much stranger
than everyday experienceindicates, time is not universal, the length of a given object is not the
sameaccordingto di®erert inertial obseners, electric "elds in one frame can be magnetic elds
in another, energyis tied to mass,velocities do not add, classicalmomertum is not consened,
... the list goeson. All of thesequestionsare answeredin the standard special relativit y course
so we will focus on just a selectfew as a mathematical exercise,we again recommendResnik
for discussionsof those standard topics.

Pleasenote that we have not yet proved that Maxwell's equationsare consistert with special
relativity. We will nd an easy proof once we have translated Maxwell's equations into the
language of di®ereriial forms. If you wish to be contrary you could argue this is unnecessary
afterall the proof in conventional vector notation canbe found in Resnidk on pgs. 178-181. That
is true, but it wouldn't be asmuch fun. Not to mertion our treatment will generalizeto higher
dimensionswhich is cool.

7.4 Lorentz transformations

To be precise we should emphasizethat the de nition of "inertial* obsener must change for
specialrelativit y. We should examinewhat kind of transformations of spaceand time are allowed
by Einstein's postulates. Our derivation herewill be slightly heuristic, but its conclusionis not.
To simplify the derivation let us consider R? with one spaceand onetime dimension.
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Assumethat (t; x) is an inertial coordinate systemS. Further supposethat (t®x9 is another
inertial coordinate system S%that is related to the original system as follows,

x0 = ax + bt

x = %0+ B0 (7.4)
Let us nd the velocity the point x°= 0 with respectto S,
dx dx b
0= ax+ bt =) aa+b—0 =) V_E_?' (7.5)

This tells us that the S®frame hasvelocity v = j b=ain the S frame. Likewise nd the velocity
of the point x=0 in the S°frame,
dx© dx® K
0= a3+ 10 =) a4tz 0 =) jv= So=ll
) dto ) di® =~ al
We have noted that the velocity of the SO frame with respect to S must be equal and opposite
to the velocity of the S frame with respect to S° Rindler calls this the "v-reversal" symmetry.
There are other coordinate exchange symmetriesthat we could useto more formally derive the
Lorentz transformation. We defer a pickier derivation to the subtle book of Rindler. Let us
return to our derivation, note that equations[7:5] and [7.6] reveal,

(7.6)

0

X
X

a(xj vt)
ao(x:’+ vt9: (7.7)

Sincethere is no preferred frame it follows that a = a®thus,

x® = a(xi vt)
X a(x%+ vt9:

(7.8)

Upto now we have really only usedsymmetriesthat derive from the non-existenceof a preferred
frame of reference.Next consideremitting a photon from the S frame when the framescoincide.
Let A(t) beits position in the (t; x) frame and A(t9 beits position in the (t%x9 frame. Applying
equation [7:8] to the photon yields A(t9) = a(A(t) i vt) and A(t) = a(A(tY + vt9. We know by
the secondpostulate that the speedof light is ¢ thus,

4k g™ T n

C= $5° g a(A(t)j vt) = a

dAdt dtﬂ dt

g gl v@ = a(cj v)@ (7.9)
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likewise i ~
c= P Eua(A(tc)+vtc)‘" = audﬁd—to+ vd—tOﬂ = a(c+ v)d—to' (7.10)
T odt o dt © 7 dtodt - Tdt dt’ '
From the two equations just above we nd,
= a(cj V) d,[Oa(c v) = a?(c%j v?) (7.11)

where we have usedthat ditto‘fj—‘to = % = 1. Thereforewe nd that the constart a dependson the

velocity of the frame and the speedof light, we give it a new name following physicstradition,
a=°" 4 L - ° .

H 1| V2 = C2| V2-

Another popular notation is = v=cyielding,

Finally, note that the domain(°) = (j c;c), thus the transformation will only be de ned when
jvj < c. If a velocity is smaller in magnitude than the speed of light then we say that it is a
subluminal velacity. We nd that inertial frames are in constart subluminal velocity motion
relative to ead other. To summarizewe nd that inertial framesS and S° are related by the
Lorentz Transformations below,

x0 = °(xj vt)

x = °(x%+ vt9 (7.12)

from which it follows that _
x0 = °(xj “ct)

ct® = °(cti "x): (7.13)

Thus to make things more symmetrical it is nice to rescalethe time coordinate by a factor of
c, customarily one de nes x0 = ct. That said, we will for the remainder of these notes
tak e c= 1to avoid clutter , this meansthat for us x° = t. Then in matrix notation,
Hto‘ﬂ (I _o_‘ﬂutﬂ
- i

XO - l o— o X (714)
If you useresults in these notes with other books you should remenber that somefactors of ¢
must be put in to be correct (You may compare our equations with those of Gritth's to see
where those factors of ¢ belong).

By almost the samederivation we nd in R* that if the frame S with coordinates (t%x%y® z9
hasvelocity v with respectto S, with coordinates (t; x; y; z), then provided they sharethe same
spacetimeorigin (meaning the origins match up; (t; x; y;z) = (0;0;0;0) = (t%x%y® z9) we nd,

. . e ot 02
t i 0 t
x& B %i °T ° 0 8§ x§

% =80 o 1 (7.15)
z0 0 0O 01 =z
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This transformation is called an x-b oost, it is just the previous two dimensional Lorentz trans-
formation paired with y° = y and z° = z. We make no claim that this is the only Lorentz
transformation in R*; unlike the two-dimensional casethere are many other transformations
which respect Einstein's postulates. That will be the topic of the next section.

7.5 the Mink owski metric

Giventhe important place of the dot-product in Euclidean geometry it is natural to seekout an
analoguefor spacetime. We wish to nd an invariant quantity that characterizesthe geometry
of special relativity. Sincein the limit of ! 0 we should recover Euclidean geometry it is
reasonableto supposewe should have the dot-product inside this invariant, but we know time
must also be included. Thus considerfor an x-boost,

i (192+ (x92+ (y92+ (292 = °%(tj vx)2+ °23(xi vt)2+ y2+ 72

°2(j (12 2vxt + v2x?) + (X% 2uxt + V2t2) + y2 + 72
°2(li VZ)(i t2+ X2) + y2+ Z2

i 12+ x2+ y?2+ 22

Let us de ne a generalizeddot-product the Mink owski product in view of this interesting calcu-
lation,

Denition  7.5.1. Letv = (vVO;vivZvd)hw = (wowt;w?;wi)t 2 R* then the Mink owski
metric < ; >:R*£ R*! R is de ned by

<viw>= VoWl + viwt + vAw? + viw3:
Equivalently, enaode the minus sign by (w:) = (i w% w!; w?; w3) and write
<Vv;wW>= VvV w

wher the * is summal over its valuesO0; 1;2; 3. The componentsv' are called contra varian t
components while the related components v: are called the covarian t comp onents.

It might be more apt to say the Minkowski "metric" sincetechnically it is not a metric in
the traditional mathematical sense.To be more precisewe should call the Mink owski metric a
psualo-metric, other authors term it a Lorentzian inner product. Recallthat d:V £ V! Ris
said to be a metric on V if it is symmetric d(x;y) = d(y;x), positive de nite d(x;x) = 0 ()
X = 0, and satis es the triangle inequality z = x+vy =) d(x;z) - d(x;y) + d(y;z). For
example, the dot-product on R? is a metric. Sowhy is the Mink owski metric not a metric ?

< (220,05 (a;a00)  >= ja®+a’ =0

but (a;a;0;0)! is not the zero vector, this demonstratesthe Mink owski metric is not positive
de nite. It can also be shown that the triangle inequality fails for certain vectors.

The Mink owski metric doessharemuch in commonwith the dot product and other geruine
metrics, in particular,
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Prop osition 7.5.2. The Minkowski product <; >: R*£ R*! R satis es:
(1) <x;y>=<y;x> for all x;y 2 R*

(2) <cxiy>=c<xy>foralx;y2R*andc2R

3) <x+y;z>=<x;z>+<y;z>forallx;y;zZR4

(4) <x;y>=0forall y2R* =) x=0

Pro of: left to the reader as an exercise.

Notice the phraseall in (4.) is not necessaryin the caseof a true metric, for a geruine met-
ric < x;x >= 0 implies x = 0. But for the Mink owski product we have nontrivial null-vectors,
just as we saw before the proposition. Physically these vectors are important, they describe
paths that light may possiblytravel. The de nition below helpsusto make distinctions between
physically distinct directions in Mink owski space.

Denition  7.5.3. Letv = (V% vl;vZ v3)! 2 R* then we say
(1.) vis atimelike vector if < v;v> < 0
(2.) v is alightlike vector if < v;v> = 0
(3.) v is aspcelike vector if < v;v> > 0

If we considerthe trajectory of a massiwe particle in R* that begins at the origin then at
any later time the trajectory will be located at a timelik e vector. If we considera light beam
emitted from the origin then at any future time it will located at the tip of a lightlik e vector.
Finally, spacelile vectors point to points in R* which cannot be reached by the motion of physi-
cal particles that passthroughout the origin. We say that massiwe particles are con ned within
their light cones,this meansthat they are always located at timelik e vectors relative to their
current position in spacetime. You have a homework that elaborates on theseideasand their
connectionto the constart speedof light.

It is useful to write the Minkowski product in terms of a matrix multiplication. Obsene
that for x;y 2 R4,

0 10 1
1000 "y
. ¢ 1

<xy>= i x0%0+ xtyl+ x2y2+ x3y3 = 'x0 xI x2 3 %8 é 2 ggazﬁ x\y
0 001

wherewe have introduced” the matrix of the Mink owski product. | nd the componert versions
of the statemerts above to be more useful in practice. The componerts of ~ are simply (" )
whereasthe componerts of “i 1 are (") sothat "~ " ° = . Let me make a list of useful
identities,

Vi = " 10 V0

V= P e (7.16)
1 s 10 ’ 1 (o)

V Vi = VoVi = 10V V

We defer the proper discussionof the true mathematical meaning of these formulas till a later
section.
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Remark 7.5.4. Property (1.) alove saysthe Minkowski metric is symmetric. If one studies
Symplectic geometry the object that plays the role of the metric in that geometry is not even
symmetric. So whenyou are reading physicsand somene usesthe term "metric" be careful it
means what you think it means.

Lets settle the terminology here on out,

De nition 7.5.5. A metric on a vector space V is a symmetric, nondegeneiate bilinear form
onV.

this is what you should understand me to meanwhen | mertion a metric in later chapters.

7.6 general Lorentz transformations

In this sectionwe preser other transformations that relate relativistic inertial frames, then we
give an elegart coordinate free de nition for a Lorentz transformation.

Notice our derivation of an x-boost just as well follows for y or z playing the role of x, such
Lorentz transformations are y-b oosts and z-b oosts respectively Explicitly ,

0 o e ot Ol . o 101
G-he D0 BUE KRB LD MREER oo
v O 0 0 1 =z i °” °

Another transformation that doesnot violate Einstein's postulatesis a spatial rotation, that is
X the time variable (t°= t) and rotate the spatial coordinates aswe did in the Euclidean case.
For example a rotation about the z- axis would be,

1 0 1

%y;§ %o |C§I§t121) 2'5';{3 8§%y§ (7.18)

More generallyif R 2 O(3) then the following will presene the invariant quartit y we discovered,

0,1 O 10,1
t 1
X& _ %8 R11 R R13§ %y§
= 7.19
%\/ R21 R22 Ros ( )
ZO 0 R31 R32 R33 Z

Recall that we must take R 2 SO(3) if we wish to insure that the new spatial coordinates are
of the same"handedness"as the old.

Now that we have seensomeexamplesof Lorentz transformations it is desirableto give a
compact and coordinate free characterization of the idea.

De nition 7.6.1. A Loren tz Transformation on R*is a linear transformation L : R*! R*
suchthat < L(v);L(w) >=< v;w > for all v;w 2 R*. The group of all suchtransformations is
the Loren tz group whichis denotal by L. If we restrict to the sulgroup of timelike vector pre-
servingtransformations which maintain the right-hand rule then we call that the ortho chronous
Loren tz group and denoteit by L:,
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This de nition of Lorentz transformation makesit clear that the Mink owski product is the
samein all inertial frames of reference.In principle one might have worried that the de nition
for <; > was coordinate that dependen, afterall it is de ned explicitly in componerts relative
to someframe. However now that we have re ned what a Lorentz transformation truly is, it
is obvious that the Minkowksi product of two vectors is the samevalue in any two frames re-
lated by a Lorentz transformation. Mathematically it is cleanerto just beginwith the de nition
above and then we actually could derive the speedof light is the samefor all inertial frames. You
can nd aproofin the last chapter, its not ditcult if you approad the questionin the right way.

Prop osition 7.6.2. Let L be a linear transformation on R* and A be the matrix of L so that
L(x) = Ax for all x 2 R* then,

AVA =" () L2L:
We call A a Lorentz transformation if it is such a matrix.

Pro of: Let x;y 2 R* and let L be a linear transformation with L(x) = Ax, Recall from the
last section that,
<xy>=x"y: (7.20)

Next considerthat

< L(x);L(y) > =< Ax Ay >
= (Ax)V Ay (7.21)
= x'Al Ay:
Thus,
<SLMX);L(y)>=<xy>() x'AVAy=x"y (7.22)

for all x;y 2 R*. Therefore, sincethe equation above holds for all vectors,
L2L () AVA=": (7.23)
The proof is complete.

Remark 7.6.3. We refer the readerto Wu ki Tung's "Gr oup Theory in Physics" for further def-
initions and discussionof the discrete spacetime symmetries of charge, parity and time-reversal
which all have fascinating physial implications to representation theory. Also it can be shown
that topologically L is disconnected into four connected components, the component containing
the identity is L, . The proof of these statementsis involved and we refer the reader to David
Bleeker's "Gauge Theory and Variational Principles" for the proof.
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7.7 rapidit y and velocity addition rule in special relativit y

Every rotation in SO(3) can be written as a rotation about someaxis. In practice we like to
think about rotations about the principle coordinate axes,in particular

0 _ 1
cos(y) sin() O

R (W) = @ sin(y) cosp) OA rotates about the z-axis
0 0 1
0 _ 1
cogy) O sin(y)
Ry(W) = 0 1 0 A rotates about the y-axis
i sin() O cosa(u)1
1 0 0
Ry() = @0 coqp) sin(wA rotates about the x-axis

0 isin(k) codp)

We can eleate theseto rotations in R* by adjoining a 1 asin equation 7:19. We now explore
how we can view the Xx,y,z-boosts as hyperbolic rotations. In Euclidean geometry we study sine
and cosinebecausethey form ratios of the lengths of sidesof a triangle inscribed in a circle, it
should be familiar that we can parametrize a circle using sine and cosine,

x2+y?=1 x=coqM) y=sin(h) 0<p- 2%

The analogueof a circle hereis a locus of equidistant points relative to the Mink owski product.
Choosing the locus of all timelike points with interval j 1 from the origin gives a hyperbola
which can be parametrized by hyperbolic sine and cosine,

it?+r?2=j1 t=coshA) r=sinh(Ad) | 1 <A<1

here we have let r? = x? + y? + z2 and for simplicity of discussionwe'll suppresstwo of the
spatial directions as you may otherwise justly complain we really have a hyperboloid. As you
can seein the diagram below as we trace out the hyperbola the straight line connecting the
point and the origin represens the motion of a particle traveling at various velocities away from
x=0. When A= 0 we get a particle at rest, whereasfor § A>> 0 we approad the asymptotes
of the hyperbola r = 8§t which are the equations of light-rays emitted from the origin.
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Thus we seethat velocity and rapidity are in a one-onecorrespondence.
Denition  7.7.1. The hyperbolic angle the parametrizes a boost in the k" spatial coordinate
direction is de ned by
tanh (A = "«
wher | is the velcity in the k-th direction. We call A, the rapidit y of a xx j boost

Before going any further we stop to remind the reader everything we should have learnedin
calculus about hyperbolic functions,

Prop osition 7.7.2. We begin by recalling the de nitions of "cosh" and "sinh",

cosh(x) = %(eX + e %) sinh (x) = %(e" i %)
Then the hyperbolic tangentis "tanh" de ned by

tanh (x) = i::é;‘;
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Recalling the imaginary exmnential form of sine and cosine
— 1 iX i ix ; - 1 X . A iX
cogx) = é(e +e ™) sin(x) = Z(e i e"™)

you can see the analagy, moreover you can easily derive that,
cosh(ix) = coqXx) sinh (ix) = isin (x)
this means you can translate trigonometric identities into hyperbolic identities,

(1) costP(x)j sinh?(x) =1
(2:) cosh(a+ b) = cosha)cosh(b) + sinh (a)sinh (b)
(3:) sinh(a+ b) = sinh(a)cosh(b) + sinh (b)cosh(a)

. _ tanh (a)+ tanh (b)
(4) tanh(a+ b = Hr@emm

(7.24)

Finally note the derivatives,
d . d ) d _
&[cosr(x)] = sinh (x) &[smh(x)] = cosh(x) &[tanh(x)] = sechf(x)

where sect?(x) = 1=cosi(x).

Pro of: Parts (1.),(2.),(3.) are easily veri ed direction via calculations involving products of
exponertials or by translating trigonometric identities as hinted at in the theorem. We'll give
an explicit accourt of how (4.) is true assumingthe previous parts of the proposition,

sinh(a+ b)

cosh(a+ b)

sinh (a)cosh(b) + sinh (b)cosh(a)
cosh(a)cosh(b) + sinh (a)sinh (b)
tanh (a)cosh(b) + sinh (b)
cosh(b) + sinh (btanh(a)
tanh(a) + tanh(b)

1+ tanh(a)tanh(b)’

tanh(a+ b)

Finally the derivativesfollow quickly from di®erertiating the de nitions of the hyperbolic func-
tions.

Prop osition 7.7.3. If tanh(A) = ~ then cosh(A) = ° wher ° = p% as before.
I

Pro of: Lets calculate,

sinh(A) _ _ sinh(A)
cosh(A) ~ " T+ sinh2(A)

tanh (A) = (7.25)

solving for sinh (A) yields,

sinh (A) = pP—= " (7.26)
1j
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Therefore, )
sinh(A) _ ° _ ..

cosh(A) =
this completesthe proof.
Thus we may parametrize the X,y,z-boosts in terms of rapidities corresponding to the x,y,z

velocity of the boost. Using the notation B;(A) for a boost in the i-direction by rapidity A we
have,

0 . ; 1
cosh(A) jsinh(A) 0 O
By(A) = %i smoh (A) COS(;(A) 2 8§ boost by rapidity A in x-direction
0 0 0 01
cosh(A) 0 jsinh(A) 0
By(A) = 0 1 0 0 boost by rapidity A in y-direction
y ~ @ sinh(A) 0 coshA) y rapidity y
0 0 0 0 1
cosh(A) 0 0 j sinh(A)
o 0 10 0 § e —
B,(A) = 0 01 0 boost by rapidity A in z-direction
i sinh(A) 0 0 cosh(A)

7.7.1 rapidities are additiv e

Let us considerthree inertial framesS; S®and S% Supposethat all three framesare alligned at
t = t9= t%= 0. Further supposethat frame S°travels at velocity v in the x-direction of the S
frame. Also supposethat frame S%travels at velocity u in the x'-direction of the S°frame.

In terms of boosts we may restate our assumptionsas follows,

x9= By(a)x  x°°= Byo(b)x°
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wheretanh(a) = v and tanh(b) = u. Let us nd what the rapidity of S®is with respect to the
S frame. Notice that x%°= Byo(b)x°= Byo(b)Bx(a)x. We calculate Byo(b)By(a),

0 cosh(b)cosh(a) + sinh(b)sinh(a) | sinh(bcosh(a) i cosh(bsinh(a) O 0l
%i sinh(b)cosh(a) i cosh(b)sinh(a) cosh(b)jcosh(a) + sinh(b)sinh(a) O 8§: (7.28)

0 0 1
0 0 01
Apply the hyperbolic trig-identities to nd
cosh(a+ b) jsinh(a+b O O1
B,o(0)By (a) = %i sinhéa+ b) cosh(g+ b) (; o _ B (a+ b): (7.29)
0 0 01

Which says that a boost by rapidity a followed by another boost of rapidity b is the sameas a
single boost by rapidity a+ b, assumingthat the boostsare in the samedirection its fairly clear
that the calculation above will be similar for the y or z boosts.

