18. Given that y = and x'= y(x - f), x = y(x'—Bt'), show that these equations can be solved to

1
|J1- B2

yield ¢'= y(f — fx).
"  Since we need to solve for ', let’s start by rearranging x = y{(x'—f') in terms of #'.

p) > =X X
x=p(x-p') — ¢ BB

* Now substitute the equation for x' into the equation for¢'.

pX X a_x ya-p) . x _popB
w B WP B w8
;r=i_ﬁ+fﬁ —3 f':i_;?.x._.b},f - f':}f-{_}i_L)x
w BB wp B
= Need to show that {%-Lﬁ] simplifies down to 3 in order to obtain{'= y{f—ﬁr}.
4
F A oy o gt LT gt
B B 6 W W
= QGiven that ¥ = : ;
1-4*
1
;szl_ﬁz " :Vz(l_ﬁz):l B yz_},zﬁz _f
|
= Substitute the new value for 1 into Z :
B
- T P S L LA, |1 R 1 pi 12
gl o % ;Vﬁ)_}?’ FAErS s ¥E oo
B B i B

" Thus, %—}—;— can be simplified down to 3# . By substitution, we have

I I'=}f-[%—$]x - t'=p—-y — t'=ylt-pr).
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19. Show that if the matrices below are the matrices of linear transformations on R* then they
correspond to Lorentz transformations. In other words, show that 4”74 = 7 for each matrix.

y -1 00 y 0B =g 2l
2 o 0
g v 00, 010y | |
0 0 10 0 01 0 0| & |
0 0 01 48 0 0 ol |
e B'nB,:
y =¥ 0 0||-1 0 0 O -y =3 0 0
B e -~y y 000100 (8 y 00
B 0 0 10/{0010 |0 o0 10
e 0 G| 0o L] o o @i
=y =B 00| ¥y - 0 0| |- +p'8° ¥B-¥'B 00
(77)B, = By 00|(-p y 00| |¥B-y8 -yB+y* 00
RETE e 0 g el 6 v T 0 0 1 0
p D Bal| 6o B B 0 0 01
. 1 1
Since y = ,then y* = - -8 )=1 - p-y'p =1
R Sty (- 4) r-rg,
and thus —y* + * 8% = —1. Therefore,
-yr 4y’ yB-y'8 0 0| [-1 0 0 0
BB, = pA~pE =gyt ol e 0 0 e
G 0 0 1 0 0 01 0
0 0 01/ [0 0 01
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e o e )
r4

-y +p' 8 0 0 PB-y'p
0 0
0 1

0
0
ﬂ:??
1

0
1

=1L 0 0
0 1
0 0
0 ¢ 0

o = 2
- o o
rnn%
e i i |
e )
nmr.,.ﬂ_ﬂ.uf
I

| 1
(o]
b A
=, +
I — B — |
Q N
=~ V;
fo |
o T e I ™
[T = I =]
=, ..mp
i T
+ = =
- .._mp
= .
e ——

B.'n

I, which gives the following matrix:

I.so RTIR

Since R € O(3), then R"R

Rnﬁ=?;r

= Thus,
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22. Consider a rod which is measured to have length L when at rest. Put the rod in motion such that

it resides at the origin of the y which makes y the x-boosted frame w.r.t. x. Now measure the length
of the rod w.r.t. x. We assume

E(A)= [EA,U)= [EA,;A) and E{B]= [EB,LG)= [EE,;B)

When measuring the length we find 7'(4) and z'(B) at the same time ¢, this means that
t=les+ Bxa)=lts + pxs) fi=ts+ gL,

Note z'(4) = ylx. +,BF,4) and y'(B)= ;V(J_r,ﬁ + Bty ] Show 7'(B)- 7'(4) = %
2'(B)- 2'(4)= ylxa + Bis )~ plxa + Bis)
=yxXp+}Pts —yxa —ypPta
- }’;B + }’ﬁ;ﬁ —}’;.4 —}’ﬁt}s + ﬁLﬂ) Substitute for 4
= yxa +yBts —yxa —pPts —y5°L,
— y;s = }';J -B°L, Cancel out the };BFH terms
= ¥|xp = )— 'L,
=L, -0)-28°L, Since x5 = L, & %4 =0
=i, -¥B’L,
=1,(1- )
=?I[;—z} y= 1—1;32 _,},z=1_1ﬁ24.>yiz=]_ﬂz
it
b g

23. Consider a fixed point in the moving z -frame as in problem 22. Suppose a clock at x =x, ticks
from ¢ to time 2. We label these two “events” by 7(4)= (;1 ,J_Co] and 7(B)= (Ez,i:.).

Show that 7°(B)- x°(4) = }'(;z ~t }
Since time is varying, we have #°(4)= ;V[f, + ﬁ;v) and y°(B)= }’Gz + ﬂ;a]

%°(B)-2°(4)=lt2 + Bxo )= olos + .
=ytz + yfx, —yt1 — yfBx,
=yt2—yh Cancel out the yfx, terms

=7l -1))



]
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24. Find a counter-example to the triangle-inequality for the Minkowski metric. In particular, find
A,B,C e R* suchthat AB=(B" - A4°,B' - 4',B* —~ 4>, B’ — 4°) and

(A_B, 4B)+(BC,BC) < <AC, AC).

