28. Let ¥ be the vector space with fe, |

i=1

V*={a:V - R|a a linear mapping}. Define dual basis {el,ez,u..,e"}= {e“’}jﬂ by

an ordered basis. Define the dual-space to V

3 I{‘? .)= 6/ where we assume e’ : ¥ — R are linear maps. We give F'* the structure of
a vector space as follows

(o + f)x) = alx)+ Alx)
{calx) = cor(x)

Va,feV*and VceRand xeV

Show,
(i) ¥7*is closed under vector addition and scalar multiplication

(e+ BYx+cv)=alx+ey)+ Blx +ep)
= alx)+aley)+ Blx)+ Bley)
2 elal e ealy) v apls)
=a(x)+ p(x)+ cla(y)+ p(v))
=(a+ p)x)+cla+ A)y)

(ba)x+cy)= (b +(boXey)
_1 = (ba + Iy)

(ii) e .., forms a basis for V*

b@{tmcv}) o b[n{[XJ i cca{u}]
bet(x) + ¢ bet ly)

Need to show linear independence:

Assume c;.e*’ =0, then

(cje’ Ye,)=0(e,)=0 where ¢, is the k" basis element of ¥
c,5{ =0 since e’ (e, )= 5/
c, =0

Need to show spanning:

Claim & =a,e’, then
ol )
By definition, ale, )= a, and ¢'(e,)= &', s0
o, =ad, =a,
s o = el Sing  we éu;’[ demon st ratad
Ahe  nopg mﬁree on Xha  besiy ond Hawd s Sty i ok
ns  of  omd Ko ove Woear o.pm{mry_

3 1

= (bat) (%) + ¢ (b)),
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(iii) If ¥ = R” and {e, } are column vectors then for each @ € ¥ * 3a € R" such that

a(x)=a"x ¥ xeR"
alx)= (e (x)

= (cx,e'lx'“'ej)

k]
=ax’e (ej)
=gt a
= i
=a X
x]
xz
Since a(x)=ea,x’, then a,x’ =a"x=(a,,a,,....4, .
xﬂ
e,
a
Therefore, a’ =(arj). Soa=| °
a

29. Let B={b:¥ xV — R|b is bilinear}.
(a) Show that B forms a vector space with respect to operations,

(b+m)x. p) = b(x, p)+ m(x, y)

v m,b Vx,yeV and ce R
(CbII,}-‘):c,ﬁ{xﬁy) m!beﬂaﬂd X, Ve and ce

(B+mx+ey, z)=blx +cy,z)+ m(x +cy,z)
= b{x, 2)+ b(cy, )+ m(x, z)+ mlcy, z)
= b(x, z)+ m(x, )+ eb(y, 2 )+ em(y, z)
=b(x,z)+ m(x,z)+ c(b(y.z)+ m(y,z))
={b+m)x,z)+clb+m)y,z)

(b +mXx,y + -:'z}= b(x,y +cz)+ m(x,y +cz)
= b(x, y)+ blx,cz)+ m(x, y) + m(x,cz)
=blx, )+ mlx, v)+ eblx, z) + em(x, z)
= b(x, y)+ m{x, y)+ e(b(x, 2)+ m(x, z))
= (b+m)x,y)+ clb +m)x,z)
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(ame’ (cb)x+dy,z)=c ;;c,z}+cb : chb (x+dy,z) = ¢ [b {x+d‘>’,2):[
W
#::JW*’E = c[bez)+d bly,2)]
i
- (cb)x,y + dz) = cblx, ¥\ cb(x, dz) = cb(x2)+ dcbly,2)
;iu€+ ” Lf.b‘l(xa?} +d (cb)(y 2),
(b) Show that {e’ ®e’ }:F, forms a basis for B. ond o Similar cwlottom

,%r_. Mo 'P(un?’ - f
(cb)txY)

(i) Need to show linear independence. (c b) (X y4d2) =
Assume c e’ ®e’ =0, then y

c,e' ®e’(e,,e)=0(e,,e)=0
cye'(e. e’ (e,)=0
c,816{ =0

¢y, =0
(ii) Need to show spanning. b e B then 3b, st.b=be' ®e’.