7.7.2 velocities are not additiv e

Let usreturn to the questionwe beganthe last sectionwith and rephraseit in terms of velocity.
What is the velocity of S®with respect to the S frame ? Let us dene that velocity to be w,
note

w = tanh(a+ b
tanh(a) + tanh(b)
1+ tanh(a)tanh(b)
u+ v

1+ uv’

Breaking from our usual cornvertion of omitting c let us put it in for a momen,

u+v
w=s —— 7.30
1+ uv=¢c ( )
It is clear that if jvj << c then we get badk the Newtonian velocity addition rule, simply
w = u+ v. Howewer, if jvj is not small then the rule for adding relative velocities is appreciably
modi ed from the common-senseaule of Newtonian mecdanics.

Remark 7.7.4. | tried the same approach for a perpendicularly moving S®frame but | could
not see how to getthe known velaity addition rule in that case. Probably a better way to derive
the relative velccity addition rules is di®erentiating the Lorentz transformations. The derivation
alove is somewhatnovel and | really dorit recommendtrying it for other situations. If you wish
to nd a slick mathematically questionableway of deriving thesethings take a look at Rindler,
sorry I'm a bit suspiciousof his way of dividing the di®erentials.

72



7.8 translations and the Poincaire group

A simple generalization of a linear transformation is an atne transformation.

Denition  7.8.1. An a+ne transformation on R* is a mappingF : R*! R* suchthat F(x) =
Ax + b for somematrix A and vector b, whenb= 0 it is a linear transformation, whenA = 0
then we de ne F(x) = x + bto be a translation.

Let us considertwo points in R*, say x;y 2 R* then we de ne the interval betweenx and y as
LGY) " < Xi yiXiy>: (7.31)

We de ne the Poincaire group P to be the set of all atne transformations that leave the interval
| (x;y) invariant for all x;y 2 R*. Notice that if L 2 L then,

I (L(X);L(y)) <L(X)i L(y,L(X)i L(y)>
= <L(X);L(X)>i <LX);L(y)>i <L(y);L(X) >+ <L(y);L(y) >
= <XX>j2<Xy>+<yy>

= <XjyXxiy>
= 1(xy)

thus Lorentz transformations are in the Poincaire group. Also we can quickly verify that space-
time translations are in the Poincaire group, let T : R*! R*bedened by T(x) = x + b,

L(T(x); T(y) <ST(X)i T(y);T(X)i T(y)>

< x+bj (y+b;x+bj (y+b>
< Xy >

1 (X;y)

thus spacetimetranslations are in the Poincaire group.

Denition  7.8.2. Let A be a Poincaire transformation on R* then it is an atne mapping
A:R*! R? suchthat there existL 2 L and b2 R* with

AX) = L(x) + b:

In other words a Poincaire transformation is generally a composition of a Lorentz transformation
and a spacetimetranslation.

Prop osition 7.8.3. Every atne transformation of the Poincaire group P is a Poincaire trans-
formation.

Pro of: left to the reader as an exercise.

Notice Poincaire transformations are analogousto the rigid motions of Euclidean geometry,
Thus we proceedto de ne an analogueto the Euclidean structure, we will call it a Mink owski
structure in honor of Mink owski. It wasMink owski who waslargely responsiblefor supplying the
mathematicsto complemeri Einstein's physical genius. Without thesemathematical re nements
of special relativit y it is doubtful that generalrelativit y would have beenfound as quickly asit
was (1905-1916approximately).
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Denition  7.8.4. A Mink owski structure on a setM is a family of bijections H from R*
onto M suchthat

(1) X;Y2HthenX zYi12H

(2) IfX2HandA2 P thenX A2 H.

A Mink owskian Space is a pair (M ;H) where M is a set with a Minkowski structure H.

Often we will just sy M is a Minkowskian spaceand when we say that M is Mink owski
Spacewe are identifying M with R*. We introduce this denition to bring out the analogy
with Euclidean space,however pragmatically we will always identify Mink owski spacewith R*
in this coursein order to avoid extra notation. This identi cation is much like the identi cation
of ordinary spatial dimensionswith R2, conceptually it is useful, but at a more basic level it is
incorrect strictly speaking since R? is not physical space.

If X is an inertial frame then Y is alsoan inertial frameif Xi 1Y 2 P. Thusin the context
of special relativit y inertial frames are related by Poincaire transformations. Thus to prove a
theory is consistert with special relativit y it sutxcesto demonstratethat the de ning equations
of the theory have the sameform in all inertial frames.

7.9 vectors in Mink owski space

We have thus far avoided the problem of covariant and cortravariant indices in this course,
exceptin the de nition of the Mink owksi metric. Let us cortinue that discussionnow. In earlier
chapters we wrote matrices with indicesdown, but now that there is a di®erencebetweenindices
being up and down it will becomeimportant to distinguish them. Heuristically you can think
of it asa consenation of up and down indices. Consider a Lorentz transformation L 2 L with
matrix @ = (ccl:) then L(x) = ax = % explicitly ertails,

% = oox’
where the repeated® is understood to be summedover its valuesO0; 1; 2; 3. Notice that in order
to "conserwe indices" we needone up and one down index.

Given the Lorentz transformation as above it follows that if v is a vector in spacetimethen
in the x" -coordinates we have v = v' & whereasin the %' -coordinates we have v = ¥"&. The
vector v is in one-onecorrespndenceto a point in spacetimeand when we change coordinates
we do not move the points themselwes, rather our description of those points is what changes.
That is why we write v in both systems. Before addressingthe question of how the di®eren
pictures of v are related we will nd it usefulto considera point P 2 R4,

P=Pe=P&=-oPa (7.32)
Thus asthe point P in the equation above is arbitrary it follows
e = 0(1,53 (733)

Then multiply by the inverseof & to obtain

&= @ Ye: (7.34)
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Now that we know how the basisfe: g "rotates" under a Lorentz transformation we can gure
out how the componerts v© must in turn change. Consider that

V = Ve
= Ve
V(@ie:

Thus asfe g is a basiswe can read o®the transformation of the componerts,
Vl — vl(gi l)i:

Multiply by the Lorentz transformation to cancelthe inverseand nd,

1

Vo= oV (7.35)

Componerts V' that transforms to ¥ = ooV’ under a Lorentz transformation X' = oox°
are called contra varian t comp onents. Contravariant componerts are the componerts of the
vector v, however the covariant componerts will actually be the componerts of a corresponding
dual vector or covector. Recall the idea of the dual space from linear algebra,

De niton  7.9.1. LetV be a vector space then V" = f®: V | R j ®alinear mapg. Given
an ordered basis feg for V then the dual basis on V®° is denotal fe'g and € (g) = #. we
also say that fe g is the basis on V* dual to fe,g on V. Additionally, elementsof V*° are called
covectors or dual vectors.

Now let us apply the generalidea of a dual spaceto the speci ¢ caseof interest to us, namely
R*= V. If®2 V°then®= ®&e€ . Let us nd how the componerts of a covector must change
under a Lorentz transformation. We'll proceedmuch as we did for vectors, rst we'll nd how
the dual basis"rotates” under a Lorentz transformation, then we'll usethat to pin down the
transformation property we must require for the componerts of a dual vector.

Let us considerthe basisfe g and the Lorentz transformed f & g where the Lorentz trans-
formation we have in mind is the sameas before X = ©.x°. Now considerthe dual basesto
fe. g and f & g which we denotefe' g and fé&' g respectively. Consider,

CRCECY
= oe’e)
= o’4®
- g®

&%)

= o+
= ofe (e)

Recall from linear algebrathat a linear operator is de ned by its action on a basis, thus we may
read from the equation above

&® = ofe: (7.36)




Therefore the dual basis transforms inversely to the basis. Let's ched the consistencyof this
result,
£ = &%)
= ofd (@i Y e)
= af@i e (e)
= o®rihlL
= (@ Hla®

= 4

The componerts of a dual vector b = & are the numbers b, these are called covarian t
comp onents. Let us determine how they changeunder the Lorentz transformation,

b = bhe
= b®é®

= ho®e:

Sincefe' g is a basiswe can read from the above that b. = b o ® which upon multiplication by
the inverselLorentz transformation yields,

h = (il b (7.37)

7.9.1 additional consistency checks

The calculations that follow are not strictly speaking necessary However, | myself have at times
gotten extremely confusedtrying to make a coherert whole of the various interlocking ideashere.
Our goal hereis to show that the metric is coordinate invariant, that is it hasthe samevalues
in one frame asit doesin any other frame related by a Lorentz transformation. Of coursethe
very de nition of the Lorentz transformation insuresthat the Mink owski metric is coordinate
invariant, L 2 L implies< L(x);L(y) >=< x;y >. | will now show how to verify this at the level
of componerts. We can attempt this aswe have just determined how the covariant componerts
transform.

To begin we note somealternativ e characterizations of a Lorentz transformation in compo-
nents. We assumethat A is the matrix of the linear transformation L.

L2L () AYA="

() (AYY A0 = w0

() (Mg gAe =

() "#(A)g oA = #w (7.38)
() " (A)g oA = &

() (ATH%= "7 (A)g o

() (AihHZ="g(A)g *
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Let v;w be vectorsin Mink owski spacewhere their Minkowski product < v;w >= v’ w: with
respectto the coordinatesx" . Changeto newcoordinatesk* wherex' = oo x° sothat ¥ = ooV’
and ¥. = (mi 1):Vo. We now seekto demonstrate the coordinate invariance of the Mink owski
product directly in terms of componerts. Obsene,

< L(v);L(w) >
= <o,V e ;oW e>

_ 10 ®,, .
= ooV e®w < e ep>

Viws =< viw >

= nivon@wi'@

= @) ea®w)
= @V )( 102 Cwg)
= (V)= ) we)
= (V)(W):

Again | emphasizethis is doing things the hard way, this result is actually immediate from our
de nition of Lorentz transformations. The only reasonl'v e kept this calculation is to give you
an example of a more advancedindex calculation.

7.10 relativistic mechanics

Upto now we have just discussedthe geometry of special relativit y, the next thing to address
is how we must modify mecanicsto t the postulates of special relativity. In the course of
this endeavor we will try to return to our example of circular motion to contrast the relativistic
versesthe Newtonian picture. This sectionis in large part adapted from chapter 3 of Resnid.
I will not provethat the de nitions below are consistent with special relativit y, in the interest
of time you'll just have to trust me.

De nition  7.10.1. A particle's rest frame is the frame which is comoving with the particle.
The rest mass of the particle is the massof the particle measured in the rest frame, we denote
it my. If the particle travelswith velccity u in someframe then we de ne the relativistic  mass

of the particle to be m

) _ [0}

) T w=a
Notice that m(u = 0) = my°(0) = mg so the relativistic massmeasuredin the rest frame is
simply the rest mass. Next we de ne relativistic three-momertum,

De nition  7.10.2. Relativistic momen tum of a particle traveling with velaity ¢ is denoted
p and for massiveparticles it is de ned p= mua wher m is the relativistic mass.

In Newtonian medhanicswe had the forcelaw F = dp=dt. The relativistic forcelaw is de ned
by the samerule except we replace Newtonian momertum with relativistic momertum,

De nition  7.10.3. If F is the relativistic force on a particle then

_dp_ d" mu

Todt T dt 1i u2=¢
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When you think about Newton's secondlaw there are two parts, half of the law is that
F = dp=dt, the other half iswhat F actually is. In principle whenwe generalizeto the relativistic
casewe might have to modify both "halves" of the secondlaw. For certain forcesthat is the
case,but for the Lorentz force only dp=dt needsmodi cation. The force on a particle of rest
massm, and charge q with velocity t is,

H 1
d Mot
E+df£ B)= — — 7.39
o ): & P (7.39)

Remark 7.10.4. Newtonian momentum mgu is not conserval relativistically, howeverrelativis-
tic momentum is conservel,
d M 1
F= a M’ (W =0 =) p = my° (u)tt = constant

this meansin a collision the net relativistic momentum s the samebefore and after the collision,
according to a particular frame of reference. It is not the case that the net momentum is the
samein all frames, that is not even the case in Newtonian mechanics. A particle has zerm
momentum in its rest framein relativistic or ordinary mechanics.

7.10.1 Energy

One version of the work-energy theorem says that the kinetic energy of a particle accelerated
by a force F from rest is equal to the work done by the force,

u=0

For examplein the one dimensional casewe recover the usual formula for kinetic energy by a
simple calculation,
Z Z Z Z

du dx du 1
K= Fdx= mg—dx= moa&dxz moudu = Emou2 (7.40)

dt
all the integrations above technically should have bounds corresponding to an upper bound of
velocity u and a lower bound of velocity zero. Given this viewpoint and the fact we have already
de ned the relativistic force we can derive the relativistic kinetic energy againwe'll focuson the
one-dimensionalcaseto reduceclutter, the argumerts are easily generalizedfor more dimensions,

Z

K = F dx
A

d
a[mu]dx

dm du
(EM ma)dx

z

Z
(u?dm + mudu)
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Now we should note that dm and du are implicitly related accordingto the de nition of m,

m
m=p——— =) m??; m2u’=m?
1 u?=¢

=)  2mc?dm; 2mu?dmi 2m2udu= 0
=)  cdm = u?dm + mudu

substituting what we just learned we nd
Z

u=u u=u
K = Fdx = c2dm = men™ = me? | moc?
u=0 u=0

Therefore,

K = mol®(° i 1)

Moreover we may de ne the total enemgy of a free particle (no external forces) by

= °moc?

(7.41)

(7.42)

(7.43)

Then E = K + E, where the quartity E, = moc? is the rest energy. Evidently free particles in
relativit y have more than just Kinetic energy they also have a rest energy This is the famed
mass-energycorrespondenceof relativit y. A particle at rest hasan enormousquartit y of energy

this energyis what powers nuclear fusion and “ssion.

7.10.2 more on the relativistic force law

Prop osition 7.10.5. The relativistic force is only partial ly proportional to the acceleration in

geneal,

1 du
F=S(Fe)u+m—
c2( )t mdt

Pro of: Remenber that m is a function of u thus,

F= g—f: %mu]: %—Tu+ m(:j—f[J
However, we also know that E = mc? thus m = E=¢ hence,
dm _ 1dE _ 14K,
dt c? dt c2 dt -
Di®erertiating K = RF ¢d” with respect to time yields that

Putting it together we get,

and the proposition follows.
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Prop osition 7.10.6. The relativistic force reduces as follows in the special casethat (1.) the
a;F;d are paralell and (2.) the force is perpendicular to &, a.k.a F ¢t = 0.

. dtt

du
. — 03 . -
(1) Fjj=mg (U)a (2)) Fr =mg at

(7.44)

Pro of: | have made this a homework. It should be easy

Prop osition 7.10.7. Relativistic Charged Particle in circular motion: Let us supmse
we have a charge q moving with intial velacity (0; vo;0) subject to the constant magnetic "eld
B = (0;0;B). Everything is the sameas before exapt now let the intial position be (mv,=0B ; 0; 0)
where m = °(Vg)mg is the relativistic mass. It can be shownthat the particle travelsin a circle
of radius R = °(vo)meVo=gB centered at the origin lying in the z = 0 plane.

Pro of: | have made this a homework.

We seethat charged particles moving at relativistic speedsthrough perpendicular magnetic
“elds also travel in circles relative to the frame where the magnetic eld is perpendicular to
the velocity. In the courseof proving the proposition above you will notice that if the velocity
is initially perpendicular to the magnetic eld then it remains as suc in the absenceof other
in°uences. One might wonder if the particle will travel in a circle in the view of other frames of
reference. The analysisof that question must wait till we nd how the magnetic eld transforms
when we changeframes.

Remark 7.10.8. We have introduced the concepts of relativistic force and momenta in the
context of a single frame of referene. To make the treatment complete we ought to show that
these concepts are coherent with Einstein's axiom that the laws of physics are the samein all
inertial frames. The nice way to showthat is to group momentum and energy togetherinto one
"4-vector" and likewise the force and power into another "4-vector”, it can then be shownthat
they transform as covariant vectors in Minkowski space. I'd love to spend a few daystelling you
alout how to use 4-vectors and enemgy-momentum conservation but we must go on.
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Chapter 8

Matrix Lie groups and Lie algebras

This chapter is a slight digression(we may not cover it depending on time, obviously I'll only
assignthe homeworks referencedin this chapter if | lecture onit). | include it only becauseit
might be good to seewhere the orthogonal and Lorentz transformations t into more abstract
math. Although the math in this chapter is not terribly abstract, believe it or not.

8.1 matrix Lie groups

It is the casethat all the examplesgiven in this section are Lie groups A Lie group is a group
on which the group operations are smath. We will not explain what we mean by smaoth, if
you'd like to know I'll tell you in oxce hours. Recall that a group is a set with an operation,

De nition 8.1.1. Let G he a setwith an operation from GE£ G! G namely(a;b) 7! abfor all
a;b2 G thenwesay G is a group if is hasan identity, the operation is an assaiative operation,
the operation closeson G, and every elementis invertible. That is

(1.) there existse 2 G suchthat xe = ex= x for all x 2 G

(2.) if a;b;c2 G then (abc= a(bg

(3.) a;b2 G implies ab2 G

(4.) If x 2 G then there existsxi 1 2 G suchthat xxi 1 = e= xi 1x

whenab= bafor all a;b2 G we saythat G is Ab elian otherwise we say G is nonab elian .

I'd like to just considermatrix groupsin this section, typically they are nonabelian.

Example 8.1.2. The geneal linear group GL(n) is the setn £ n matrices with nonzen deter-
minant.
GL(n) = fA 2 R"" j det(A) 6 Og

The group operation is simply matrix multiplication, we know from linear algeba that it is an
assiative operation. The identity of the group is just the n£ n identity matrix. If A; B 2 Gl(n)
then 0 6 det(A) and 0 6 det(B) then as det(AB) = det(A)det(B) we nd 06 det(AB) thus the
product of invertible matricesis invertible. Finally, from linear algeba we know that matrices
with nonzer determinant are nonsingular, the inverse exists.

All the other matrix groupslive in GL(n) as subgroups. We will restrict our attention to
matrices with real entries but this is not a necessaryrestriction, complex matrix groups as just
asinteresting, maybe more.
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De nition 8.1.3. LetH be a subsetof G then H is a sulgroup of G if it is also a group under
the group operations of G.

Recall that we do not have to prove all the group axioms when cheding if a subgroup is
really a subgroup,

Prop osition 8.1.4. LetH p G then H is a sulgroup of G if
(1.) e2H
(2.) a;b2 H impliesab2 H.

Example 8.1.5. Let H = SL(n) be the set of matricesin GL(n) with determinant one,
SL(n) = fA 2 GL(n) j det(A) = 1g:

this forms a sulgroup of GL (n) since clearly det(l1) = 1thusl 2 SL(n) andif A; B 2 SL(n) then
det(AB) = det(A)det(B) = 1 thus SL(n) is closel under matrix multiplication. Thus SL(n) is
a sulgroup of GL(n). We call SL(n) the special linear group

Orthogonal matrices form another subgroup of O(n),

Example 8.1.6. Let H = O(n) be the subsetof GL (n) de ned by,
o(n)=fA2GL(n)jA'A=Ig
Then since 11 = 1 it follows| 2 O(n). Moreover if A; B 2 O(n) then
(AB)'(AB) = B'A'AB = B'IB = |

where we haveused that A'A = | in the second equality and B'IB = B'B = | in the third. Thus
O(n) is closel under matrix multiplication and hene is a sulgroup. We call O(n) the group of
orthogonal matrices

One can also think about special orthogonal matrices
Example 8.1.7. De ne the set of special orthogonal matrices to be
SO(n) = fA 2 O(n) j det(A) = 1g
this is a sulgroup of GL(n), SL(n) and O(n). I'l | let you prove that in a homework.
The Lorentz matrices also form a group,

Example 8.1.8. We denote the set of Lorentz matrices O(1; 3) they are a subsetof GL (4)
de ned by
0(1:3)=fA2GL@) jAYA="g

Thesefrom a group, again I'l | let you showit in homework.

