The Final MA 430 Homework

49, Using the generalized Stoke’s Theorem, show that

vol{ M) =f I R
1.0

Let = alde? Ade® A .- A da™, Through the generalized Stoke's Theorem, we know that

SMﬁ:fMdﬁ

If d is & volume form, then we're good to go, where the volume form is dzb A dz? A - de™ Well,
df =dz' A (da® A - Ada™) is a volume form, so

[ (volume form) = vol{ M) = vol{M) = f D el ol N
LM FM

fodxﬁdyﬁdz=ffL Tl s

where X : Dy — M is a parametrization of M by the cartesian coordinates z,y, and z.

a0, Explain why

Start by letting - = fdz A dy A dz, which in turn

1= %fﬁijkdﬁfi Ade? A dec®

o[
= [ f f visuBi 85T dy da
=fff’¥mdﬂidydz
= ffj Jdr dy dz
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51. Consider D’ ¢ R* a dish of radius R. Thatis D? = {(x,y)|x” +y* < R?}. Note

aD* =S'= ‘t{x,yﬂxz +y° =R1}, The natural parameterization of D”is x =rcosg,
y=rsing.

(a) Show dx Ady =rdr ndg

dx‘:ﬁa‘r +Ed¢ =cos¢dr —rsing dg
dr de

dy = %a’r+j—;d¢ =sing dr +rcosg dg

dendy =(cosgdr—rsingdg)n (singdr+rcosgdg)
=rcos’ gdr ndg—rsin’ gdp A dr
=rcos’ gdr Adg+rsin’ gdr A de
=[rc0$2 ¢+ rsin’ ;ﬁ]df‘ ndg

= (Hcos? g +sin’ ¢ ))dr A dg
=rdrrdg

(b) Show vol(D? )= 7R by calculating [vol, .

R

Vm’(ﬂz )= J-vaé.’z = !dx ady = jm'r rdg = J}rdrzidé = i ¢|3” =I R_z 2r = Rt
ot nt ot 0 0 2 a 2

L]

(e) Alternatively consider f# = xdy . Use the fact that Iﬂﬂ = I,r_? to show VGI(DI ]= aR>.

n? an?

Vol(D? )= jaﬁ _[,3 Ixaj; [(rcosg)singdr+rcospdg) {Note: dr=0}

ant ant &
= _[(r cosg)Nrcosgdg) = J‘.-‘2 cos” gdg=r’ jmsz ¢ dg
ant ant &’
i YAl

r Ié (1+cos2g)dg = r? j—d¢_ 29[ = R’ {Notﬂ:&fshﬁ:ﬂ}

0

U
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(d) Argue by symmetry that area(Dz ] = 27R

vﬂf(ﬂ1)= rr
d(m.f(ﬂz ))= d(;'r r )

52. Consider D = {,{x,y,z}| 2+t 42t < RE}: R’. Notice that
D' =8% = {{x,y:z}| Cayrazi= Rz}. The natural parameterization of D’ is
x=rcos¢sing, y=rsingsinfd, z=rcos@ where 0<r <R, 0<¢=<2r,0<f=m.

(a) Show dx andy ndz=r"sin@dr ndé »dg

dr = jr—rdr+{;—d;d¢+%d9 = cos@sinBfdr — rsingsin@dg + rsingcosd do

dy =er+ﬁd¢+£y—d§ =singsin&dr +rcosgsin @ dg + rsingcosded
dr de de

BT P B e a0
dr  d¢ ' db

We'll start by finding dx A dy.

dxndy = (cnsésin tdr —rsingsin@dg + rsingcos E?d{-?)f\
(sin g sin @ dr + rcosgsin@dg + r sin g cos 6 @)

=rcos’ ¢sin’ @dr A dg + r cosgsin@singcos O dr A db
—rsin’ gsin’ @dd ndr —r’sin’ gsinBcosOdp A db
+rcosgsin@singcos@ dd A dr +r° cos® gsinBcos@dO » dg

= [a'-t:{:rsl @sin® @+ rsin’ ¢sin’ E') dr » dg
+(r cos @ sin @ sin g cos & — r cos g sin @sin ¢ cos &) dr A dO
+ (rz sin” ¢sin@cosf+r’ cos® ¢sinBcosd )d{-? A dg