Claim b=bhe' ®e’, then
ble,.e,)=be' ®e’(e;.e;)
by =bye'(e,)e’ (e;) since ble, e, )= b, by defn.
by =b,6,8/ since e'(e, Je’ (e, )= 36/
by = by e b = L_y.,a e' @Eﬁ Sina  we éluus-} cheched
aoree on Mae besic,
(iii) Showthat ¢' ® e’ e BV i,j e {1,2,,,..,n}. (Need to show bilinear)

(e' ®e’ Ix +ey,z)=e'(x+cv)e’(z)
= le‘ (x)+e' (qf)]e*" (z)
=e'(x)e’ (z)+ ce' (v)e’(2)

= (g' Re’ Kx, z)+ c(ef ® e’ Iy, 3)

(¢ ®e' Y.y +ez)=e'(x)e! (y+cz)
= ¢ (x)e’ (¥)+ ¢ (cz)]
=e'(x)e’ (y)+ce'(x)e (z)

= (e' @ e’ Xx,y)+ c(e' ® efXx,z)

+.[i {Eb)[x,fg]\
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4/0’?' Let h: R® x B® x R3 — R, and h(u,v,w) = u- (v X w),u,v,w € R, Show it is an
antisymmetric trilinear mapping.
For antisymmetry, need to show that
h(u,v,w) = h{w, u,v) = hiv, w,u) = —h(v,u, w) = —h(u, w,v) = —h{w,v,u)
Luckily, we know that
A-(BxC)=B-(CxA)=C-(AxB)

and so h(u, v, w) is

—h (v,

p—
ve(wxu)=—v-{(uxw)=—u-(wxv)
e, o e T

Rl awu) {00}
which continues to equal
=h{w,vu)

J"'-'_FN_"\
w-(uxv)j=—w-{vxu)=u-(vxw)
e — —  —

he{aw,u ) LTETRERTT) ]

Which is elearly anti-symmetric. To show linearity, it needs to be shownin each slot.
Let ¢ € R, u,v,w,a € B3 For the first slot:
hlu+ca,v,w) = (utea)- (vxw)
= u-(vxw)+calv x w)
= h{u,v,w)+ cha,v,w)

Second slot:
h(u,v+ca,w) = u- (@ + ca)x w)
= u-(vxXw+caxw)
= u-(vxw)+u-(caxw)
= h{u,v,w)+ ch(u,a, w)
Third slot:

hlu,v,w+ca) = u-(vx (w+ ca))
= u-(vxXw+vxeca)
= u-(vXw)+u-(vXca)
= hiu,v,w) + ch(u,v,a)

And we have linearity.
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Show that {e; @e;}7;_; forms a basis of all bilinear forms on V*. Need to show that
{ei®e;}7;_; spans, and is linearly independent on V*. Also need to show bilinearity.

Linear Independence: Let CY € R,and e;,e; € V*,ef, el € V. If it is linearly in-
dependent, CY(e; ® e;) =0 <= C* = 0. So,

Clei®e) = 0
Ci(e; ®ej)(ef,el) = 0
@ - o

0

0

Tocther M :ETE;

(¥, ')
cYsksl =
CH R

Therefore, {e; ® €;}1';—, is linearly independent. For spanning, we claim that b € V*
can be written as b = b (e; ® €;). Then,

beFe) = b(e; @ es)(eF, ) h,
o= WelSE) oo Oy S
= b9 oks} L ol) = e €e;) .

Bl (Eaﬁ%)leff ) ‘ 3

bk‘-l!

And so it spans. Lastly, bilinearity. c€ R, a, 5,v € V.

(es ®ej)(a+cf,7) = (a+ch)(e)r(e;)
= (ale) + cBle))v(e;)
= a(e)y(e;) + cBlei)yle;)
= (ei ®ej)(a,y) +cle: @ e5)(8,7)

Need to also show bilinearity in the second “slot”.

(ei®e)aB+ey) = ale)(B+cy)ey)
= ofe)(B(e;) +crles))
= ale;)B(e;) + cales)v(e;)
= (ei ®ej)(a, B) +cle; @ gj)(a,7)

And so after all of these steps, {e; ®e;}7,_; forms a basis of all bilinear forms on V*.

L
i,j=