We can restrict to the Lorentz matrices corresponding to the orthochronous Lorentz trans-
formations,
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Example 8.1.9. We denote the set of special Lorentz matrices SO(1;3) they are a subsetof
0O(1;3) de ned by
SO(1;3)=fA 2 O(1;3) jdet(A) = 1g

Thesefrom a group, again I'l | let you showit in homework.

We can include many of these examplesin the following example,

Example 8.1.10. LetJ 2 GL(n) be a xed matrix. De ne
Hy=fA2GL(n)jAJA = Jg

whenJ = | we recover O(n) wheras whenJ =~ and n = 4 we recover 0(1;3). Again I'l| let
you showthat this is a group in homework.

8.2 matrix Lie algebras

A Lie algebrais a vector spacepaired with an operation called a bracket. For matrices we can
form Lie algebrasusing the "commutator". The commutator of a;b2 R" " is[a;b ~ abj ba
It is an easyalgebra exerciseto verify the following identities for the commutator,

[La; b=, [a;b]
[a+ b;c] = [a;c] + [b;c]
(25 = i [bia] &

[a; [b;c]] + [b;[c;a]] + [c;[a;b]] = O

for all a;b;c2 R"" and , 2 R. Theseproperties makes R"¢" paired with the commutator a
Lie algeba which we denotegl(n). The connectionbetweenLie algebrasand Lie groupsis that
the Lie algebraappearsasthe tangent spaceto the identit y of the Lie group. What this means
is that if you take a curve of matricesin the matrix Lie group that passesthrough | then the
tangent to that curve is in the Lie algebra. The collection of all such tangents forms the Lie
algebra of the Lie group.

Remark 8.2.1. The notation is confusing if you are caught unaware of the di®erence between
the group and the algeba. There is a big di®erence between gl(n) and GL(n). Genenrally | try to
follow the notation capital letter for the group like G and lower Germanic letter for the algeba
g.

Example 8.2.2. The Lie algeba of GL(n) is gl(n). Let° : R! GL(n) be a curve such
that °(0) = 1. What can we say atout the tangentsto this curve? It is completely arbitrary,
depending on what ° is we could have °{0) be most anything. All we really know here is that
°q0) 2 gl(n) = R"&",

Just asthe other matrix Lie groups are subsetsof GL (n) we will nd that the Lie algebras
corresponding to the sub Lie groups give subalgebrasof gl(n) ( you can guessthe de nition of
subalgebra)

Example 8.2.3. The Lie algebm of SL(n) is sl(n), wher sl(n) ©~ fa 2 gl(n) j tracga) =
0g. There is a nice identity involving the matrix exponential, trace, determinant and ordinary
exmnential

det(exp(a)) = exp(tr acga))
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this is easy to prove when a is diagonalizable,and it even holds when a is not. | know a nice
proof of it if you are interestal ask me. Observethat we can write a curve through| in SL(n)
in terms of the matrix expmnential, °(t) = exp(at) clearly °(0) = exp(0) = | and the curve will
lie in SL(n) provided we demandthat tr acga) = 0 since in that case,

det(exp(ta)) = exp(tr acgta)) = exp(ttr acga)) = exp(0) = 1.

Finally note that %exp(ta) = aexp(ta) so °q0) = a and we have shownthat the set of traceless
matrices forms the Lie algeba of the the Lie group SL(n)

We could go on and derive the Lie algebra o(n) of O(n) or the Lie algebra so(n) of SO(n)
or even the Lie algebrah; of H;y. In ead casewe would take a curve through the identity and
deducewhat algebraic constraint characterized the Lie algebra.

Historically the corresppndencebetweenthe Lie algebra and group probably gave rise to
much of the interest in Lie algebras. However, Lie algebrasare fascinating even without the
group. Lie algebrasand its various in nite dimensional generalizationsare still a very active
area of algebraic researt today. For the physicist the correspondencebetweenthe Lie algebra
and group is certral to understanding Quantum Mechanics. | highly recommend the book
Symmetriesand Quantum Mechanicsby Greiner if you'd liketo better understand how quantum
numbers and symmetry groups are connected. It makes Quantum Mechanics much lessad-hoc
in my estimation.

8.3 exponentiation

The processof generating a Lie group from its Lie algebrais called expnentiation. Well to be
more careful | should mertion we cannot usually get the whole group, but rather just part of
the part of the group which is connectedto the identit y.

De nition 8.3.1. Matrix Exp onential: let A 2 gl(n) then de ne,

X 1 1
- ~ Ak
exp(A) = ‘o k!A
The importance of the matrix expontial to systemsof ordinary di®ereriial equationsis easily
summarized. Given any system of ordinary di®erenial equations with the form dx=dt = Ax

generalizedeigervectors to assenble the solution in an acessibleform. You should have seen
someof thesethings in the di®ererial equationscourse. Anyway, from the perspective of matrix

Lie group/algebras the matrix exponertial is important becauset satis es the following identit y

known asthe Campbell-Baker Hausdor®relation,

exp(A)exp(B) = exp(A + B + %[A; B]+ %2[[A; B];Bli %[[B;A];A] + ¢¢e) (8.2)

where the higher order terms are all formed in terms of nested commutators. You are probably
familar with the most simple caseof this identity, if [A; B] = 0 then all the commutator terms
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vanish leaving
exp(A)exp(B) = exp(A + B):

What equation 8:2 tells us is that if we know how all the commutators work in the algebrawe
can cortruct the products in the group. Somemathematicians de ne the group in this way, they
assumethat the Baker-Campbell-Hausdor®relation holds and de ne the group multiplication
in view of that ( these are the so-called"formal groups" of Serre). Anyway lets nd what the
exponertiation of gl(n) forms.

Example 8.3.2. exp(gl(n)) %2 GL*(n): Let A 2 gl(n) then expnentiate A and calculate its
determinant, we'll usethe identity | mentioned before,

det(exp(A)) = exp(tr acgA)):

Now we know that the ordinary exmnential hasexp: R! (0;1 ) so then exp(tracgA)) > O.
We de ne
GL*(n)=fB 2gl(n)jdet(B)>0g

clearly then exp(gl(n)) 2 GL* (n). In fact if we take products of matrix expnentials then we
can cover GL* (n) but that requiresmore thought. | leavethat for you. In topology you will learn
that if a set can be divided up into a disjoint nite union then that is called a "seperation" of
the set. If a topological space has no open segeration then it is said to be connected, otherwiseit
is disconnected. Notice that GL (n) is disconnected becausewe can segerate it into positive and
negative determinant matrices, de ning GL' (n) = f B 2 gl(n) j det(B) < 0 g we see that

GL(n) = GL*(n)[ GL' (n):

What hashappend is that the expnential mapping has missel half of the group, we only obtained
the part of the group which is connected to the identity ( and not eventhat unlesswe take products
of exmpnentials as well).

Remark 8.3.3. | haveonly attempted to give you a brief intr oduction to matrix Lie groupsand
algebms. Both areas have a rather beautiful theoretical underpinning, | have only shownyou a
few examples. The bracket can be much more abstract than the commutator and the group does
not usually lie inside the algeba asin our exampleshere.
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Part 111

Multilinear Algebra and Di®eren tial
Forms in R"
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Chapter 9

Tensors and Forms on Vector Space

In this chapter we will explore the algebraic foundations of tensors. To begin we will study
multilinear mapson V. We will then easeinto the conceptof the tensor product, it will provide
us a basisfor the multilinear mapsto begin with. Then oncethe conceptof a multilinear map
is exhaustedwe will add mappings on the dual spaceas well. Those will mimic much of what
we did to begin with, exceptthe tensor product will be de ned a little di®ererily. Finally with
all the special casessettled in earlier sectionswe will de ne tensorson V. This will include
everything in earlier sectionsplus somenew mixed cases.Again the tensor product will induce
a basison the vector spaceof tensorson V. Finally we will add a metric to the discussionin the
last section. The metric will giveisomorphismswhich allow us to corvert tensor type, that is to
raiseand lower indices. Throughout this chapter we will try to understand the interplay between
mappings and componerts. In this chapter we are thinking of everything at a point, this means
the componerts are really just numbers. Later on the componerts will becomefunctions, but
the algebrawe develop in this chapter will still be very much relevant sowe focuson it to begin.

9.1 multilinear maps

A multilinear map is a natural extension of the concept of a linear mapping.

De nition 9.1.1. A multilinear map on a vector space V to a vector space W is a mapping
L:VEVEGGEE V! W thatis linear in each slot, meaning for all x1;x2;:::;Xp;y 2 V and
c2 R,

for k= 1;2;:::p. Whenp= 1wesayit is a linear mapping, whenp = 2 we say it is a bilinear
mapping, in generll we say it is a p-linear mappingon V to W. Also we may say that L is a
W -valued multilinear map on V.

In fact, you have already had experiencewith linear and bilinear maps.
Example 9.1.2. Dot product on V = R? is a real-valued bilinear mapping,

(x+cy) ¢z = x%xCz+ cyptz

xC(y+ cz2) = xCy+ cx(z (0-1)

for all ;22 R® andc2 R.
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Bilinear mapslik e the oneabove have a special property, they are saidto by symmetric. But rst
we should de ne someconmbinatorial notations to help with discussingpermutations of indices,

De nition  9.1.3. A permutation on f1;2;:::pg is a bijection onto f1;2;:::pg. We de ne the
set of permutations on f1;2;:::pg to be §,. Further, de ne the sign of a permutation to be
sgn(¥) = 1if %is the product of an evennumber of transpositions whereas sgn(%) = i 1 if %is
the product of a odd number transpositions.

Let us considerthe set of permutations on f 1;2; 3;::: ng, this is called S, the symmetric group,
its order is n! if you were wondering. Let me remind you how the cycle notation works sinceit
allows us to explicitly presen the number of transpositions contained in a permutation,

_“123456ﬂ

%=, L o4 e () %= (12(356)= (12)(36)(35) (9.2)

recall the cycle notation is to be read right to left. If we think about inputing 5 we can read
from the matrix notation that we ought to nd 5 7! 6. Clearly that is the casefor the rst
version of ® written in cycle notation; (356) indicates that 57! 6 and nothing else messeswith
6 after that. Then considerfeeding5 into the version of ® written with just two-cycles(a.k.a.
transpositions ), rst we note (35) indicates 5 7! 3, then that 3 hits (36) which means3 7! 6,
“nally the cycle (12) doesn't care about 6 sowe again have that ®5) = 6. Finally we note that
sgn(¥) = j 1 sinceit is made of 3 transpositions.

It is always possibleto write any permutation asa product of transpositions, such a decom-
position is not unique. However, if the number of transpositions is even then it will remain so
no matter how we rewrite the permutation. Likewiseif the permutation is an product of an odd
number of transpositions then any other decomposition into transpositions is also comprised of
an odd number of transpositions. This is why we can de ne an even permutation is a permu-
tation comprisedby an even number of transpositions and an odd permutation is onecomprised
of an odd number of transpositions.

Example 9.1.4. Sample cycle calculations: we rewrite as product of transpositions to de-
termin if the given permutation is evenor odd,

Y= (12)(134)(152) = (12)(14)(13)(12)(15) =) sgn(¥H =i 1
. = (1243)(3521)= (13)(14)(12)(31)(32)(35) =) sgn(,) =1
° = (123)(45678)= (13)(12)(48)(47)(46)(45) =) sgn(°) =1

We will not actually write down permutations as I've donein the precedingdiscussion,instead
we will think about moving the indices around as we have from the beginning of this course.
| have recalled the cycle notation for two reasons. First, it allows us to rigorously de ne sym-
metric and antisymmetric in a nice compact form. Second,probably someof you like modern
algebra sothesecalculations bring a calm nostalgic feel to this chapter, its your happy place. If
you have no idea how to do cycle calculations don't worry about it, solong as you understand
what | mean by "symmetric" and "antisymmetric" you should be ok. ( Modern algebra'snot a
prerequisite for this course)

Now we are ready to de ne symmetric and antisymmetric.
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De nition  9.1.5. A p-linear mappingL : V £ V £ ¢¢¢E V is completely symmetric if

for all possiblepairs (x,y) then it is said to be completely antisymmetric or alternating. Equiv-
alently a p-linear mapping L is alternating if for all %2 §

Example 9.1.6. The Mink owski pro duct onV = R*is a symmetric bilinear mapping.

< X;y+cCcz>=< x;y> +c< Xx;z>

o (9.3)
<X y>=<y;x>

for all x;y;z 2 R* and c 2 R. Notice that when we have a symmetric mapping it is sucient
to know it is linear in one slot. Once we know that we can use symmetry to nd linearity in all
the other slots, consider

<y+cz;x> =<Xx;y+cz>
=< X;y> +c< x;z> (9.4)
=< y;Xx>+Cc< Z;X >

thus linearity in the 2nd slot has given us linearity in the 1st slot thanks to the symmetric
property of <; >.
Example 9.1.7. The cross product on V = R2 is an antisymmetric vector-valued bilinear
mapping.
AEB=iBEA

9.5
(K+cB)EC=AE£C+cBEC (9:5)

for all A;B;C 2 R® and ¢ 2 R. We also sometimes use the term "skewsymmetry" as an
equivalent term for alternating or antisymmetric. Notice again it was enoughto know it is
antisymmetric and linear in one of the slots.

CE(A+cB) =i (A+cB)EC
i (RKEC+cBEC) (9.6)

=CEA+cCEB

thus linearity in the 1st slot has given us linearity in the 2nd slot thanks to the antisymmetric
property of the cross-pioduct.

Example 9.1.8. De ne h(u;v;w) "~ u¢(v£ w) this will be an antisymmetric multilinear map
from R3£ R®£ R®! R. The proof follows quickly from the identity givenin proposition 1:25.

‘xed n£ n matrix A, then L is a multilinear map from R" to the vector space of matrices which
can be identied with R’ if you wish. Unless a special choice of A is made this mapping does
not necessarily have any special properties exapt of course multilinearity which itself is a pretty
stringent condition whenyou think alout all the possiblemaps one could imagine.
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9.2 multilinear maps on V and tensor products of dual vectors

You may recall from linear algebrathat the set of all linear transformations from V to W forms
a vector spaceunder pointwise addition of the maps. Equivalently those maps can be viewed
asdim (W) by dim (V) matrices which do form a vector spaceunder matrix addition and scalar
multiplication. Moreover, we could even write a corveniert basis for the vector spaceof ma-
trices. Remenber it was Ej; wherethat is the matrix with all zerosexceptthe (i;j) i th slot.
Natural questionto ask hereis what is the analoguefor the multilinear maps ? Doesthe set
of all multilinear maps form a vector spaceand if sowhat is the basis? It is true that the set
of all p-multilinear mappings forms a vector space,l have left the veri cation of that fact asa
homework problem.

To begin, notice we already have a basis for the casep = 1 and W = R. The set of
all linear mappings from V ! R is simply the dual spaceV*®. If V = spanfes;:::e g then
V*® = spanfe’;:::e"g where€(g) = 4.

Thus oneshould expect that the basisfor multilinear mapson V is built from the dual basis.
The method of construction is called the tensor product.

9.2.1 constructing bilinear maps via the tensor product of dual vectors

Let us de ne the tensor product of two dual vectors,

De nition  9.2.1. Then tensor product of ®2 V* with ~ 2 V* is denoted ®- ~ and is de ned
by
(®- )X y)= ®x) (y) forallx;y2V

It is simple to verify that ®- ~ is a bilinear map on V.

Prop osition 9.2.2. Given dual vectors ®, ;° 2 V° and a;b;c 2 R the tensor product satis es
1) ®- (c) =_(c®)- _=_c(®- _)_

(2) ®- (a+ b =a®- + b®-

3) ®+ )-°=®- °+ - °

4) ® (+°)=0®-  +®- °

(5.) ® 0=0

Someof the commerts above are admittably redundant. Further notice

(@®@- )xy) = @&x) (y)

= (®@e)X)(j€)Y)
=) . 9.7
=@ e(e(y) 51
=® j(¢- €)xy):
forall x;y2 V. Thus®- ~ = ® j€ - €.
Prop osition 9.2.3. Thesetfe'- & j1- i;j - ngforms a basis for the set of all bilinear maps

on the n-dimensional space V. Any bilinear mapB :V £ V! R can be written B = Bj - d.

In somesensethe tensor product € - € is a place-holderin the vector spaceof all bilinear
maps. The real information is contained in the numbersthat multiply €' - €.
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Denition 9.24. If B : VE£V ! R can ke written B = Bj€ - & then the numters Bj;
are the comp onents of B. Moreover the components are said to be symmetric if Bj = Bj; or
antisymmetric if Bjj = j Bji.

Physicists often omit the basis € - € from their analysis and focus exclusively on the
componerts. Thats not necessarilya bad thing until you ask certain questions, like why do the
componerts transform asthey do. We'll seelater on the presenceof the basisis essetial to gain
a clear understanding of the coordinate changerule for bilinear forms. Thesecommerts are not
limited to bilinear forms, in fact this contrast between mathematicians and physicists holds for
pretty much any tensor.

Prop osition 9.2.5. Symmetric bilinear mappingshave symmetric components. Antisymmetric
bilinear maps have antisymmetric components.

The proof is left as an exercisefor the reader.

Example 9.2.6. The Minkowski metric g is the bilinear mapg= "© € - € on R* Notice
that g is symmetric just as "o = “ou.

Example 9.2.7. Let consider a bilinear mappingB :V £ V ! R then we can alwayswrite B
as a the sum of a symmetric and antisymmetric mapping,
. l. . . ’ l. . . . ’
BOGY) =5 B(xy)+ B(yix) +5 B(xy)i B(yix)
At the level of components the samethought becomes,
1 1
Bij = 5(By + Bji) + (B i Bji)
In both of the equations we see that the arbitrary bilinear mapping can be decomposel into a
purely symmetric and purely antisymmetric part. This is not the casefor higher orders.
9.2.2 constructing trilinear maps via the tensor product of dual vectors

You could probably guessthe de nition to follow given our discussionthus far.

De niton 9.2.8. LetB : V£ V | R be a bilinear mapping and ° 2 V* then the tensor
products of B and ° are de ned by

(B- °)xy;2) = B(xy)°(2)  (°- B)Xy;2) = °(X)B(y;2)
for all x;y;z2 V.
The tensor product is an assaiativ e product,

Prop osition 9.2.9. Let®; ;° 2 V" then

@ - =@ (- )

This meanswe may omit the parenthesesabove without dangerof confusion. Indeed we can say
all the samethings that we did for the tensor product of two dual vectors,we can verify that
®- - °isatrilinear maponV.
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Prop osition 9.2.10. Given dual vectors ®;, ;°;%2 V" and c 2 R the tensor product satis es

(1) ® - () =®- (c)- °=c® - °)
(2) (®+ )- °- %=@®- °- Yut - °- Y

B) ® ((+°)- %=@®- - %t ®- °- ¥

4) ® - (C+H=@® - °+® - %

(5) 0- - °=®-0-°=®- - 0=0

In (5.) the O onthe LHS's arethe zerodual vectors, whereasthe 0 on the RHS is the O mapping
onV £V £ V. Lets considera generictrilinear mapping T :VE VE V! R. Obsere

T(xy;2) = T(x'e;y e;7%)

X'y Z5T (&7 ¢ s &)

leJ ZkTij Kk (98)
e (x)€ (y)e(2) Tij

Tij k(e' - d- ek)(X; Y; Z)

for all x;y;z 2 V wherewe have de ned the componerts of T by T(e;; g ;&) = Tjj«. It should
be clear that the calculation we have just completed veri es the following proposition,

Prop osition 9.2.11. The setfe - & - € j 1. i;j;k - ng forms a basis for the set of all
triline ar maps on the n-dimensional space V. Any trilinear map T : VE V£V | R can be
written T = Tj«€ - € - €.