= (jr_:r.in2 Olcos? g+sin® ¢)) dr Adg +(r? sin OcosBlsin? g+cos ¢))do ~ d¢

=rsin’ @dr ndg +r’sin@cos@dé »dg
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Now we’ll find dx A dy A dz.

dx ndy ndz =[.r*sin2 Bdr ndp +r* sinﬂmﬁﬂdﬂnd;é}h{msédr —rsinfdé)
=—r’sin’ Odr Adg A dO+r sinfcos’ 8dE ndg ndr
=r’sin’ @dr ndO ndg +r® Sinﬁ(] ~sin’ E?]d..rf\di_‘?n de
=r?sin’ @dr AndO ndp+r sin@dr ndO dg—r’sin’ Gdr nd6 ndg
=r’sin@dr A dB s d

(b) Show vof(D3 )= %m’ﬁ by calculating _[ vol, .

ot

Vol(D* )= ch}f3= _[dw\aijdz= [rsingdr ndo ndg

o ¥

»2dr _[smf?dﬁ jd¢

I=«-|_r'-.'!

1|

r a 2x
= —msr‘}| ga’v|
3l el
3
=R—'2'2ﬂ?
3
:EERB
3

(¢) Alternatively consider f# = xdy » dz . Use the fact that j@ﬁ jﬁ to show

ot a?

vol(D? )= %m‘ij .
We have that Iaﬁ J}? Ixaj) Adz
i an’
We will start by finding dy and dz. Since we are on S° and » = R, then dr = 0.

dy = Rcosgsin@dg + RsingcosOdo
dz = —Rsin8de

Now, we’ll find dy A dz.

dy ndz = —dz rdv
= Rsin@d6  (Rcos ¢sin@dg + Rsin gcos6 do)
= R?sin” @cos¢db A dp
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Next, we’ll find xdy n dz .

xdy A dz = (Rcos ¢sinO)R? sin® O cos 6 A dg)
= R¥sin® @cos® ¢ dO A dp

deyn dz = HRJ sin’ @cos” ¢ dO A dg

:;!

=R Iimsﬁ¢d¢ Tsin’ 0do

f (1 + cos26)dg j' 1—cos @)sin 0.6
{I'

]

T deg _I[ (Ier u =cosf)

|
-
2 5

=—HR3
3

(d) Argue by symmetry that area(D ) 4nR* .

w:’(D3 )-—— %?”3

d(vol(D’ ))= de r:*]
d(vol(D* )= 4z r2dr

3
leﬂ‘f!D ” i 4}3_1.1

dr
area(D3 ) = 4xR?
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53. Consider D* = {(x,yjz, w}| +y 4z +wt g Rz}c R*. Notice that
aD* = 8" ={x,y,2,w)| x* + y* + 2> + w’ = R*}. The natural parameterization of D"
is x =rcosgsin@siny, y =rsingsinfsiny, z=rcosfsiny and w=rcosy where
0<r=<R,0=¢<27,0sfsnmand 0=y =<nx.

(a) Show dx ady ndz adw=r"sin® ysin@dr ndl dg »dy

dx =£dr +£d¢+£d& +£dg¢r
dr de df dyr

= cos¢gsindsiny dr —rsingsin&siny dg + r cos ¢ cos@siny df + rcosgsindcosy dy

dy =er+£d¢+£d9+ﬂdgf
dr de de dy

= sin ¢ sin @ siniy dr + r cos @ sin @ siniy dg + r sin ¢ cos I sin y d@ + rsingsin @ cosy diyr
dz dz dz