Let 4=(0,0,0,0), B=(1,2,0,0), and C =(3,5,0,0)

Then, AB=(1-0,2-0,0-0,0-0)=(1,2,0,0)
BC =(3-1,5-2,0-0,0-0)=(2,3,0,0)
AC =(3-0,5-0,0-0,0-0)=(3,5,0,0)

ﬁsﬁ)=—E“'EG+A_Bi AB +AB -AB 4 AB -AB =—1°322 10?40 =-1+4=3
(E,EE)=—ED .BC +BC -BC' +BC .BC +BC -BC =-22+3?4+0*+02 =—449=5
E=E>=—E“ AC + AC AC +AC AC +AC +AC =3 152 407 +02=-9+25=16

Since 3+ 5 <16, we have found a counter-example to the triangle inequality such that
(E,E) +(BC,BC) < (4C, 4C).
iif__ﬂ (E'{cj. I ‘.‘Jthj\_- s ._sa ?{Uk}htrh [ 'lﬁf f(n._:;,‘,a ing'.ﬂ-eo..ci *Elhbmhl 1al_‘ml|.ll Lx.u'i: \j 1< E >l )
25. If we have two events 4 =(r,,x,,,,2z,) and B=(t,,x;,,.2, ) which are séparated by a
timelike vector ({B -A4.8B —A) < {l) then show 7, <t, = t4 <15 where { is the time in the x-
boosted frame relative to the frame where we have described 4 and B,

(= - ) 3= - fr) 3=y 2= 2.

Given = p{t— fix), then 14 = y{t, — fix,,) and 15 = y(t, — fr, ). Welet 4=(r,.0,0,0) and
B =(t,,0.0,0) which means that our equations become 74 = y¢ 4 and th = ¥l

We start with 7, <7,.

Since y >0, then we can multiply both sides of the inequality by y without changing it.
tisly =% ¥ <¥l,

From above, we found that 7+ = yt, and {3 = y¢,. Thus, by substitution,

yt,<yty = ti<is

Therefore, £, <t, = {;3.

V/
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7.10.6: The relativistic force, F= iz F. E)E +m % , reduces as follows in
¢

that (1.) the a, F, u are parallel, and (2.) the force is perpendicular to
D FomrW @) Fumm)
? dt : R

a, F,u F 2 ol . 2 £ <‘_.|_|;|’ *Jn;- EEI FiRY] N {'11":,,.5
- {1.} i a, F, u are IJEII&HEL then (F ﬂ.): Fu and: Ll\,\ b o L-f':ﬁ'l'\. R ] b"- % Lo b« -g
i = -2

_ Wi e {l_lﬁ.rﬂﬁ} ;L]|I E‘J.f'_"h 3
e du - ] =2 du - —u du B
F=—Fuu+m— —-» F=—Fu +m— —> F=F—+m— P
& dt p dt e Pt S04

-2

T f[l_%]=mﬁ N ER
dt dt

c

= ——

F:yz{u]-m% —» F:yz(u)-moy{u}% = FH:mJJ(“)%

e (2. Ifthe force is perpendicular to u, ak.a. F-u =0, then:

By definition 7.10.1, m =m,y(u). Thus, by substitution, v

F_L = mﬂy(.u %
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0.— v,,0)subject to the constant magnetic field B =(0,0,B). Everything is the same
2pt now let the initial position be (mv, / ¢B,0,0) where m = ¥(v, )m, is the relativistic

t can be shown that the particle travels in a circle of radius R = (v, Jmyv, / B centered at the
miginlﬁinﬂm z =0 plane.

B — ni < F—m 2 = m,y 2
dt d

myr T~ ofi <)

d*x &%y d'z B{dy dx ]
m L] L] = _r__r{]
”?[dﬁ dr’ dﬁ] P\ a

(dzx d’y dzz}_ qB [Q dx ﬂ]

e’ dlt ) my\dt’ dt’
Ix_ A
dr’ dt
2
df=—a£rwh£rea= 45
dt dt myy
Z
e s
dt
2 2 3 3
W A S O | B o A e
di  a dt d”  ad di  dt dt

3
Thus, we need to solve %:—azg,mweintmdum W=
{

.

& B

]

:V = —a’w, which has the known solution of

Qur equation then becomes 2
I

w= % = ¢, cos(a r)+ ¢, sinfat)

We can now calculate everything else from this equation.



0= L, coslar) e, sinfar)
Finally, apply the initial cardll

f:—;If—(l'."l)='[II=.:.', =0, ={)

%(I'J):—w,,m';2 — 7 -5
m.r¥v V¥,
x(u)-—;;_*_zuz(vﬂ)ﬂ, =e =0

Therefore, since <2 = 20 = "™ Yo g
a a gB
myyv gBt
$Y | 0L D0 ] MV
4 [ qB J mnr)
myyvy | . | gBt
r ]
) { 9B J m.r)
Z(f}'-ﬂ

This is the circle x* + y* = R” centered at the origin with radius R=[M:;’)v—“),
q

lying in the z = 0 plane.