Denition 9.2.12. If T:VEVEV ! Rcanbewritten T = T;jx€- € - € then the numbers Tj «
are the comp onents of T. The components are said to be symmetric if its valuesare identical
under the exchangeof any pair of indices; Tjjx = Tjix = Tikj = Ti;i for all i;j;k 2 f1;2;:::ng.
The components are antisymmetric if

Tik = Tiki = Tkij =i Tkji =i Tjik = i Tikj
for all i;j;k 2 f1;2;:::ng. Equivalently if
Tisizis = Sgn(lﬁaTi%a) @) 13)
for all %2 83 then T are antisymmetric components.

Prop osition 9.2.13. Symmetric triline ar mappingshave symmetric components. Antisymmet-
ric triline ar maps have antisymmetric components.

The proof is left as an exercisefor the reader.

9.2.3 multilinear maps from tensor pro ducts
By now the following statemerts should hopefully not be to surprising,

De nition  9.2.14. Then tensor product of ®;;®;;:::®, 2 V* is denoted ®; - ®,- ¢¢¢- ®, and
is de ned by
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The components with respect to the basisfeg of V of a p-multilinear map are given by acting
on the basiselemerts.

De nition 9.2.15. LetT:VE£ V £ ¢¢£ V! R thenthe comp onents of T are de ned to be
T(ei €, 6,) = Tigiguip:

If Tisioeip = Tivg) i iy fOr @ll ¥a2 §p then T, are symmetric .
It Tijipemi, = sgn(lﬁ)TiMiw) iy for all ¥42 §, then Tj,j,..;j, are antisymmetric

As beforeif V hasthe basisf g g then the tensor product inducesa basisfor the p-multilinear
mapson V as follows, the componerts we just de ned are simply the coordinates of the multi-
linear maps with respect to the induced tensor basis.

Prop osition 9.2.16. LetT:VE£ V £ ¢¢£ V! R then
T = Tiipuip €t - €2- 066 &P

Thus fet - €2 - ¢¢¢- érg with 1 - iq;ip:::;ip - N is a basis on the vector space of all
p-multilinear mapson V.

Remark 9.2.17. The dimension of a vector space is the number of vectors in basis. A basis
is a linearly independent spanning set. For the vector space of all multilinear mappingson an
n-dimensional vector space V we havejust mentioned that fe'* - €2- ¢¢¢- €rgis a basis. Thus
we can calculate the dimension by counting, it is nP.

9.3 multilinear maps on V® and tensor pro ducts of vectors

For the most part in this section we will just follow the sameterminology as in the case of
multilinear mapson V. Wetake V to be a vector spacethroughout this section. Also although
we could study mappingsinto another vector spaceW we will drop that from the beginning as
the caseW = R is truly what interests us.

De nition 9.3.1. A multilinear map on the dual space V* is a mappingL : V7 £ V" £ ¢¢¢E
V®1 R thatis linear in for all ® 2 V*® each slot, meaning for all ®;®,;:::;®,; 2 V" and
c2 R,

for k = 1;2;:::p. Whenp= 1wesayit is a linear mappingon V°, whenp = 2 we say it is
a bilinear mapping on V?, in geneal we say it is a p-linear mapping on V°. Also we may say
that L is a R-valued multilinear map on V°.

Lets think about the simple casep = 1 to begin. Recall that a linear mapping from a vector
spaceto R is called a dual vector. Now V * is itself a vector spacethus the spaceof all real-valued
linear maps on V* is V™ the double dual to V. It turns out for nite dimensional vector
spacesthere is a natural isomorphism®© :V ! V™ de ned as follows

O(V)(®) " &Vv)
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for all ® 2 V°. It is straightforward to ched this is an isomorphism of vector spaces. We will
identify v with ©(v) throughout the rest of the course. We include thesecommerts here sothat
you can better understand what is meart when we act on a dual vector by a vector. We are not
really using the vector, rather its double dual.

While we are thinking about isomorphismsits worth mertioning that V and V* are alsoiso-
morphic, howewer there is no natural isomorphismintrinsic within just the vector spacestructure
itself. If we have a the additional structure of a metric then we can nd a natural isomorphism.
We will explore such isomorphismsat the conclusion of this chapter.

De nition  9.3.2. Then tensor product of v 2 V with w 2 V is denoted v- w and is de ned by
(V- W)(® ) =®V) (w) for all ® 2 V°®
We can demonstratethat v- w:V"£ V®! R is a bilinear mapping on V°. Obsene,

(V- W) (@& +c°) =&V)(_ +c)(w)
= ®Vv)( (w) + c*(w))
= ®(V) (W) + c®V)° (w)
= (V- W)(® )+ c(v- w)(®°):

(9.9)

The linearity in the rst slot falls out from a similar calculation. Let v;w 2 V, obsene

(V- W)(® ) =¢&v) (w)
= (®&e)(V)( j€)(w)
= ® je(v)e(w)
=® jv'w (9.10)
viw ®(e) (g)
viwl (e - g)(®; )
(Vwe - g)(®):

for all ® 2 V". Not ewery bilinear mapping on V“ is the tensor product of two vectors, this is
a special case. Lets complete the thought,

Deniton 9.3.3. If B : V®£ V®! R can be written B = Bl g - g then the numters B/l

are the comp onents of B. Moreover the components are said to be symmetric if BY = BI' or
antisymmetric if BY = j BJ'.
Prop osition 9.3.4. The setfe - ¢ j1- i;j - ng forms a basis for the set of all bilinear

maps on the n-dimensional dual space V. Any bilinear map B : V® £ V® ! R can be written
B=Bilg- g.

Thus any bilinear map on V*° can be written as a linear combination of tensor products of
the basisfor V.

Lets presert the generalde nitions without further ado,

De nition  9.3.5. Then tensor product of vi;vy; ¢¢¢; v, 2 V is denoted vi - vo - ¢¢¢- v, and
is de ned by

(Vi- Va- G0C- Vp)(®p;®y;:::®p) = ®(V1)®p(V2) CGERY(Vp)
for all ®;;®y;:::®, 2 V*°.
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The componentswith respect to the basisf e g of V® of a p-linear map on the dual spaceV® are
given by acting on the basis elemers of the dual space.

De nition 9.3.6. LetT :V"£ V°£ ¢¢¢E V° ! R thenthe comp onents of T are de ned to
be

If Thizle = Thay b e for all Y42 § then Ti1i2e are symmetric .

It Tii2e = sgn(ATi,,y iy iy, fOF all %2 §p then Tii2e are antisymmetric

As beforeif V® has the basisfe'g then the tensor product induces a basis for the p-linear
mapson V" asfollows, the componerts we just de ned are simply the coordinates of the p-linear
maps with respect to the induced tensor basis.

Prop osition 9.3.7. LetT :V"£ V°£ ¢¢¢£ V°! R then
T - Tilizi::ipeil _ eiz _ ¢¢¢_ eip:

Thusfe, - e,- ¢¢¢- €,9 with 1 - iq;ip;:::;ip - nis abasison the vector space of all p-linear
mapson V°.

Remark 9.3.8. | hopeyou can see that the tensor products of vectors enjoy all the samealgebaic
properties as the tensor product of dual vectors. The product is assaiative, distributes over
addition of vectors and salars, and so on. It would seem that almost everything is the same
exept that some indices are up whete they were down before and vice-versa. We have spent
more time on the rst casebecauseit more closelyaligns with what we are ultimately interesteal
in, di®erential forms. The algebaic structure of the tensor product is truly an interesting course
of study in and of itself. There is much much more to say.

9.4 tensors on a vector space V

The multilinear mapson V and V*® we have studied thus far are in fact tensors. We now give
the generalde nition. We put all the copiesof V rst and then V® but this is largely just an
issueof book-keeping.

De nition 9.4.1. A type (r;s) tensor on V is a mapping
T:VEV EGCE VIEVEVEGEV! R
whete there are r-copies of V° and s-copiesof V that is linear in k" slot,
T(®; 5 ®+ € V) = T(®; i @i vp) + CT(®; i ;i Vp)

foreachk = 1;2;:::r forallc2 Randv; 2V and ;® 2 Vowherel- i- randl- j - s
Likewise it is linear in all the V slots,

T(®y; 5 Vm + CY; 5 Vp) = T(®; 5 Vs i Vp) + CT(®y; 1k y; i Vp)

foreachm = 1;2;:::sforallc2 Randy;vi 2V and 2V°wheel:- i- randl- j - s.
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We identify that a (p;0) tensor on V is a p-linear mapping on V" whereasa (0; p) tensor on
V is a p-linear mapping on V. More generally when we have a (r; s) tensor and neither r nor
s are zero then we say that we have a mixed tensor . We follow the cornvertions of Frankel's
The Geometry of Physics: An Intr oduction, other books might put V beforeV " in the de ntion
above, so beware of this ambiguity. Componerts are de ned much as before,

De nition 9.4.2. Let T be atype (r;s) tensor on V then the comp onents of T are de ned to

T(et g, gy) = T L
we need to allow the blank space under the upper indices because we may wish to lower them in
genenl. In casewe know that indices will not be raised or lowered then we can omit the space

without danger of confusion. We de ne the space of all type (r;s) tensorson V to be T{ (V).

Example 9.4.3. The metric on a vector space givesa (0; 2) tensor. For exampleon Euclidean
space,
g(x;y) = x'y
for all x;y 2 R". Or on Minkowski space,
g(x;y) = x""y
for all x;y 2 R%.

Example 9.4.4. The Riemann Tensor R is a (1;3) tensor with components R10®—. The
di®erent indices are really di®erent for this tensor, they have quite distinct symmetry properties.
Soit would be unwise to omit the space for this mixed tensor as it would lead to much confusion.
More than usual. This tensor is at the heart of General relativity which is one of the areas |
hope this course helpsyou prepare for.

Remark 9.4.5. De ning symmetric and antisymmetric mixed tensors could be tricky. We
cannot just haphazadly exchangeany pair of indices, that would messup the ordering of V
and V°, we could end up with somethingthat was not a tensor according to our book-keeping.
If we could make all the indices go either up or down then we could de ne symmetric and
antisymmetric as we did before. For now let us agree to just refer to the indices of the same
type(up or down) as symmetric or antisymmetric with the obvious meaning.

We should de ne of the tensor product of vectors and dual vectors to be complete, we'll just
exhibit the de nition for the simple caseof one vector and dual vector, the extensionto more
vectors and tensors should be obvious after the following de nition.

De nition 9.4.6. Letv2 V and®2 V? thenv- ®: V£V ! Rand®- v:VE£V"l R
are de ned by

(V- ®(;x)= (M&X)  (®- V)(x; )= ®&x) (v)
forall x2V and 2 V-
As a matter of book-keepingwe avoid v - ® sinceit hasthe ordering of V and V*® messedup.
Prop osition 9.4.7. Let T be atype (r;s) tensor on V then
T=Tho e, - 000 e - - 000 &
Thusfe, - ¢¢¢- e, - €1 - ¢¢¢- esgwith 1- ig;:::ir;j1;::1;)s - n is a basis for the vector
space of all (r,s) tensorsonon V.
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9.5 raising and lowering indices on tensors

Let us supposethat the vector spaceV hasametric g:V £ V! R, for conveniencewe assume
that g(v;w) = g(w;v) for all v;w 2 V, but we do not assumethat g is positive de nite. We
want to allow g to include the possibilities of the Euclidean metric or the Mink owski metric.
Obsene that,

g(v'eiwe)
viwi g(ei; g) (9.11)
viwl g :

g(v;w)

As we discussedin the last chapter the componerts with indices upstairs are the contravariant
componerts. The covariant componerts are obtained with the help of the metric,

W wg; (9.12)

This givesus the following nice formula for g(v; w)
g(v;w) = viw; (9.13)

Notice the componerts of the metric are hidden in the lowered index of w. What do these
equationsreally mean? Why should we lower the index, doesthat make w a covector ?

De nition  9.5.1. Given a vector space V and a metric g: V £ V! R we de ne a mapping
®:V ! V7 whichmapsv 7! ® as follows,

@ (x) " g(v;x) (9.14)
for all v;x 2 V. We say that ®, is the covector or dual vector that correspndsto v.

Remark 9.5.2. The components of the dual vector correspnding to v = vie are vi. More
precisely we note that

®(e) = 9(v;e)
ave;e)
Vig(e :e) (9.15)
Vg
Vi:

Observethat v; are not the components of the vector v, but rather the components of the corre-
sponding covector ®,.

Example 9.5.3. Vectors in Mink owski Space: Given a vector v = v' e in Minkowski
space we call the components of the vector the contra variant comp onents. Alternatively we
can construct the correspnding dual vector ®, = v: € wher the components are the so-alled
covariant comp onents v: = " V°. Again it should be emphasizd that without the metric
there is no coordinate independent methad of making such a corresppndene in generl. This is
why we said there was no natural isomorphism between V and V*°, unlesswe have a metric. In
the presene of a metric we can either view v as a vector or as a dual vector, both contain the
sameinformation, just packagel in a di®erent way.
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Lets make a more concrete example,

Example 9.5.4. In electromagnetismone considersthe salar potential V and the vector poten-
tial A, rememier thesecould be di®erentiated a particular way to give the electric and magnetic
“elds. At a particular place and time thesegive us a 4-vector in Minkowski space as follows,

(AY) " (V;A)
The correspnding covector is obtained by lowering the index with ~,
(Ao) = (0 A') = (j A% AL AZ A% = (j VIA)

we observethat the time-component gains a minus sign but the spatial components stay the same.
That minus sign is quite important for the equations later.

Example 9.5.5. Vectors Euclidean Space: Assumethat V is a Euclidean space with the
orthonormal basis f e;g, meaning that g(ei; g ) = & . Further suppsewe havea vector v = vig
in V. We construct the correspnding dual vector ®, = vie by dening vi = v'. On rst glane
you might say, hey where's the metric ? Didn't | just saythat we needed the metric to raise and
lower indices ? The metric is hidden as follows,

= 4\

So the Euclidean metric acting on two vectors is obtained by summing against the Kronecker
delta,
g(v;w) = Viw; = viwl & :

Of course if we usal another weirder basis in V we would not necessarily have such a nice
formula, it is important that we took the components with respect to an orthonormal basis.
Anyway, we can now see clearly why it was not a problem to work with indices down in the
Euclidean case, with the conventions that we have chosenin this course the Euclidean indices
raise and lower without intr oducing any signs. Minkowski indicesin contrast require more care.

Let us recall a theorem from linear algebra.

Theorem 9.5.6. If V and W are nite dimensional vector spacesover R then V is isomorphic
to W if and only if dim(V) = dim(W).

Notice there are (r + s)dim(V) vectorsin the induced tensor basisfor T¢ (V) ( think about
the typical basiselemert g, - ¢¢¢- g, - & - ¢¢¢- &s there arer + s objects tensoredtogether
and ead one of those can be dim (V) di®eren things. ) This meansthat Té’(V) is isomorphic
to TS (V) provided that p+ q= r + s. In the presenseof a metric we can easily construct the
isomorphismin a coordinate independen fashion. We have already seenthis in a special case,
vectorsmake up T3(V), whereascovectorsmake up TY(V), thesespacesare isomorphic asvector
spaces.If you read Gravitation by Misner, Thorne and Wheeleryou'll nd they espusethe view
point that the vector and covector are the samething, but from a more pedartic perspective
"same" is probably to strong a term. Mathematicians are also guilty of this abuseof language,
we often say isomorphic things are the "same". Well are they really the same? Is the set of
matrices R%? the sameasR* ? I'd say no. The remedy is simple. To be careful we should say
that they are the "same upto isomorphism of vector spaces".

Let us explicitly work out somehigher order caseshat will be of physical interest to us later,
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Example 9.5.7. Field Tensor: LetE = (E1;E2;E3) and B = (B1;B>;B3) be the electric
and magnetic eld vectors at some point then we de ne the eld tensor to be the (0,2) tensor
in Minkowski space suchthat F = Fo € - € wher

0 1
0 iEx1 iEz2 jEs
E1 0 Bg i Bz§
E- i B3 0 B,
Ez Bz iB1 O

(F10 ) = (916)

Convention: When we write the matrix version of the tensor components we take the rst
index to be the row index and the second index to be the column index, that means Fg; = | E1
wheras F1p = E;1. De ne a type (1;1) tensor by raising the rst index by the inverse metric
" ® as follows,

F® = ®Fuo

The zermth row,
(F%) = (% Fw )= (0;E;Ep; E3)

Then row one is unchangel since " " = !,
(F1o) = (¥ Fwo )= (E1;0;B3;i Bp)

and likewisefor rowstwo and three. In total the (1,1) tensor F°= F® ep- € hasthe components

below 0 1
0 Ei1 E, Ej

E, O Bs i52§.

® \ =
(F%) = E, iBs O B A" (9.17)
E3 Bz i B]_ 0
Lets take it one step further and raise the other index to create a (2; 0) tensor,
F® = ® °Fy (9.18)
see it takesone copy of the inverse metric to raise eachindexand F® = = °F®, sowe can pick

up where we left o®in the (1; 1) case. We could proceed case-wiselike we did with the (1;1) case
but I think it is good to know that we can also use matrix multiplication here; " °F® = F®"°
and this is just the (®;" ) component of the following matrix product,

0 10 1 0 1
0 E]_ E2 E3 |1000 0 E]_ E2 E3
- E 0 B 'B§ 0 108§ i E 0 B 'B§
® - 1 3 | 2 _ | 1 3 | 2C .
(F™)= E, B3 O B, 0 01 T @ E, B 0 By A (9.19)
Es B, iB;y O 0 001 iEs B, B; O

Sowe nd a (2;0) tensor F®¥= F® gg- e-. Other books might even use the same symtol F
for FOand F it is in fact typically clear from the context which version of F one is thinking
alout. Pragmatically physicistsjust write the components usually so its not evenan issue.
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Example 9.5.8. Lets begin with a tensor T = TV ke - g - e then we can construct other
tensors as follows,

Tfj K gknTij n .

T = gmGnT™

Tijk = ai gjmgknTImn

wher T'™ are de ned as usual.

Remark 9.5.9. Notice I've only showa& how the metric converts vectors to covectors, you are
not respnsiblefor explaining in a coordinate free way how covectors can be converted to vectors
by the inverse metric. You'll haveto content yourself with the component version for now. Or
you could bug me in oxce hours if you really want to know, or take a long look at Dr. Fulp's
notes from Fiber bundes 2001 which | have posted on my webmge.

Example 9.5.10. One last example,we'll just focus on the components.
Sij = d Sijk
s’ = d'd"Simk
Sik = glgmg"s;m

here we had to use the inverse metric to raise the indices.

| think that is quite enoughabout metric dualities for now. For the remainder of thesenotes
we will raise and lower indices as described in this section. In summary, raise indices by using
the inverse metric g' , lower indices by using the metric gj . Make sure that the free indices
match up on both sidesand that ought to do it.