dz
=L s 450 4 2 g
gt gt

= cossiny dr —rsin@siny d0 + rcos@cosy diy

i g O g O
ar " g a8 T dy

= cosiy dr —rsiny diy
We’ll start by finding dx » dy

dx ndy =cos’ gsin’ @sin’ w dr A d + rcos@sin@singcos@sin’ w dr A dO
+rcosgsin gsin’ @sin cosw dr A dy —rsin’ gsin’ Osin” w dg A dr
—r*sin® gsin@cos@sin’ y dg A dB —r* sin’gsin’ Gsiny cosy dg A dy
+rcosgsingcos@sin@sin’ yr dO A dr +r cos’ gsin fcosBsin’ w db A de
+r’ cosgsin gcosfsinsiny cosw dO A dy
+rcosgsingsin’ Gcosy siny d A dr +r’ cos® gsin” @ cosy siny dy A dg
+r* sin g cos @sin @ cos@siny cosy dyr A dO
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={rcos’ gsin’ @sin’ y + rsin® gsin’® Osin’ w]dr Adg
+[rcos gsin Osin g cos Osin® y — rcos ¢sin g cosPsin G sin’ ) dr A d6

[r cos gsin gsin® @siny cosy —rcosgsingsin” @ cosiy sin t;f) dr A dy
2

.+.

+(r? cos® gsinBcos@sin® p + 7 sin” gsin Ocos Osin® y JdO A dg
+[r2 cos ¢ sin ¢ cos @sin @ siny cosy - sin ¢ cos @ sin H cos Hsinwcnsw) do ~dy
(r-2 cos” gsin” @cosy siny + r* sin’¢sin’ @siny cos ;y)a'w Adg

+

(r sin” @sin’ f;f(msz ¢+sin’ -;ﬁ))dr ndg
+|r? sin @ cos@sin’ l’,.f/(tt}sz ¢+ sin” gi])d& A de
+ (r2 sin’ HCGS!;ISin!,U(COEZ ¢+ Sinzg‘!])ﬂ’*;f rdg

= rsin’ @sin’ y dr A dg +r’ sinfcos@sin’ w dO A dg + r* sin® Ocosy siny dy » dg
Next we’ll find dx ady adz.

dx ndy ndz = (rsin’® @sin® y dr A dg +r’ sin@cosOsin’ w dO A de +
r?sin? @cosy sing dy A dg) A (cos@siny dr — rsin@siny d@ + r cos@cosy dy)

= —r"sin® @sin’ w dr A dp A dO +r’ sinBcos’ Bsin’ p d A dg A dr
+r? cos@sin’ @cosy sin’ y diy A dg A dr
+r’ sin@cos? @sin’ y cosy d6 A dp » dyr
+r”sin” @coscosy sin’® w di A dd A dr
—r’sin’ @sin® w cosy dy A dd A dO
=r? sin® @sin’ w +r* sinf cos’ HSiHE'!,{f)dr!\dHAdgs
+ (r1 cos@sin’ @cosy sin® y—r? sin? @cos O cosy sin’ y )dr A dp A dy
i [r3 sinBcos’ @sin®  cosy +r° sin® Osin’ w cosy )dO A dg A dy

= [r2 sin &'sin’ i,ff('s.inE 8+ cos’ S))dr AdO Adg
+(r* sin@sin’ y cosy(cos® O +sin® 0))d6 A dg A dy

=r’sin@sin’ w dr A d6 A d +r sin@sin’ y cosy d@ A dp A dy
Finally we’ll find dx A dy A dz A dw.

de ndy rdz ndw =(r’sin@sin’ y dr A df rdé
+r’ sin@sin” y cosy dO A dg A dw) » (mswa’r—rsinwdw)
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=—r'sinfsin’ y dr ndO ndp ndy
+r'sin@sin’ wcos’ w dO A dp A dy A dr

=r*sin@sin’ w(s.in3 w +cos’ w]dr Add ~dl ~dy

=r’sin@sin’ y dr Adg A dO rdy

(b) Show voI(D“)= %;ﬂrZR‘ by calculating J-l-'ﬂf; :
ot
Vol(D* )= [vol, = [dxndyndzndw= [rsin ysin@dr ndp AdOAdy
!

ot o

& In x x
= |ridr jcw _l-sme?d{-? sin’y dy [Note: sin” x = %(1 —cos2x}]
L ] o 4]
L] R ' T
_iF 2 = (W sin2y
1] ]
4
R 07
4 z
— lled
2