9.6 coordinate change and tensors

In the part of the physics community it is commonto de ne a tensor asits componerts. They
require that the componerts transform in a certain manner, if it can be shavn that the compo-
nents transform that way then it is said to be a tensor. No mertion of the tensor basisis even
made sometimes,just the componerts are used. Let me "de ne" a tensorin that manner, then
we'll derive that our tensorswork the same,

De nition  9.6.1. Til’”“jlz::js is a type (r; s) tensor if whenthe coordinates changeaccording to

%' = Al xk then the tensor transforms such that

i1 i i i Ly P ys ke
Tl e = AL CEEA (AT D)) 00(AT T (9.20)
Lets list a few examplesmost relevant to us,

yo= Ay
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® = (Al )@
Po = (AT HO(AT Y, Fe
B = AGAF®

Now lets try to link this picture to the onewe have developed in previous sections. We consider
atensorto bea multilinear mapping, this is a notion which is independert of basischosen. How-
ever, we typically pick a basis, usually the standard basisand expand the tensor in componerts
with respect to that basis. If we picked a di®erert basisfor V say f &g which hasdual basisfé& g
for V*® then we could expand the tensor in terms of that other basisaswell. Sowe'd have two
descriptions,

e, - 0¢- g, - d1- ¢0¢- &s:

_ gy
T=T jamjs

or,
T = -ieil:::ir_

j1is

&, - 0¢- &, - &1- ¢0¢- s

We discovered before that the basis and dual basis transform inversely with respect to the
coordinate changeX' = Al x* we know that,

&= (Al )fe g =Ald
then calculate the componerts in the barred coordinate system, by de nition,

-fril:::ir_

j1:s

1

_|
-

®.
®
:
@&
<

ALll tlttlitI:A;(fr (A 1)i11 CO(AI 1y T (i ek e, 00 a,) (9.21)
ALL GO6AYL (Ai )

; iss ks
111 COR(A 1)jsTkl I(Il:::ls
thus the physicist's tensor and our tensor are really the sameidea, we just write a little more.
Now we can usewhat we've learned herein later sectionswhen we feelinclined to ched coordi-
nate independence.We are being fairly carefreeabout cheding that for most of our de nitions,
but we will on occasionched to make sure that our tensor is really a tensor. Esserially the
problem is that if we give a de nition in terms of one coordinate systemthen how do we know
the de nition still holdsin another coordinate system?

The quick way to verify coordinate independenceis to write everything in tensor notation
sudh that all of our indices upstairs are balancedby a partner downstairs. We'll then nd that
the object is invariant under coordinate change becausethe "covariant" and "contravariant"
indicestransform inversely To be logically complete one rst must shaw that the indiceson the
object really to transform "covariantly" or "contravariantly”, just becausewe write them that
way doesn't make it so. I'll comebadk to this point when we show that the eld tensor is really
a tensor.
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Chapter 10

The Exterior Algebra of Forms

We cortinue where the last chapter left o®, the next thing to discussalgebraically are special
tensorswhich we shall call forms. We'll seehow theseforms make an interesting courseof study
without regard to the tensor product and as a bonus allow us to write a few nice formulas to
describe the determinant. Then we will construct the wedgeproduct from the tensor product.
Finally we conclude by intro ducing the remarkable Hodge duality on forms.

10.1 exterior algebra from the wedge pro duct

Let us proceedformally for a little while then we will reconnectwith the tensor products.

De nition  10.1.1. Given a vector space V we can de ne the exterior algebra =(V) to
be the span of the of the wedge products of vectors in V. Where the wedge pro duct to be a
multiplication of V that satis es four properties ( mostly following Curtis and Mil ler's Abstract
Linear Algebia )

(i) the wedgeproduct * is assiative

(i) the wedgeproduct ~ distributes over vector addition
(iii) salars pull out of the wedge products

(ivy erg=ig"eforallij2fl2:::;dm(V)g

the wedge product of p-vectors is said to have degree p. We will call the wedge product of p
vectors a "p-vector".

we call a(V) the exterior algeba becausethe wedgetakesus outside of V. It turns out the
dimension of (V) is nite. Lets seewhy.

Prop osition 10.1.2. linear dependent vectors wedge to zero: If x = cy for somec?2 R
thenx "y = 0.

pro of: follows from (iii) and (iv), let us write out the vector's basis expansion

x=x'e y=ye

102



clearly sincex = cy it followsthat x' = cy' for eadh i. Obsere

XNy = (cye)” (Yg)
=cyye” g using (ii) and (iii)
=jicyyge using (iv) (10.1)
=icygye using (i) and (i)
= XN y

The proposition is proved, x * y = 0 if x and y are linearly dependert.

that
C1V1 + Cpvo + CCCcpvp = O:

Supposethat ¢, is a nonzeroconstart in the sum above, then we may divide by it and conse-
quently we can write vy in terms of all the other vectors,

H 1
i1
Vk = Ia Civ1 + GCC+ Cy; 1Vk; 1+ Ck+1 Vk+1 + COC+ Covp

Insert this sum into the wedgeproduct in question,

Vit v N i v Vit v N EEEN v N Ceen vy
(i c1=q)vi”™ vo N GECN vy M CECN vy
+(i C2=Q)vy " va N CECN Vo N GECN v + COC
+( 1§ Ckj 17G)VL N Vo N GECN vy 1 N GECN vy (10.2)
+(§ Ce1=Q)VL N V2 N GECN Vieyg N CECN vy + CCC
+( Cp=0)VL " Vo N CECN vp N CEEN vy
=0

We know all the wedge products are zero in the above becausein ead there is at least one
vector repeated, we simply permute the wedgeproducts till they are adjacert, then by (iv) ( or
the previous proposition) it is clear that e * g = 0. The proposition is proved.

Let us pauseto re°ect on the meaning of the proposition above for a n-dimensional vector
spaceV. The proposition establishesthat there canbe at most the wedgeproduct n-vectors. We
certainly cannot have more than n linearly independert vectorsin a n-dimensional vector space,
soif we did take the wedgeproduct of (n + 1) vectorsthen by the proposition its automatically
zero. Moreover, we can use the proposition to deducethe form of a basis for a(V), it must
consist of the wedge product of distinct linearly independert vectors. The number of ways to
choosep distinct objects from a list of n distinct objects is precisely'n choosep”,

unﬂ n!

SRRGIT (10-3)
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for0- p- n. Thusif we denotethe span of all such wedgesof p-linearly independert by aP(V)
we can deducethat the dimension of the vector spacezaP(V) is precisely (mnig),p, Naturally we
induce a basison (V) from the basisof V itself, | could attempt to write the generalsituation,
its not that hard really, but | think it'll be more transparert if we work in three dimensionsfor
the momert.

Example 10.1.4. exterior algebra of R3 Let us begin with the standard basis f e;; e; e3g.
By de nition we take the p = 0 caseto be the “eld itself; a(V) ~ R, it has basis 1. Next,
al(V) = V. Now for somethinga little more interesting,

a?(V) = span(ey " ;€1 ez e e3)
and nal ly,
a3(V) = span(e: ® & e3):
This makesa(V) a 23 = 8-dimensional vector space with basis

flejesesier” e egjex” egjer ™ e esg
it is curious that the number of basis vectors and basis 2-vectors are equal.

10.1.1 wedge pro duct verses cross pro duct

Let us take a momert to cortrast the wedgeproduct and the crossproduct. Let V = Vig and
W = W/ ¢ bevectorsin R3, earlier we learned that

VEW =2, VW e
But what about the wedgeproduct,
VAW =VigrWeg=Vwene:
Theseare very similar expressions,f we could say that 2j xex = e ™ ej then we could say that

VEW=VA"W. However, we cannot sa just that, the V £ W is similar to the V ~ W, but
they are not equal. In particular the following seemsimilar,

2ikex Yae ™ g

implies that,

& Ve e

e Yaez" e (10.4)

e Yaer M eg
the wedgeproduct is reproducing the crossproduct. One big di®erencethe crossproduct takes
two vectors and givesyou badk another vector, whereasthe wedgeproduct takesin two vectors
and givesbadk an elemen of degreetwo which is not a vector, but rather a 2-vector. Moreaover
the crossproduct is nonassaiative, but the wedgeproduct is assaiative. In short the wedge
product is not the crossproduct, rather a generalization of the crossproduct. It is much more
generalin fact, the crossproduct works only in three dimensionsbecauset is the wedgeproduct
plus the tacit assumptionthat ¥4 is actually equality. This is not unreasonablesince degreeone
and two elemerts both have three componerts, but in dimensionsother than three it is not the
casethat V and a2(V) are isomorphic. You can ched this directly with equation (10:3). I'll let
you argue in a homework that only in n = 3 do we nd the situation the the dimension of V
and ©2(V) are equal, thus the crossproduct exists only in three dimensions.
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10.1.2 theory of determinan ts via the exterior algebra

We begin by making a fundamertal obsenation; for an n-dimensional vector spaceV it is clear
that dim(=°(V)) = dim(a"(V)) = 1 thusif we take any set of n-vectorsin V and wedgethem
together they must be a scalar multiple of the wedgeproduct of the basisof V. In particular we

Denition 10.1.5. Let A bean n £ n matrix and e;;e;;:::;e, the standad basis of R" then
the determinan t of A is de ned by the equation below

‘Ael’\ Aep N €GN Ae, © det(A)er N e M ¢CEN ey (10.5)

Let us verify that this determinant is really the determinant we know and love from linear
algebra. I'll work out the 2£ 2 casethen I'll let you do the 3£ 3 for homework,

Example 10.1.6. Deriving 2 £ 2 determinant formula from the de nition: the Consider the
usual arbitrary 2 £ 2 matrix,

Ha bﬂ
A = - d (10.6)
Consider then,
Ae1 " Ae; = (ae + cey) " (be + deyp)
=—abgre +adeg e+ che”e +cde” e (10.7)

ade, M e j cha” e
(adi bger " &
whetre all we usdal in the calculation alove was plain old matrix multiplication plus the antisym-
metry of the wadge product whichtellsusthate; " es= je1" ecandeg*e1 = e eo = 0.

The proposition to follow is easyto prove now that we have a good de nition for the deter-
minant.

Prop osition 10.1.7. Let A be an n £ n squae matrix and let | be the n £ n identity matrix
andr 2 R then

() det(l)=1

(ii) det(A) = O if the columns of A are linearly dependent

(iii) det(rA) = r"det(A)

pro of: To begin notice the k™ column of | is g thus,
lepMlex™ ¢ie™ ley = e N ex ™ COCEN e,

therefore sincethe coexcient of the LHS of the above is de ned to be the determinant we can
read that det(l) = 1. Next to prove (ii) we appeal to proposition 10:1:3, if the columns are
linearly dependert then the wedgeis zerohencethe det(A) = 0. Lastly consider(iii ) we'll prove
it by an indirect calculation,

rAe; ™ rAes ™ ¢CC” rAe, = r"Aei N Aex N ¢GCN Ae,

T odet(rA)ep N ex M e e, (10.8)

thus by comparing the equationswe read o®that det(rA) = r"det(A) just aswe claimed.
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Remark 10.1.8. There is more we could do with the theory of determinants. With a little
more work we could prove that det(AB) = det(A)det(B). See Chapter Il of Morton L. Curtis'
"A bstract Linear Algebm" for a very readabletreatment of these matters. Or you might also
look at Chapter 5 of Ho®man and Kunze's "Line ar Algebm" for a more advaned presentation
of the theory of determinants.

10.2 the wedge product constructed from the tensor pro duct

You might notice that we dropped all mention of multilinear mappings and tensor products in
the last section. The exterior algebra is interesting independert of its relation to the tensor
product and | simply wanted to emphasizethat. In this section we will shav that there is an
exterior algebrahidden inside the tensor algebra. It is simply the set of all alternating tensors.
The wedgeproduct in the last section was abstract, but now and for the rest of the coursewe
will link the wedge product with the tensor product and as sud view the wedge product of
objects as a multilinear mapping on a Cartesian product of V. These special tensorsare called
forms or sometimesalternating forms .

De nition  10.2.1. We de ne the wedge product on the dual hasis of the vector space V as
follows

grnd d-djd-¢
this is a 2-form . For three dual basis vectors,
gnednegl @d-d-ek+rd- k- d+ek-@- @

k- d-€jd-é€-ejé-e-é (10.9)
this is a 3-form . In generl we de ne the wedge product of p dual basis vectors,
. . . X . . :
grne2n geen er = s sgn(¥e'm - ewa - ¢eg- evm (10.10)
Y28,
this is a p-form . Next de ne the weadge product betwesn a p-form and a g-form,
" a = (€N €2 0N €) N (§ e n 2 e )

’ é%@liZ:::ip_jljz:::jqeil N g2 geen @e A din @2 A peen da

it is a (p+ g)-form . The factors of 3 and & are included so that the components appearing in
the expressionsalove are the tensor cbmponénts of ® and ¢ ( meaning that with respect to the
tensor product we could write ®, = ®,..;, €t - €2- ¢¢¢- v and similarly for ~q.) Lastly we
de ne the set of all p-forms over V to be aP(V) where we de'ne a%V) = R and a1(V) = V*°.
The space of all forms over V is denoted a(V).

Prop osition 10.2.2. The wedge product de ned aloveis a wedge product as de ned in the last
section. It is an assaiative, distributive over addition, pull salars out, antisymmetric product.

The proof of this proposition follows from the fact that the tensor product is an assiative
product with all the requisite linearity properties, and the antisymmetry follows from the fact we
antisymmetrized the tensor product to de ne the wedgeproduct, in other words the de nition
of ~ was chosento selectthe completely antisymmetric tensor product of order p. I'll let you
show it for a basic casein homework.
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Remark 10.2.3. Any completely antisymmetric tensor of type (0; p) can be written in terms of
a sum of wedge products. In geneal it works out as follows, given that

T = Tilizzl:ipeil - i2 - ¢¢¢' el
is a completely antisymmetric tensor we may showthat
1 . . .
T= =Tii,ui, € " €2/ ¢en er
p!

the sum is taken over all indices which means we are not using a hasis, I'l | let you think about
that in a homework. If we instead summaed over increasing strings of indices (we'll not do that
in this course, but other books do) then we would have a linearly independent set of wedgesand
the p! would not appear in that case. Also someother books include a é in the de nition of the
walge product, this will also make the % disappear. Anyway, you are not respnsible for what
other books say and such, | just mention it becauseit can be a source of great confusion if you

start trying to mix and match various books dealing with wedge products.
Let us summarizewhat properties the wedgeproducts of forms enjoy,

Prop osition 10.2.4. Let®; ;° beforms onV andc2 R then
i) ®+ )r°=@"°+ )"°

(i) ®"(c)=c®" ")

(i) ®"( "°)=(® )"°

We can derive another nice property of forms,
Prop osition 10.2.5. Let ®,; ¢ be forms on V of degree p and q respectively then
®&" q=i (i DT g & (10.12)
Rather than give you a formal proof of this proposition lets work out an example.
Example 10.2.6. Let ® be a 2-form de ned by
®= ae* " e+ h& " €

And let ~ be a 1-form de ned by

T = 3¢t
Consider then,
®"N " = (ael” e+ b&" ed) N (3eh)
(3ae' M M el + 3 31 el (10.13)
3bet A 21 e

wheras,

TA® =3l (ael N @+ beé N ed)

(3aet " el ? + 3peth 21 &3 (10.14)
3bet N 21 e

sothis agreeswith the proposition, (j 1)P9 = (j 1)? = 1 soweshouldhavefoundthat @~ = ~*®.

This il lustrates that although the wedge product is antisymmetric on the hasis, it is not always
antisymmetric, in particular it is commutative for evenforms.
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Remark 10.2.7. The seta(V) = st%© 0l © ¢¢¢© " is a vector space with a wedge product.
Moreover the multiplication is graded commutative as descriked in the proposition and exhibited
in the preceding example. This makesa(V) a Grassman Algebra . It is a nite dimensional
algeba becauseV is nite dimensional, in fact it's dimension is 2".

Example 10.2.8. “eld tensor is a 2-form: Recall that F = Fw € - € wher the compo-
nents of F were made of the components of the electric and magnetic elds. If you look at the
components given in equation 9:16 it is clear that F is an antisymmetric tensor, that means
Fo = | Fo:. Let me demonstiate how we can rewrite it using the wealge product,

F =Foe - ¢
= l(Flo i |:01)e1 - €
= 5(Fw e - ¢ i Fo: e - e°)
= —(Flo e - € i Fuo e - el)
=iFo(e-€j¢€e-¢)
= §F10 el N e°:

(10.15)

There are two kinda tricky things | did in the calculation abtove. For onel useal the antisymmetry
of Fw to rewrite it in it's "antisymmetrized form" 5(Fw» j Fo:), this is equalto F» thanksto
the antisymmetry. Then in the fourth line | relakeled the sumstrading* for © and vice-versa.

10.3 Hodge dualit y

Hodge duality stemsfrom the obsenation that dim(aP(V)) = dim(="i P(V)), you'll prove this
in a homework. This indicates that there is a one to one corresppndence between (n j p)-

forms and p-forms. When our vector space has a metric we can write this correspondence
in a nice coordinate independert manner. Lets think about what we are trying to do here,
we needto nd a way to createa (nj p)-form from a p-form. An (nj p)-form has(ni p)

antisymmetric componerts, however a p-form has p-antisymmetric componenrts. If we summed
the p-componerts against p of the componens of the n-dimensional Levi-Civita symbol then
that will almost doit. We needthe indicesthat are summedover to be half up and half down to
insure coordinate independenceof our correspondence,this meanswe should raise the p of the
componerts. If you didn't get what | was saying in this paragraph that's ok, | was just trying

to motivate the following de nition.

Denition  10.3.1. LetV be a vector space with a metric g. If ® = é@liz;;;ipe‘“\ g2/ o ee 2
aP(V) then de ne "®2 a"i P(V) by
a~. 1 1
pl(ni p)
the components of "® are

@llz:::lpziliz:::ipj1j2:::jni pell N gd2nogeen @nip

o= — 1®1i2:::ip2. o
®1jziiijni p pl 1112 pJ1) 2 p

whetre as alwayswe refer to the tensor components when we say components and the indices are
raised with respect to the metric g as we descrited at length previously,

@1iziip = giljlgiZjZ ¢¢¢gipjp®1j2:::jp
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Example 10.3.2. ConsiderV = R® with the Euclidean metric. Let us calculate the Hodge dual
of ®= el r €27 €3, to do this we'll need to “gure out what the components of ® are,

31 .
®= giilijziﬁe' A oAk

we need the components of the the form to be antisymmetric, so antisymmetrize,
_ L1123 indn K
®= Y e " e
here the [ and ] indicate we shouldtake all antisymmetric combinations of i; j; k in this case.

But this is just the antisymmetric symmol 2; ¢y and we have to divide by 3! to avoid double

counting,
1

®= inj kei N e' A e"
this means that ( rememter that 1=3! is useal up becausewe are using the form expansion),
®jk = %ijk
thus we nd,
n(el A g2 N e3) - é(nilp)' 2ij k2ij K
= %ﬁes (10.16)
=1

the numker 1is a 3j 3 = 0 form as we should expect. The fact that 2; 2« = 6 follows from
summing the six nontrivial combinations of 1;2; 3 where one nds

252k = 1+ 1+ 1+ (j )%+ (j 1)*+ (j 1)*=6
Lets go the other way, lets nd the Hodge dual of a number,

Example 10.3.3. ConsiderV = R® with the Euclidean metric. Let us calculate the Hodge dual
of = 1, the components are very easyto nd, there are none. Hence,
o] — 1 1
@ = o

n
= gigreet " en el (10.17)

let me elatorate a little on where the 6 came from, I'l | list only the nonzeio terms,

Zijkei ng ngk = 212391’\ ened+ 223192’\ e3n el + 231283’\ el n g2
+232183A e?nel+ 221362’\ elred+ 213261’\ e3n ¢? (10.18)
= gelr g3 2

since the antisymmetry of the Levi-Civita symiml and the antisymmetry of the wedge product
conspire above to produce a + in each of thoseterms.

Remark 10.3.4. It would seem we have come full circle,
‘®=" and T = ® =) PR= @

Genenmlly whenyou take the Hodge dual twice you'll get a minus sign that depends both on the
metric usal and the degree of the form in question.

That's enoughof this for now. We'll do much more in the next chapter where the notation
is a little friendlier for di®ererial forms.
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Chapter 11

Di®eren tial Forms

We have already done most of the foundational algebraic work in the previous two chapters.
What changeshereis that we now would like to considerfunctions from M to a(TM ), meaning
that for eadh p2 M we assigna form over the tangert spaceto pon M; p 7! ®&p) 2 a(TpM).
When M is a °at space then it can be globally identi ed with it's tangent space,so we would
consider a form-valued function from M to &(M) in that very special but important case(
usually I'll assumethis is the case,in fact only when we get to integration will 1 be forced to
think otherwise, soyou may assumethat there are globally de ned coordinates on the spaceM
we work on in this chapter.)

Tednical points aside, we simply wish to assigna form to ead point in M. We could call
this a form- eld if we wished to make the terminology analogousto that of vectors and vector
“elds, however it getstiring to always say "form “eld" so instead we will call such functions
di®erential forms. We could also consider general tensor valued functions on V, those would
be called tensor elds. We will not do that though, the reasonis that di®erenial forms are all
we need for the physicsin this course. Moreover, di®ererial forms have a natural derivative
which closeson forms. You can di®ereriate tensorsin a way that givesbad tensors after the
derivative, that is called the Lie derivative and I'll let you learn about it in someother course
(Riemannian geometry for example). The natural derivative on di®ereriial forms is called the
exterior derivative, we will seehow it encadesall the interesting derivatives of the usual vector
calculus. In addition to de ning di®erertial forms we will delve deeper into how exactly vectors
't together with them. We will learn that di®erertial forms provide another languagefor talking
about the mathematics of vector calculus. It is in fact a more re ned languagethat exposes
certain facts that remain hidden in the usual calculus of vector elds. Throughout this chapter
we will assumethat our vector spacehas a metric g. This is essetial becausein order to use
Hodge duality we needa metric.

11.1 basics and the de nition of di®erential form

The tangent spaceat a point in p2 M is denoted T,M . We will actually be more interested in

it hasthe basis
dpxt; dpx?; i1 dpx”
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where we have placed the p to emphasizethat this is the dual basisto the cotangert spaceat
p2 M. We may drop the p in what follows,

®= @dx
this is a di®erenial one-formon M . At a particular point p2 M it will give us a 1-form,

(@)(p) = & (p)dpX':

Notice that ® is not just a number anymore, for a di®ererial form on M the componerts will

be functions on M. When we evaluate a di®ererial form at a particular point then we get badk
to what we consideredin the previous chapter. | was careful to always usethe standard basis
for a xed dual vector space,we dealt with the wedge products of €. Well now we will deal
with the wedgeproducts of dx', the notation reminds us that asx varies so doesthe dual basis
sowe are not dealing with just one vector spacebut rather a vector spaceat ead point of M.

The algebrawe did in the last chapter still holds true, we just do it one point at a time. Please
don't think to hard about these matters, | admit to treat them properly we'd need much more
time. The coursein Manifold theory will explain what T,M and T,M ® are carefully, we'll really
just think about the algebmic aspects of the di®ereriials in this course( if you want to know
more just ask me in oxce hours).

De nition  11.1.1. A di®erential p-form on M is a "smooth" assignmentof a p-form to
each point in M. A di®erential p-form may be written in terms of a the coordinate system

1 _ _ _
®= a®1i2::;ipdx'l A dx'z A geen dx'e

By "smooth" we simply mean the component functions ®,j,::j, are "smooth" meaning that we
can take as many partial derivatives as our heart desires.

We deferthe coordinate independert de nition to alater coursebecauseto do things thoroughly
we ought to talk about the tangent and cotangent bundes where we could better explain the
ideasof coordinate changeand smoothness.

11.2 di®erential forms in R3

As customary we begin with Cartesian coordinates (x;y;z) = (x*;x?;x3) on R® with the stan-
dard Euclidean metric. Di®erertial forms can be can be written in terms of dx; dy; dz asfollows,
In the above pleasenote that f;®; j ;g areall functions. The reasonl placedquoteson "basis"
is that technically sincethe coezcients are functions not numbers its not a basisin the usual
senseof linear algebra. ( ask me if you wish more clari cation on this idea). Also notice that
these are all the nontrivial forms, the three-form is also called a top form becauseit has the
highest degreepossiblein three dimensions.
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Name Degree| Typical Elemert "Basis" for aP(R?®)
function p=0 f 1
one-form | p=1 ®= @dx' dx; dy; dz
two-form | p=2 | T = Tjdx' A dx | dy” dz dz” dx; dx” dy
three-form | p=3 | ° = gdx" dy”" dz dx ™ dy” dz

Example 11.2.1. Wedge Pro duct: still makessense.Let® = f dx+ gdy andlet = 3dx+ dz
whetre f ; g are functions. Find ®” ~, write the answerin terms of the "basis" givenin the table
above,
®" " = (fdx+ gdy)”~ (3dx + dz)
= fdx”" (8dx + dz) + gdy " (3dx + dz)
= 3fdx” dx+ fdx” dz+ 3gdy” dx + gdy " dz
= jgdy”dzi fdz” dxi 3gdx” dy

(11.1)

Example 11.2.2. Top form: Let® = dx” dy” dz and let  be any other form with degree
p> 0. We arguethat ®" =~ = 0. Notice that if p> 0 then there must be at least one di®erential
inside ~ soif that di®erential is dx* we can rewrite ~ = dxk~ ° for some®°. Then consider,

®" T = dx /A dy” dz” dxA e (11.2)

now k hasto be either 1; 2 or 3 therefore we will have dx repeated, thus the wedge product will
be zemw. (can you prove this?).

Let usreturn to the issueof Hodge duality. Lets work out the action of the Hodge dual on the
basis, rst Il revisit someexamplesin the new di®erertial notation.

Remark 11.2.3. the algeba has the same form, but if you think about it hard we are doing
in nitely more calculations here than we did in previous chapters. Let me attempt an analagy,
1+2=3 versessay f+2f=3f for a function f. The arithmatic is like the form calculations, the
function addition follows same algebm but it implicits an in nity of additions, one for each
x 2 dom(f). Likewise equations involving di®erential forms implicit an in nite number of form
calculations, one at each point. This is more of a conceptual hurdle than a calculational hurdle
since the calculations look the samefor di®erential forms and forms at a point.

Example 11.2.4. Let us calculate the Hodge dual of ® = dx!” dx?” dx2, to do this we'll need
to gure out what the components of ® are,

3l S
®= Qiilijziﬁdx' A dxd A dxk

we need the components of the the form to be antisymmetric, so antisymmetrize,

1 _ _
®= gilliijzif]dx' A dx) A dxK

here the [ and ] indicate we shouldtake all antisymmetric = combinations of i; j; k in this case.
But this is just the antisymmetric symol 2; x and we have to divide by 3! to avoid double
counting,

1 . .
®= 52” kdXI Adx! A ka
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this means that ( rememler that 1=3! is usal up because we are using the form exmnsion),

®jk = %ijk
thus we nd,
n(dxl A dx2n dx3) — é(nilp)!zij kzij K
= %ﬁs (11.3)
=1L
the number 1is a 3j 3= 0 form as we should expect.
Lets go the other way, lets nd the Hodge dual of a number,
Example 11.2.5. Let us calculate the Hodge dual of = 1, the components are very easy to
‘nd, there are none. Hence,
°(1) = é(nilp)! ij kX' A dx) A dx
= %%del’\ dx2~ dx3 (11.4)
= dx1 dx2~ dx3

I've me elalorated where the 6 came from before (see example10:3:3),

Example 11.2.6. Let us calculate the Hodgedual of ° = dx, clearly it only hasa x-component,
indeed a little thought should convince you that ° = +'dx'. We expect to 'nd a 3j 1= 2-form.
Calculate from the de nition as usual,

= %l% 1JkdxJ A dxk
= 2123dX2 A dx3 + 2;|_32dX3 n dX2)

11.
= %(dxz" dx3i (j dx2” dx3)) (11.5)
= dxz" dx3
= dy” dz

Example 11.2.7. Let us calculatethe Hodgedual of ® = dy” dz, a little thought shouldconvince
you that
®= #£dx' » dx = %Ziizijsdxi A dxl

we need the components of the the form to be antisymmetric, so antisymmetrize,

®= #+3dx' A dxl = 11243 41~ gy

2~1i7]
here the [ and ] indicate we should take all antisymmetric combinations of i; j in this case.
Explicitly this means J_r[zlif] = #+3; #+3 and we had to divide by two to avoid doublecounting.

We can antisymmetrize because we are summing against the wedge product and any symmetric
combinations will vanish.

( this is why not antisymmetrizing worked for us in the course, we contracted
against the 2;¢ symbol so it squashed our error of saying ®; = 21-?11-3. We now see
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that instead we should have said ®; = J_r[ziif’])

Thus ®; = +#+3 Weexpetto nd annj p= 3 2= 1-form. Calculate from the denition

nieik
as usual,
“(dy” dz)

=2

1 32.. k
G kX
(223 0X* | 23,dxK)
= 5i(%2310x1 | 2310x?) (11.6)
= dx?
= dx;

|
|

|
=N

We have found the Hodge dual of a basisform of eat degree. I'll collect all of the results
which we found so far as well as a few more which | will let you prove in the homework,

Prop osition 11.2.8. For three dimensional Euclidean space Hodgeduality givesus the following
correspnden®@s

"l=dx"Mdy~dz | “(dx*dy~dz)=1
“dx = dy” dz “(dy ~ dz) = dx
"dy = dz” dx “(dz” dx) = dy
"dz = dx” dy “(dx ™ dy) = dz

Obsene that the wedgeproduct plus Hodge duality is replicating the crossproduct, asf£ f = k
similarly we nd that °(dx ~ dy) = dz. In order to better discussthe how vector elds and
di®erential forms are related we should give a mapping from one to the other. Notice that we
have two choices. Either a vector eld could map to an one-form or a two-form. Both one and
two forms have three componerts and now that we seehow Hodge duality relates one and two
forms it is quite evidert that the following maps are natural,

Denition 11.2.9. Let A= (A%;A%; A% denotea vector eld in R3. De ne then,
o= Ajdx
the so-alled "work-form" of A. Also de ne

. 1 . .
©p = AiudXI = éAizij kdXI A dx!
the so-alled "°ux-form" of A.

We have chosento follow R.W.R. Darling's Di®erential Forms and Connections notation for the
°ux and work form mappings. These mappings are important asthey provide the link between
vector analysis and di®erertial formsin R3.

Example 11.2.10. Let A = (a;b;c) then
I A = adx + bdy+ cdz

and
©a = ady”™ dz+ bdz” dx + cdx” dy
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we havetwo versions of a vector eld in the formalism of di®erential forms. In vector analysis
physicists sometimesrefer to certain vectors as "polar" and others as "axial". Polar vectors °ip
to minus themselvesunder a coordinate inversion wheras axial vectors are invariant under a
coordinate inversion. If you analyzethe di®erential forms here in view of that discussionyou'll
see that ©, is behavinglike an axial ( or pseudovetor) and! » is behavinglike a polar vector.
What was hidden with the vector notation is now explicit with di®erential forms.

Remark 11.2.11. Given a particular vector A = (a;b;c) we'veshownthat there are two possible
correspnding forms, the "work-form" ! o or the "°ux-form" ©,. Hodgeduality exchangeshese
two pictures, observe

A = %(adx + bdy+ cd2)

a’dx + bdy + c°dz

ady” dz + bdz” dx + cdx” dy
= ©A

in retrospect we can now se2 why we found before that V£ W wassimilar to VAW, we commental

that V£ W ¥4V~ W. We can be more precise now,

(11.7)

v A lw = Oyp (11.8)

this is the manner in which the cross-pioduct and wedge product are related. I've left the veri -
cation of this claim for you as homework.

11.3 di®erential forms in Mink owski space

The logic herefollows fairly closeto the last section, however the wrinkle is that the metric here
demandsmore attention. We must take care to raise the indices on the forms when we Hodge
dual them. First lets list the basis di®ereriial forms, we have to add time to the mix ( again
c= 1sox% = ct=tif youworried about it ) Remenber that the Greek indices are de ned to

Name Degree Typical Element "Basis" for aP(R%)
function p=20 f 1
one-form | p=1 ®= & dx dt; dx; dy; dz
two-form | p= 2 T= Lo dx A dx dy~ dz; dz” dx; dx” dy

dt~ dx; dt”~ dy; dt” dz
3 |°= 3%0edx’ A dx’dx® | dx” dy” dz;dt” dy” dz
dt”~ dx~ dz;dt” dx” dy
four-form | p= 4 gdt~ dx~ dy” dz dt™ dx”™ dy” dz

three-form | p

range over 0; 1; 2; 3. Here the top form is degreefour sincein four dimensionswe can have four
di®ereriials without a repeat. Wedgeproducts work the sameasthey have before, just now we
have dt to play with. Hodge duality may o®ersomesurprisesthough.

Denition  11.3.1. The antisymmetric symtol in °at R* is denotal 210 ¢ and it is de ned by
the value

20123= 1

plus the demandthat it be completely antisymmetric.
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We must not assumethat this symbol is invariant under a cyclic exhangeof indices. Consider,

20123 = i 21023 °ipp ed (01)

+24203 °ipp ed (02) (11.9)
i 21230 °ipp ed (03):

In four dimensionswe'll use antisymmetry directly and forego the cyclicity shortcut. Its not a
big deal if you notice it beforeit confusesyou.

Example 11.3.2. Find the Hodgedual of ° = dx with respect to the Minkowski metric " , to
begin notice that dx has components °: = ' as s readily veri ed by the equation dx = +'dx’ .
Lets raise the index using ~ as we learned previously,

- - 10 s 11 1
T s S L

Starting with the de nition of Hodge duality we calculate
() = At 2o e dX” A dx® N dx

= (1=6)+" 210 g-dx” ~ dx®" dx
= (1=6)2100-dXx" " dx®" dx

= (1:6)[21023dt/\ dy" dz + 21230dy’\ dz”™ dt + 21300dz " dt dy (11.10)
+21350dz ™ dy ™ dt + 29503dy N dt N dz + 29932dt A dz” dy]

(1=6)[j dt~ dy”~ dzj dy”~ dz” dtj dz” dt” dy
+dz™N dy”M dt+ dy” dt~ dz+ dt ™ dz” dy]

j dy” dz” dt

the di®erene between the three and four dimensional Hodge dual arises from two sources, for
one we are using the Minkowski metric so indices up or down makesa di®erence, and second
the antisymmetric symtol has more possibilities than before because the Greek indices take four
values.

Example 11.3.3. Find the Hodgedual of °© = dt with resgect to the Minkowski metric "« , to
begin notice that dt has components °: = #0 asis readily veri ed by the equation dt = +dx" .
Lets raise the index using ~ as we learned previously,

01:’1000:,10$9:i,01:i+01

the minus sign is due to the Minkowski metric. Starting with the de nition of Hodge duality we
calculate

i(dt) = éﬁolzm e dx” A dx®A dx

i (1=6)+%" 20 gdx” ~ dx®~ dx

i (1=6)200e-dx’ " dx®~ dx (11.11)

i (1=6)20jj kdx' ~ dxI ~ dxk
i (1=6)2j 2 kdx " dy” dz A sneaky step
j dx” dy” dz:
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for the casehere we are ableto use someof our old three dimensional ideas. The Hodge dual of
dt cannot havea dt in it which means our answerwill only havedx; dy; dz in it and that is why
we were able to shortcut some of the work, (compared to the previous example).

Example 11.3.4. Find the Hodgedual of © = dt” dx with respect to the Minkowski metric " w
to begin notice the following identity, it will helpus nd the components of °

1 1 o
dt~ dx = E2J_r91r01c|x A dx
now we antisymmetrize to get the components of the form,
dtn dx = 249 +hdx' A o’
21 ]

where i-[? 5 = £+ 10+ and the factor of two is used up in the antisymmetrization. Lets raise
the index using ~ as we learned previously,

°o® — s® %0  _ r®1r*0_|__[qié|_]: i #®- 71, - 0@l = I i[®017]1

the minus sign is due to the Minkowski metric. Starting with the de nition of Hodge duality we

calculate

1 1 o®_2®_10 Xm N dX0

(dthdx) = Ger

a=4)(; i[®0i7]1)2®*10 dx' ~ dx®

i (1=4)(%0pe dx* A dX’ j 2300 dX' A dX’)

(11.12)
i (122)20110 dx' A dX0

i (1=2)[20123dy ™ dz + 201320z " dy]

= jdy”~dz

when we rst did these we got lucky in getting the right answer, however once we
antisymmetrize it does make it a little uglier, notice however that the end of the
calculation is the same. Since dt”™ dx = j dx” dt we nd g(dx” dt) = dy” dz

the other Hodge duals of the basic two-forms calculate by almost the samecalculation, I'll let
you work them for homework. Let us make a table of all the basic Hodge dualities in Mink owski
space,| have grouped the terms to emphasizethe isomorphismsbetweenthe one-dimensional
aO(M) and a4(M), the four-dimensional a1(M) and a3(M), the six-dimensional @?(M) and
itself. Notice that the dimension of a( M) is 16 which just happensto be 2%. You have a home-
work to prove that dim(a(V)) = 29m(V) in general, we've already veri ed the casesn = 3 and
n=4

Now that we've establishedhow the Hodge dual works on the di®ererials we can easily take
the Hodge dual of arbitrary di®erenial forms on Mink owski space.We begin with the example
of the 4-current J
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"l=dtMdxMdyrdz | “(dthdxMdynrdz) = 1
(dx " dy” dz) = j dt fdt=j dx" dy” dz
“(dt~ dy” dz) = j dx "dx = j dy” dz~ dt
(dt~ dz” dx) = j dy fdy = j dz” dx " dt
“(dt™ dx” dy) = j dz fdz = j dx” dy” dt
“(dz~ dt) = dx~ dy “(dx” dy) = j dz” dt
“(dx ™ dt) = dy” dz (dy” dz) = j dx~ dt
“(dy” dt) = dz” dx “(dz™ dx) = j dy” dt

Example 11.3.5. Four Curren t: often in relativistic physicswe would evenjust call this the
current, howeverit actually includes the charge density “2and current density J. We de ne,

Q) (D
we can lower the index to obtain,
(J:) = (i ¥27)
which are the components of the current one-form,
J = Jidx = j %dt+ Jydx + Jydy + J,dz

you could also take the equation above as the de nition if you wish. Now we can rewrite this
using or vectors 7! forms mapping as,

J = Yedt+ |
Enough notational commentary, lets take the Hodge dual,

“J

(i Yedt+ Jydx + Jydy + J,dz)

i Y8dt+ Jx"dx + Jy°dy + J,"dz

Yodx™ dy ™ dzj Jydy”™ dz” dtj Jydz” dx” dtj J,dx” dy” dt
Yedx® dy~ dzj ©, " dt

(11.13)

we'll appeal to this calculation in a later section.

Example 11.3.6. Four Potential: often in relativistic physics we would even just call this
the potential, howeverit actually includesthe salar potential V and the vector potential A. We
de ne,

(AY) " (V;A)
we can lower the index to obtain,

(A:) = (i V;R)

which are the components of the current one-form,
A= Aidx = Vdt+ Agdx + Aydy + A,dz

you could also take the equation atove as the de nition if you wish. Now we can rewrite this
using or vectors 7! forms mapping as,

A=jVvdt+! o
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Enough notational commentary, lets take the Hodge dual,

A= VdxMdyNdzj O, dt (11.14)

I omitted the stepsbecausethey are identical to the last example.