(¢) Alternatively consider S = xdy A dz A dw. Use the fact that jﬁﬂ = I;.? to show
DI ! aﬂl
vaf(D"):%frZR“.
Wehavethat [9f = [p= [xdyndzndw
o ap’ a0’
We will start by finding dy, dz and dw. Since we are on S° and » = R, then dr = 0.
dy = Rcosgsin@siny dg + Rsingcos@siny d6 + Rsingsin&dcosy di

dz ==Rsin@siny df + Rcos@cosy dy
dw=—Rsiny dy

Now we’ll find dy A dz.

dy ndz=—dz r dy
* = (Rsin@siny dO — RcosOcosy dy ) A
(Rcosgsin@siny dg + Rsingcossiny dé + Rsin #sin @ cosy di)
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= R cosgsin’ @sin’ p d@ n dg + R’ sin ghsin” @siny cosy df A dy
— R? cosgcos@sinGcosy siny di A dg
— R singcos® @siny cosy dy A d

= R cosgsin’ @sin” yw dO A dg
+ (R1 sin g sinyr -::c-s:,ear[sin2 8 + cos? E?Dd{-? Adyr
+ R* cosgcos@sin @ cosy siny do A dy

= R’ cos¢sin’ @sin’ iy d6 A dp + R’ sin gsiny cosy d A dy
+ R? cos ¢ cos @sin @ cos iy siny de A dy

Mext we’ll find dy A dz A dw.

dy ndz ndw=(R" cosgsin’ @sin’ w d@ » dg + R” sin gsiny cosy d6 A diy
+ R* cosgcos@sin @ cosy siny dg A dy) A (- Rsinwa’:,tf)

= —R’ cosgsin’ @sin’ w dO rde rdy

= R’ cosgsin’ Osin’ w dg A dO A dy

Now we’ll find xdy A dz A dw.

xdy A dz A dw = (R cos ¢sin @sin WIRJ cos@sin’ Gsin’ yr dp A dO A dg.rf)
= R" cos’ ¢sin’ Osin* w dp A dO A dy

Finally, we’ll integrate.

[xdy ndz naw= JR“ cos’ gsin’ @sin’ w dg A dO A dy
D-l

e R“Tcoswd@ xjsinmdg Tsin* wdy
"R (el € (1-ucoyenede (T [5(1-aazdl] du
* R 00 (2 (41 - 2mst)t o) A9
= ¥ (Mg B':[uz"-\'.lu S:i (- 2eos 2y 5 (1 et} Y
SRUT L2 e d v i)AY
Lot (39~ oot - R
drRt g
TN

o
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(d) Argue by symmetry that area(D‘* ] =27R.

UGI(D4)= %frzr‘

d(ms[ﬂ"))=d[%_.,rzr4)
d(vol(D* ))= 2271 dr

ﬂliﬂ =27%?
r
area{ﬂ’): 2R}

54. Verify my claim that in 5-dimensional Minkowski space we find that *(df)= —dx A dy A dz A dw.

*{df}——n[ }:y E fﬁjﬁﬁﬁr&f\df!;\{frm
;,1' (n P:!( 1}50 :ﬁmr de’ Adet adi' Ade™
:%ﬁeﬂﬁm di’ ndx® ndx' Adx”

_‘%(Emzy dx ndy ndzndw+ ey, dx ndy ndwadz

+Egp3yg AXAdZ Ay AdWH €y, dindzndwady
+ Epys DX ndwady ndz+ ey, dendwadz sdy
+ €z AV Andx Adz AdwH gy, dy Adi rdwadz
+ €y AV Adz AdEAdW+ ey, dyndzndwady
+ €gaapz Ay ndwndx Adz+ ey, dy ndwadz ndx
+ Egaiag A AAXA Ay A dW+ €y, dz Adx Adwady
+ Egaayg AZ Ay A dx A dw €y, d2 Ady Adwadx
+ Egayy dzndwade ndy+ €gyy dz rndwady ndx
+Epn AWadeadyadet ey, dwadadz rdy
+ Egpy AWAdy Adx Adz+ €, dwndy adz adx
+ Eqgy3a AWAdZ A dx AdY + €y, dW A dz A dy A dx)

= _%(24'50”34 dx ndy ndz -’\dw]

=—§Z{24(1}a5maymzmw}
=—dxadyadzrdw