Example 11.3.7. Field tensor's dual: aswe observel in examplel10:2:8 the electromagnetic
“eld tensor F = IFw dx" A dx' is a two-form ( in that examplewe were looking at the values
of the "eld tensor at a point, as we have mentioned a di®erential two-form givesa two-form at
each point moreover dpx” wasidenti e d with € in retrospect). Notice that we can write the “eld
tensor compactly using the work and °ux form correspndenes,

F=1!g/~dt+ ©p

if this is not obviousto you then that will make your homework more interesting, otherwise |
apologize. Let us calculate the Hodge dual of the "eld tensor,

°F f(lg M dt+ ©g)
Ex"(dx~ dt) + Ey°(dy” dt) + E,"(dz”" dt)
+Byx"(dy " dz) + By"(dz” dx) + B, (dx " dy)
Exdy” dz+ Eydz”™ dx + E.dx " dy
i Bxdx” dtj Bydy”™ dtj B,dz" dt
= ©E i ! B A dt

we can presentthe components of °F in matrix form

1
0 By B2 Bs

iBi 0 Ez | Ez§
iB2 iEz O E.
iBs E> jE1 O

(°Fu0 ) = (11.15)

notice that the net-e®et of Hodgeduality on the "eld tensor wasto makethe exchangesE 7! | B
and B 7! E.

11.4 exterior deriv ativ e

The exterior derivative inputs a p-form and outputs a p+ 1-form. Let usbeginwith the de nition
then we will expand on its meaning through examples,evertually we will nd how the exterior
derivative reproducesthe gradiert, curl and divergence.

De nition 11.4.1. Let ® be a p-form on M then de ne
d® = d(é@liz:ip) A dxit A dxiz A geen dxie) (11.16)
where we mean the total derivative whend acts on functions,
1 1
d(a®1i2:::ip) = @1(a®1i2:::ip)dxm

or perhapsit would be easier to see if we just wrote the de nition for f,

d = %dxm
all the indices are to range over the accepted rangefor M .
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Example 11.4.2. Gradien t. Consider three-dimensional Euclidean space. Letf : R®! R
then
@

d = @dxl = ' r f
it givesthe one-form correspndingto r f.
Example 11.4.3. Curl: Consider three-dimensional Euclidean space. Let F be a vector “eld
and let ! ¢ = Fjdx' be the correspnding one-form then

dg =dF~dx

@Fidx ~ dx!

QFydx ™ dy + @Fxdy”™ dx + @Fxdz”™ dx + QF.dx” dz+ @F.dy”" dz+ @Fydz”" dy
(QFy i QFx)dx"dy+ (@QFxi @QFz)dz" dx+ (@F;i @Fy)dy”" dz

©

£ E-
now we've recovered the curl.

Example 11.4.4. Div ergence: Consider three-dimensional Euclidean space. Let G be a vector
“eld and let ©g = 32 KGidx) ~ dx* be the corresmpnding two-form then

d©G = d(%zij kGi) N de A ka

= Zij k(@]Gi)de N de A ka
2i k(@ Gi)2mj kdx "~ dy dz
24m (@ Gj)dx " dy ™ dz
= @Gjdx " dy” dz
= (r ¢G)dx" dy”" dz

NIFNIEN =

now we've recovered the divergene.

In the courseof the precedingthree exampleswe have seenthat the single operation of the exte-
rior di®ereniation hasreproducedthe gradiant, curl and divergenceof vector calculus provided
we make the appropriate identi cations under the "work" and "°ux" form mappings. We now
move on to somefour dimensional examples.

Example 11.4.5. Charge conservation: Consider the 4-current we introduced in example
11:3:5. Take the exterior derivative of the dual to the current,

d(®J) d(%edx® dy” dzj ©; " dt)
(@Adt N dx” dy”™ dzj d[(Ixdy” dz+ Jydz”™ dx + J.dx " dy) ~ dt]
= d¥ dx™ dy” dz
i @QJxdx”™dy”dz”dtj @Jydy” dz” dx” dtj @J,dz” dx” dy” dt
= (@Y r ¢t dx ™ dy” dz

now lets do the same calculation using index techniques,

d(®J) d(%dx® dy” dzj ©; " dt)

d¥A " dx N dy” dzj d[32Jidx A dxk A dt)

(@Adt™ dx” dy”~ dzij 32 @Jidx" A dx] A dxk~ dt
= (@Adt" dx M dy” dzj 3% @ Jidx™ A dx] A dxK A dt
= (@At dx ™ dy ™ dzi 52 k2mj k@ Jidx N dy N dz ™ dt
= (@Adt" dx M dy” dzj 324y @hJidx " dy” dz” dt

= (@Y r ¢)dtN dx ™ dy” dz:

R NLN|
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Observethat we can now phrase charge conservation by the following equation
d®J)=0 () @t r ¢J=0:

In the classi@al schemeof things this was a derived consejuene of the equations of electromag-
netism, howeverit is possibleto build the theory from this equation outward. Rindler descrikes
that formal approachin a late chapter of "Intr oduction to Special Relativity".

Example 11.4.6. Field tensor from 4-potential: Let us take the exterior derivative of the
potential one-form we discusse brie®y before. We anticipate that we should nd the electric and
magnetic elds since the derivatives of the potentials give the elds as de ned in equation 5:13.

dA = d(A0) " dx’
@Aodx" »~ dx°

= %(@Ao i @A:)dX A dx’ + F(@A. + @A:)dX' A dx’ (11.17)
= S(@A0 | @A:)dx M dx’
= 3Fw0 dx’ A dx’ using the lemma below

Lemma 11.4.7. The eld tensor's components de ned by equation 9:16 can be calculated from
the 4-potential as follows,

Fio = @Ao i @Al: (1118)

Pro of: homework.
Sincethe fact that dA = F is quite important I'll o®eranother calculation in addition to
the direct oneyou considerin the homework,

dA

dii Vdt+ ! )

i dv A dt+d(! L)

i dV A dt+ (@Aj)dt” dx' + (@Ai)dx ~ dx'
Ly v+ Adti | gadi+ ©
Cir vilge) M dt+ O &«
!ir Vi@AAdt+©r£
= 1 Mdt+ O

£ K

A

where | have used many of the previous examplesto aid the calculation.

Example 11.4.8. Exterior deriv ativ e of the "eld tensor. We've just seen that the eld
tensor is the exterior derivative of the potential one-form, lets examinethe next level, we should
expect to nd Maxwell's equations since the derivative of the "elds are governal by Maxwell's
equations,

dF = d(Eidx' A dt) + d(©)

= @Eidx™ " dx! A dt+ (r ¢B)dx” dy” dz+ 32 (@Bi)dt” dx) A dxX (11.19)

let me pausehere to explain my logic. In the atove | dropped the @QE;dt” ¢¢¢ term becausethere
was another dt in the term so it vanishes. Also | broke up the exterior derivative on the °ux
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form of B into the space and then time derivative terms and useal our work in example11:4:4.
Lets continue,

dF = [@Ek + %Zij K(@B)]dx A dxK~ dt+ (r ¢B)dx” dy” dz
= [@QEy i @Ex + 2i12(@Bi)]dx " dy” dt
+H@Ex i @QE;+ ?j31(@Bj)]dz™ dx* dt
+H@QE;i @Ey + 2i23(@B;)]dy " dz” dt (11.20)
+(r ¢B)dx” dy” dz
=(r £E+ @B)i©g " dt+ (r ¢B)dx" dy” dz

=0, g, @B Adt+ (r ¢B)dx” dy” dz

because © is an isomorphism of vector spaces (at a point) and ©g, = dy " dz, ©,, = dz”" dx,
and ©e, = dx” dy. Behold, we can state two of Maxwell's equations as

dfF=0 () TrEE+@B=0 r ¢B=0 (11.21)

Example 11.4.9. Exterior deriv ativ e of the dual to the eld tensor:

d°F = d(j Bidx ~ dt) + d(©)

= O Adt+ (r ¢E)dx A dy” dz (11.22)

B+ @FE

this followed directly from the last example simply replaee E 7! i B and also B 7! E. This
give us the two inhomogeneus Maxwell's equations if we set it equal to the Hodge dual of the
4-current,

dF = 1, () ir EB+@E=i1,J; r ¢CE=14 (11.23)

where we have looked back at example11:3:5 to nd the RHS of the Maxwell equations.

Now we've seenhow to write Maxwell's equations via di®erertial forms. The stage is set to
prove that Maxwell's equations are Lorentz covariant, that is they have the sameform in all
inertial frames.

11.4.1 coderiv ativ es and comparing to Gritth's relativitic E & M

Optional section, for those who wish to compare our tensorial E & M with that of
Gritth's, you may skip ahead to the next section if not interested

| should mention that this is not the only way to phrase Maxwell's equationsin terms of
di®erertial forms. If you try to seehow what we have done here compareswith the equations
preseried in Grixth's text it is not immediately obvious. He works with F* and G and
J" none of which are the componerts of di®ereriial forms. Neverthelesshe recovers Maxwell's
equationsas @F° = J° and @G = 0. If we compareequation 12.119( the matrix form of
G” ) in Gritth's text,

0 1
0 B, =P Bs
10 'B]_ 0 |E3 E2§ o 10
G* (c= 1) = B =i °F"): 11.24
@ (=m=8 g L TP LK=iCF) (11.24)

iBs E» jE1 O
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where to seethat you just recall that raising the indices has the net-e®ectof multiplying the
zeroth row and column by j 1, soif we do that to 11:15we'll nd Gritth's "dual tensor" times
negative one. The equation @F " = J° is not directly from an exterior derivative, rather it is
the componert form of a "coderivative". The coderivative is de ned += °d", it takesa p-form
to an (nj p)-form then d makesit a(nj p+ 1)-form then nally the secondHodge dual takes
ittoan(nij (nj p+ 1))-form. That is £+ takesa p-form to apj 1-form. We stated Maxwell's
equations as
dF =0 dF = °J

Now we can take the Hodge dual of the inhomogeneousequation to obtain,
“d°F = +F = ") = §J
where | leave the sign for you to gure out. Then the other equation
@G" =0
can be understood as the componert form of +°F = 0 but this is really dF = 0 in disguise,
0=+F="d"F=8§"F () dF=0

soeventhough it lookslike Gritth's is usingthe dual eld tensorfor the homogeneoudviaxwell's
equations and the "eld tensor for the inhomogeneousMaxwell's equationsit is in fact not the
case. The key point is that there are coderiv ativ es implicit within Gritth's equations, soyou
have to read betweenthe lines a little to seehow it matched up with what we've done here.
| have not ertirely proved it here, to be complete we should look at the component form of
+# = J and explicitly show that this givesus @F" = J°, | don't think it is terribly di+cult

but I'll leave it to the reader.

Comparing with Gritth's is fairly straightforward becausehe usesthe samemetric as we
have. Other texts usethe mostly negative metric, its just a convertion. If you try to compare
to such a book you'll nd that our equationsare almost the sameupto a sign. One good careful
book is Reinhold A. Bertimann's Anomalies in Quantum Field Theory you will nd much of
what we have done here done there with respect to the other metric. Another good book which
sharesour corvertions is SeanM. Carroll's An Intr oduction to General Relativity: Spacetime
and Geometry, that text hasa no-nonsensdntroduction to tensorsforms and much more over
a curved space( in cortrast to our approadh which has beenover a vector spacewhich is °at
). By now there are probably thousands of texts on tensors, | only point out those that have
bene ted my understanding at various times of my mathematical youth.

11.5 Maxw ell's equations are relativistically covariant

Let us begin with the de nition of the eld tensor oncemore. We de ne the componerts of the
“eld tensor in terms of the 4-potentials as we take the view-point those are the basic objects
(not the "elds).

Fo -~ @Ao i @A1
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then the “eld tensor F = Fw dx’ - dx’ is a tensor, or is it ? We should chek that the
componerts transform asthey ought accordingto the discussionin section 9:6. Let x* = oo x°
then we obsene,

1) A = (7 1) Ae

11.25
@) @=%2=012 (129

where (2:) is simply the chain rule of multiv ariate calculus and (1.) is not at all obvious. We'll
assumethat (1:) holds, that is we assumethat the 4-potential transforms in the appropriate
way for a one-form. In principle one could prove that from more base assumptions. Afterall
electromagnetismis the study of the interaction of charged objects, we should hope that the
potentials are derivable from the sourcecharge distribution. We wrote the formulas to calculate
the potentials for arbitrary sourcesin equation 5:15. We could take those as de nitions for the
potentials, then it would be possibleto actually calculate if (1:) is true. We'd just change coor-
dinates via a Lorentz transformation and verify (1:). For the sake of brevity we will just assume
that (1:) holds. We should mertion that alternatively one can show the electric and magnetic
“elds transform asto make Fio a tensor. Those derivations assumethat charge is an invariant
quantit y and just apply Lorentz transformations to special physical situations to deducethe eld
transformation rules. SeeGritth's chapter on special relativit y or look in Resnid for example.

Let us nd how the eld tensortransforms assumingthat (1:) and (2:) hold, againwe consider

X' = oox’,
Fo = @A i BA. B
=@ H@(E A @ Y@1Y As)
= (@i )@Y, (@A~ | @Ae)
= (@1 H)7(ai ) Fe:
therefore the eld tensor really is a tensor over Mink owski space.

(11.26)

Prop osition 11.5.1. The dual to the eld tensor is a tensor over Minkowski space. For the
Lorentz transformation X' = @ox” we can show

Fo = (@1 DI, Fen

Pro of: homework, it follows quickly from the de nition and the fact we already know that the
“eld tensor is a tensor.

Prop osition 11.5.2. The four-current is a four-vector. That is under the Lorentz transforma-
. 1 o
tion X° = @ox’ we can show,

F= (@ H%14

Pro of. follows from argumerts involving the invariance of charge, time dilation and length
cortraction. SeeGrixth's for details, sorry we have no time.

Corollary 11.5.3. The dual to the four current transforms as a 3-form. That is under the
Lorentz transformation X* = @ox° we can show,

Y 5= (@1 H%i Y, (i 1), J e
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Upto now the corntent of this sectionis simply an admissionthat we have beenallittle careless
in de ning things upto this point. The main point is that if we say that somethingis a tensor
then we needto make sure that is in fact the case. With the knowledgethat our tensors are
indeed tensorsthe proof of the covariance of Maxwell's equationsis trivial.

dF = 0 d°F = °J

are coordinate invariant expressionswhich we have already proved give Maxwell's equationsin
one frame of reference,thus they must give Maxwell's equationsin all frames of reference.
The essetial point is simply that

1 1 o 1 1 o
F=Z-Fod ~Nd = —|‘:L10 dax™ ~ dx
> X X 2

Again, we have no hope for the equation above to be true unlesswe know that

Fo = (o 1)1®(ﬁi 1. Fe—: That transformation follows from the fact that the four-potential is
a four-vector. It should be mertioned that others prefer to "prove" the eld tensor is a tensor
by studying how the electric and magnetic “elds transform under a Lorentz transformation.
We in cortrast have derived the eld transforms basedultimately on the seeminglyinnocuous
assumptionthat the four-potential transforms accordingto A: = (o' 1)E@A®. OK enoughabout
that.

So the fact that Maxwell's equations have the sameform in all relativistically  inertial
frames of referencesimply stems from the fact that we found Maxwell's equation were given
by an arbitrary frame, and the eld tensor looks the samein the new barred frame so we can
again go through all the sameargumerts with barred coordinates. Thuswe nd that Maxwell's
equations are the samein all relativistic frames of reference,that is if they hold in one inertial
frame then they will hold in any other frame which is related by a Lorentz transformation.

11.6 Poincaire's Lemma and d?= 0

This sectionis in large part inspired by M. Gockeler and T. Schucker's Di®erential geometry,
gaugetheories, and gravity page 20-22.

Theorem 11.6.1. The exterior derivative of the exterior derivative is ze. d? = 0

Pro of. Let ® be an arbitrary p-form then
d®= é(@@liz;;;ip)dxm A dx't A dxiz A eeen dx' (11.27)
then di®erertiate again,

d(d®)

d é(@]@liz:::ip)dxm A dxit A dxiz A geen dx

%(@@1®1i2:::ip)dxk A dx™ A dxil A dXi2 Nogeen dXip
=0

(11.28)

sincethe partial derivativescommute whereasthe wedgeproduct anticommutes sowe note that
the pair of indices (k,m) is symmetric for the derivatives but antisymmetric for the wedge, as
we know the sum of symmetric against antisymmetric vanishes( seeequation 1:25 part iv if you
forgot.)
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De nition 11.6.2. A di®erential form ® is closed i® d®= 0. A di®erential form ~ is exact
i® there exists® suchthat =~ = d°.

Prop osition 11.6.3. All exactforms are closal. However, there exist closal forms which are
not exact.

Pro of: Exact implies closedis easy let  be exact such that = d° then
d =dd°)=0

using the theorem d? = 0. To prove that there exists a closedform which is not exact it su+ces
to give an example. A popular example( dueto its physical signi cance to magnetic monopoles,
Dirac Strings and the like..) is the following di®erenial form in R?

. 1

A= m(xdy. ydx) (11.29)
Il let you show that dA= 0in homework. Obsene that if A were exact then there would exist
f sud that A= d meaningthat

@_. .y . @_ x
@ 'xZ+y? @ Kyl

which are solved by f = arctan(y=x) + c wherec is arbitrary . Obsene that f isill-de ned along

the y-axis x = 0 ( this is the Dirac String if we put things in context ), howewver the natural

domain of Ais R?j f(0;0)g.

Poincaire suggestedthe following partial converse,he said closedimplies exact provided we
place a topological restriction on the domain of the form.

Theorem 11.6.4. If U pu R" is star-shaped and dom(A) = U then A is closeal i® A is exact.

I will not give proof. Seethe picture below to seethat "star-shaped" meansjust that. In the
diagram the region that is certered around the origin is not star-shaped becauseit is missing
the origin, whereasthe other region is such that you canreac any point by aray from a certral
point. Although an exampleis not a proof you can seethe example of A satis es the theorem,
only if we restrict the natural domain of A to a smaller star-shaped region can we sa it is an
exact form.
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De nition 11.6.5. de Rahm cohomology: We de ne seveal real vector spaces of di®erential
forms over somesubsetU of R",

ZP(U) " fA2 aPU j A closalg
the space of closel p-forms on U. Then,
BP(U) "~ fA2 aPU j A exacyy

the space of exact p-forms where by convention B%(U) = f0g The de Rahm cohomolay groups
are de ned by the quotient of closeal/exact,

HP(U) ~ ZP(U)=BP(U):
the dim (HPU) = p" Betti number of U.

We obsene that star shaped regionshave all the Betti numbers zero sinceZP(U) = BP(U)
implies that HP(U) = f0g. Of coursethere is much more to say about Cohomology | just
wanted to give you a taste and alert you to the fact that di®ererial forms can be usedto reveal
aspects of topology. Cohomology is basically a method to try to classify certain topological
features of spaces.Not all algebraic topology usesdi®ereriial forms though, in fact if you take
the coursein it here you'll spend most of your time on other calculational schemesbesidesthe
de Rahm cohomology | digress.
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Chapter 12

Integration of forms in R"

In this chapter we give a short intro duction on how to integrate di®erertial forms on a parametrized
subsetof R". We demonstrate how the di®ereriial form integration recovers the usual notions
of line and surfaceintegralsin R3. Finally we write the GeneralizedStokes's Theorem and shav
how it reproducesthe fundamertal theorem of calculus, Gauss' Theorem, and Stoke's Theorem.
We will be a little sloppy throughout this chapter on the issue of convergence. It should be
mertioned that the integrals cosideredwill only make sensefor suitably chosenregionsand for
reasonablybehaved functions. We leave those picky details for the readerto discover. Also we
mertion that generally one should study how to integrate di®erertial forms over a manifold. In
a manifold we cannot generally parametrize the whole surfaceby just one set of parameters (
in this chapter we will assumethat our subsetsof R" have a global parametrization ) soit is
necessaryto patch things together with something called the partition of unity. Just want to
place what we are doing in this chapter in context, there is moreto say about integrating forms.
We will just do the fun part.

12.1 de nitions

The de nitions given here are pragmatical. There are better more abstract de nitions but we'd
needto know about push-forwards and pull-backs(tak e manifold theory or Riemannian geometry
or ask me if you're interested). | also assumethat you will go bad and read through chapter 4
to remind yourself how line and surfaceintegrals are formulated.

Denition  12.1.1. integral of one-form along oriented curve: let ® = ®dx' be a one
form and let C be an oriented curve with parametrization X (t) : [a;b] ! C then we de ne the
integral of the one-form ® along the curve C as follows,

Z Zp i
o @xm) S ma
C a

over, the indices are understaod to rangeover the dimension of the ambient space, if we consider
forms in R? theni = 1;2if in R® theni = 1;2;3 if in Minkowski R* then i should be replacd
with * = 0;1;2;3 and so on.
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Example 12.1.2. One form integrals vs. line integrals of vector "elds: We begin with a
vector eld F and construct the corresmnding one-form ! . = Fidx'. Next let C be an oriented
curve with parametrization X :[a;b]%2R! C % R", observe

z zZ, . z

_ , dX' _
= aF.(X(t)) S (Ddt= CF¢d1'

c

You may note that the de nition of a line integral of a vector eld is not special to three di-
mensions,we can clearly construct the line integral in n-dimensions,likewisethe correspondance
I canbe written betweenone-formsand vector elds in any dimension, provided we have a met-
ric to lower the index of the vector eld componerts. The samecannot be said of the °ux-form
correspondance, it is special to three dimensionsfor reasonswe have explored previously.

Deniton  12.1.3. integral of two-form over an oriented surface: let ™ = 37 dx' ~ dx/

be a two-form and let S be an oriented piecewise smaoth surface with parametrization X (u;v) :
D, % R?! S%R" then we de ne the integral of the two-form ~ over the surface S as follows,

z Z . _
_ _ i j
ij (X (UJV))%(U;V)%(u;v)dudv

S D>

X (u;v). Moreover, the indicesare understaod to range over the dimension of the ambient space,
if we consider forms in R? then i;j = 1;2ifin R3 then i;j = 1;2;3if in Minkowski R4 then i
should be replacd with 1; © = 0; 1;2; 3 and so on.

Prop osition 12.1.4. Two-form integrals vs. surface integrals of vector “elds in R3:
We begin with a vector “eld F and construct the correspnding two-form ©. = 32 (Fidx' A dx!
which is to say ©. = Fidy” dz+ Fodz” dx + Fzdx " dy. Nextlet S be an oriented piecewise
smaoth surface with parametrization X : D % R21 S1R", then

Z Z

©.= FtdA
S S

Pro of: Recall that the normal to the surfaceS has the form,

i @X

N (u;v) = % % =2 k%%ek
at the point X (u;v). This gives us a vector which points along the outward normal to the
surfaceand it is nonvanishingthroughout the whole surfaceby our assumptionthat S is oriented.
Moreover the vector surfaceintegral of F over S was de ned by the formula,

Z ZZ
F ¢dA” F(X (u;Vv)) ¢N(u; V) dudv:
s D

now that the reader is reminded whats what, lets prove the proposition, dropping the (u,v)
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depenceto reduceclutter we nd,
z YAV

F ¢dA
S ZZD
= FkNk dudv
zz"° o
@' @!
Fk2j k —=— —=— dudv
@' @x!
D(©,_-)

F ¢N dudv

27

@@ M

z

= ©
S

F‘

notice that we have again used our corvertion that (©.)j refersto the tensor componerts
of the 2-form ©. meaning we have ©. = (Op); dx' - dx) whereaswith the wedge product
O = %(@F)u dx' ~ dx!, | mertion this in caseyou are concernedthere is a half in ©. yet we
never found a half in the integral. Well, we don't expect to becausewe de ned the integral of
the form with respect to the tensor componerts of the form, again they don't contain the half.

Example 12.1.5. Consider the vector eld F = (0;0;3) then the correspnding two-form is
simply © = 3dx” dy. Lets calculate the surface integral and two-form integrals over the squae
D = [0;1]£ [0;1] in the xy-plane, in this case the parameters can be taken to be x and y so
X (x;y) = (x;y) and,

@ . &
N(x;y) = —£ — = (1;0;0) £ (0;1;0)= (0;0; 1
(xy) &’ @ ( )E ( )= ( )
which is nice. Now calculate,
Z 727
Fc¢dA = F ¢N dxdy
S ZZ D
= (0; 0; 3) ¢(0; 0; 1)dxdy
z 2%
= 3dxdy
0 0
= 3

Consider that © = 3dx ™ dy = 3dx - dy i 3dy- dx therefore we may read directly that
(©r)12 = i (©p)21 = 3 and all other components are zer,

fe  f @& @i
&x @

S

(©F )i
zz%u
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De__nition 12.1.6. integral of a three-form over an orien ted volume: let° = %_ij dxi A
dx} A dx¥ be a three-form and let V be an oriented piecewisesmath volume with parametrization
X (u;v;w) : D3 %R3! V %R" then we de ne the integral of the three-form ° in the volumeV

as follows, Z 7

. @' @) @k
° i k(X (u; v; W) — —— — dudvdw
v Ds k(X ) @ @ @v
where X (u;v;w) = (X 2(u;v;w); X 2(u; v;w); 11 X "(u; v;w)) sowemean X' to be the i com-

ponent of X (u;v;w). Moreover, the indices are understaod to range over the dimension of the
ambient space, if we consider forms in R3 then i; jik = 1;2;3 if in Minkowski R4 then i; ik
should be replacd with 1; ©;3%= 0; 1;2; 3 and so on.

“nally we de ne the integral of a p-form over an p-dimensional subspaceof R", we assume
that p- n sothat it is possibleto embed such a subspacein R",

De nition 12.1.7. integral of a p-form over an oriented volume: let° = %_il;;;ipdxil’\
¢eedx'» be a p-form and let S be an oriented piecewise smoth subsgoe with parametrization

X(ug;:ii;up) :Dp %2 RP1 S % R" then we de ne the integral of the p-form ° in the subsmoe
S as follows, 7 7
- " 006" duy eo0d
e’ i (X (ug;iii;u ¢ee u u
S D, |1...|p( ( 1 p)) @1 @p 1 p
where X (ug;:::;up) = (Xl(ul;":;up);XZ(ul;":;up);:::;X (ug;:::;Up)) so we mean X1 to
be the i component of X (uq;:::; Up). Moreover, the indices are understaod to range over the

dimension of the ambient space.

12.2 Generalized Stokes Theorem

The generalizedStokestheorem cortains within it most of the main theoremsof integral calculus,
namely the fundamertal theorem of calculus, the fundamental theorem of line integrals (a.k.a
the FTC in three dimensions), Greene'sTheorem in the plane, Gauss' Theorem and also Stokes
Theorem, not to mertion a myriad of higher dimensional not so commonly named theorems.
The breadth of its application is hard to overstate, yet the statemert of the theorem is simple,

Theorem 12.2.1. Generalizes Stokes Theorem: Let S be an oriented, piecewise smaoth
(p+1)-dimensional subspce of R" wheren , p+1andlet @ beit boundary whichis consistently
oriented then for a p-form ® which behavesreasonablyon S we havethat

7 Z
Z =

d®= ® (12.1)

The proof of this theorem (and a more careful statemert of it) can be found in a number of
places,SusanColley's Vector Calculusor Steven H. Weintraub's Di®erential Forms: A Comple-
ment to Vector Calculus or Spivak's Calculus on Manifolds just to name a few.

Lets work out how this theorem reproducesthe main integral theoremsof calculus.
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Example 12.2.2. Fundamen tal Theorem of Calculus in R: Letf : R! R bea zerm-form
then consider the interval [a;b] in R. If welet S = [a;b] then @ = fa;bg. Further observethat
d = f {x)dx. Notice by the de nition of one-form integration

Z Z,
d =  fY%)dx
S a
However on the other hand we nd ( the integral over a zer-form is taken to be the evaluation
map, perhaps we should have de ned this earlier, oops., but its only going to come up here so
I'm leaving it.) b

f=f0i f(a)
c2

Hence in view of the de nition alovewe nd that
Z, z z

FU)dx = f(0)i f(@ () d= f

a S @
Example 12.2.3. Fundamen tal Theorem of Calculus in R3 Letf : R®! R be a zem-
form then consider a curve C from p 2 R3 to g2 R3 parametrized by A: [a;b]! RS. Note that
@ = fA(a) = p;A(b) = qg. Next note that

d = gidxi

Then consider that the exterior derivative of a function correspndsto the gradient of the function
thus we are not to surprised to nd that

Z Zy - z
@ dx'
d = ——dt= r f)cedr
c 2 @' dt c( )
On the other hand, we use the de nition of the integral over a a two point setagainto nd
z

f=1(@i f(p)
@

Hence if the Generalized StokesTheorem is true then sois the FTC in three dimensions,
Z Z Z
(rf)yedr=~F(@i f(p) () d = f
C c @
another popular title for this theorem is the "fundamental theorem for line integrals". As a nal
thought here we notice that this calculation easily generlizesto 2,4,5,6,... dimensions.

Example 12.2.4. Greene's Theorem: Let us recall the statement of Greene's Theorem as
| have not replicated it yet in the notes, let D be a region in the xy-plane and let @ be its
consistently oriented boundary then if F = (M (X; y); N (X;y);0) is well behavel on D

z ZZ u 1

Mdx + Ndy = —_— —
@ y 5 @l@
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We begin by nding the one-form correspnding to F namely ! ¢ = M dx + N dy consider then

that
d'r = dMdx+ Ndy) = dM ~ dx+ dN ~ dy = @dy" dx + @dx" dy
@ @
which simpli'es to, u q
al = @ : @ dx N dy= ©

F & i @ y (9L @iy

Thus, using our discussionin the last section we recall
Z Z Z
g = F ¢dr= M dx + Ndy
@ @ @

where we have reminded the reader that the notation in the rightmost expressionis just another
way of denoting the line integral in question. Next observe,
Z z

e
dr= (=i —)k¢dA
b D( &' @ )
And clearly, since dA = Kdxdy we have
z z
YN G
— i —)K¢dA = —j —)dxd
D( & i @) D( & i @,) y
Therefore,
Z ZZ [ 1 z Z
e
Mdx + Ndy = —j — dxd dg = !
@ y & @ y () CAFT GtF
Example 12.2.5. Gauss Theorem: Letusrecall GaussTheoremto begin, for suitably de ned
F and V, 7 7
F ¢dA = r ¢F d¢
Y Vv

First we recall our earlier result that
d(©g) = (r ¢F)dx™ dy” dz

Now note that we may integrate the three form over a volume,
z z
d©f) = (r ¢F)dxdydz
Y v

whereas, Z Z

©|: = F ¢dA
@/ @/
sothereit is, i d 7 i
(r ¢F)d¢ = Fe¢dA () d(©F) = ©f
\Y @ \Y @
| haveleft a little detail out here, | may assignit for homework.
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Example 12.2.6. Stok es Theorem: Let usrecall StokesTheoremto begin, for suitably de ned
F and S, 7 7

(r £F)¢dA = F ¢dr
S @

Next recall we have shownin the last chapter that,
d('F) = O ¢

Henee, Z Z
d(! ) = (r £ F)¢dA
S S

whereas, Z Z

which tells us that,
z z z z
(r £F)¢dA = Fedm () d(' ) = s
S @ S @

The Generalized Stokes Theorem is perhapsthe most persausive argumert for mathemati-
ciansto be aware of di®ereriial forms, it is clear they allow for more deepand sweeping state-
ments of the calculus. The generality of di®erertial forms is what drives modern physicists to
work with them, string theorists for example examine higher dimensional theories so they are
forced to usea languagemore generalthan that of the corvertional vector calculus.

12.3 Electrostatics in Fiv e dimensions

We will endeaor to determine the electric eld of a point charge in 5 dimensionswhere we
are thinking of adding an extra spatial dimension. Lets call the fourth spatial dimension the
w-direction so that a typical point in spacetime will be (t; x;y;z;w). First we note that the
electromagnetic eld tensor can still be derived from a one-form potential,

A = j Yedt+ Ajdx + Apdy + Azdz+ Azdw

we will 'nd it conveniert to make our convertion for this section that 1; °;::: = 0;1;2;3;4
whereasm; n; ::: = 1;2; 3;4 sowe can rewrite the potential one-form as,

A = | Yedt+ Ay dx™

This is derived from the vector potential A* = (¥2A™) under the assumptionwe usethe natural
generalization of the Mink owski metric, namely the 5 by 5 matrix,

0 1

il 0000
0 1000

('m):%}o 010 ?E:(’”) (12.2)
0 001
0 0001
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we could study the linear isometries of this metric, they would form the group O(1;4). Now we
form the "eld tensor by taking the exterior derivative of the one-form potential,

F=dA= %(@@i @@)dx" ~ dx’

now we would liketo nd the electric and magnetic " elds" in 4 dimensions. Perhapswe should
say 4+1 dimensions, just understand that | take there to be 4 spatial directions throughout
this discussionif in doubt. Note that we are faced with a dilemma of interpretation. There
are 10 independert componerts of a 5 by 5 antisymmetric tensor, naively we wold expect that
the electric and magnetic elds eac would have 4 componerts, but that is not possible, we'd
be missing two componerts. The solution is this, the time componerts of the eld tensor are
understood to correspond to the electric part of the "elds whereasthe remaining 6 componerts
are saidto be magnetic. This alignswith what we found in 3 dimensions,its just in 3 dimensions
we had the fortunate quirk that the number of linearly independert one and two forms were
equal at any point. This de nition meansthat the magnetic eld will in generalnot be a vector
“eld but rather a "°ux" encaded by a 2-form.

0 1
0 iEx iEy iEz iEw

(Fr)=BEy iBz 0 Bx H: (12.3)

E, B, iBy 0 Hg
Ew iH1 iH2 iHsz O

Now we can write this compactly via the following equation,
F=E~dt+B

| admit there are subtle points about how exactly we should interpret the magnetic eld, however
I'm going to leave that to your imagination and instead focus on the electric sector. What is
the generalizedMaxwell's equation that E must satisfy?

d°F =1,°0 =) d(E~dt+ B)= 14"

whereJ = j Ydt+ J,,dx™ sothe 5 dimensional Hodge dual will giveusa 5 1= 4 form, in
particular we will be interestedin just the term stemming from the dual of dt,

“(j %ed) = Yedx dy” dz”~ dw

the corresponding term in d°F is d°(E » dt) thus, using?®, = %
1
d*(E ~ dt) = —%dx* dy” dz”" dw (12.4)
[0}

is the 4-dimensional Gauss'sequation. Now considerthe casewe have an isolated point charge
which has somehav always existed at the origin. Moreover considera 3-spherethat surrounds
the charge. We wish to determine the generalizedCoulomb “eld due to the point charge. First
we note that the solid 3-sphereis a 4-dimensional object, it the set of all (x;y;z;w) 2 R* such
that

X2+ y2+ 22+ w2 r2
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We may parametrize a three-sphereof radius r via generalizedspherical coordinates,

rsin (L cogA)sin (A)
rsin (W sin (A)sin (A)
rcog(psin (A)
rcogA)

(12.5)

X
y
z
W

Now it canbe showvn that the volume and surfaceareaof the radius r three-sphereare asfollows,

1
vol(S®) = /;r“ area(S%) = 2v4r3

We may write the charge density of a smearedout point charge g as,

(
20=%a% 0-r- a
0; r>a

Vo= (12.6)

Notice that if we integrate %2over any four-dimensional region which contains the solid three
sphere of radius a will give the enclosedcharge to be g. Then integrate over the Gaussian
3-sphereS? with radius r call it M,
z 1 z
d(E~dt)= =  Ldx) dy” dz” dw
M M

2
(o]

now usethe Generalized Stokes Theorem to deduce,

z

(ENdt)= o
(0]

but by the "spherical® symmetry of the problem we nd that E must be independent of the
direction it points, this meansthat it canonly have a radial component. Thus we may calculate
the integral with respect to generalized spherical coordinates and we will nd that it is the
product of E; © E and the surfacevolume of the four dimensional solid three sphere. That is,

Z
(ENdt) = 223E =
@ o
Thus,
q
E= ——
21@20r3

the Coulomb eld is wealer if it wereto propogatein 4 spatial dimensions. Qualitativ ely what
has happened is that the have taken the samenet °ux and spreadit out over an additional
dimension, this meansit thins out quicker. A very similar idea is usedin some brane world
scenarios. String theorists posit that the gravitational eld spreadsout in more than four di-
mensionswhile in cortrast the standard model "elds of electromagnetism,and the strong and
weak forcesare con ned to a four-dimensional brane. That sort of model attempts an explaina-
tion asto why gravity is so weak in comparisonto the other forces. Also it giveslarge scale
corrections to gravity that somehope will match obsenations which at presert don't seemto
't the standard gravitational models.
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This exampleis but a taste of the theoretical discussionthat di®ererial forms allow. As a
“nal commert | remind the reader that we have done things for °at spacein this course,when
considering a curved spacethere are a few extra considerationsthat must enter. Coordinate
vector “elds g must be thought of as derivations @@’ for one. Also the metric is not a con-
stant tensor like & or " rather is depends on position, this meansHodge duality aquires a
coordinate dependenceaswell. Doubtless| have forgotten something elsein this brief warning.
One more advancedtreatment of many of our discussionss Dr. Fulp's Fiber Bundles 2001notes
which | have posted on my webpage.He usesthe other metric but it is rather eleganly argued,
all his argumerts are coordinate independert. He also deals with the issue of the magnetic
induction and the dielectric, issueswhich we have ertirely ignored since we always have worked
in free space.

the end
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App endix A

Digressions and Commen ts

In this appendix | collect all the various corrections and additions we made throughout the
semester. Someof these commerts are a result of a homework problem goneastray others are
simply additions or proofs that ought to have beenincluded earlier.

| apologize for the ugly format of this chapter, if you want a clearer scan of anything in
particular just email me and I'm happy to sendyou a pdf or something.

A.1 speed of light invariant under Lorentz transformation

I madethe intial homework assignmen more ditcult than needed.Ignoring my hint would have
beenthe wisest choice of action in this case. The essetial point | missedin my preliminary
thoughts wasthat light has constart speedand hencetravelsin a line. Lines are much easierto
transform than arbitrary curves( which is what | wastrying to reasonthrough to begin).
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A.2 Campb ell-Bak er-Hausdor® Relation

This result is certral to the theory of Lie algebrasand groups. | give a proof to the third order.
Iterativ e proofs to higher orders can be found in a number of standard texts.
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A.3 Quaternions

Beyond complex numbers one can considerQuaternions which have three imaginary units which
multiply much like unit vectorsin R® behave under the cross-praluct. The next generalization

are the Octonions, I'll let you read elsewhereabout those, (I recommendthe Wikip edia for such
guestionsb.t.w.)
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A.4 Coordinate change and Hodge Dualit y

Here | remedy a gaping hole in our earlier logic, | show that the Hodge dual of a di®ereriial
form hasthe correct transformation properties under a changeof coordinates. Without this cal-
culation we could not be certain that our formulation of Maxwell's equationswastruly invariant
with respect to Lorentz transformations.
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A.5 Dimension of the exterior algebra

| assignedthis asa homework, but no onequite got it correct. This is the solution which involves
a slightly nontrivial induction basedon Pascal'striangle.
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