Homework #1, part 2
Due Sept. 5, 2006

5. Prove parts (viii) and (ix) of proposition 3.3.1

wviil) V(FoG)=Fx(VxG)+Gx(vxF)+(F oG+ (GoV]F

(1) )

A3) )

* Start by expanding the four terms on the RHS of the equation:

) Fx(VxG) =e,e,F(VxG)

=€, 8, F;gq@.aa(}b

= €p L Eaby'Fr{aaGb)

=k Bl _raan{a .G,) Reordered indices: Eg =—Ey and £y =&y
=—e,(6,6,, -6.6,)F(2.G,) Substituted 8,,8,, — 8,8, for £,,8
=¢,[6,,6,F,(0,G,)-6,6,F, (@ Gl Distributed terms

=¢,[F.(6,G,)-F (2,6, )|

@) Ex(vx F} =eR£,ﬂG,(‘?X F“L

Substitutions: (1" terms)k=a,i=h
(2 terms)i=a k=0

=€, 8, G840, F}

=Ek£ukEme{aaE5}

=—€, gwgf-ubg.-(aaﬂ) Reordered indices: £,, = —£,, and &, =&,
=—¢,(6,6, —8.6,)5.(8,F,) Substituted &,,0,, —&,,0;, for £,€

=e¢ [6,.6,G,(8.F, )-6.6,G.(8,F,) Distributed terms

=e,[G.(8,F,)-G,(3,F)]
® (Fev)G =F0,(G,e,)= e, F(0,6,)

@) (GoV)F =G5,(Fre,)=,G,(0,F,)

=  Plug in new terms:

Substitutions: (1" terms)k=a,i=b
@ terms)i=a k=b

Fx(VxG)+Gx(VxF)t (Fo V)G + (G o VIF =, [F(5,G,)- (0,6, )+ G,(0,F)-G)0,F,)+ F,0,G.)+ G@,F)]

=¢,[F(8,G)+G (8,F)] simplified terms that canceled out
=¢.[0,(FG)]

=g, [a,‘ F?'J‘.;')]

= ‘?[Foa)



Fi

/

i) Vx(FxG)=(GoF-(Fov]G + Fly +G)-Glv o F)

* Start by expanding the terms on the RHS of the equation:

GoVF-(FovE+F(veG)-GlveF) =G.0,(Fe.)- F0,(Goen)+ Fuen (0,G,) - Gren 0. F:)
=e,[G.(6,F,)-F,(6,G,)+ F,(3,G,)-G, (6, F)]

* Next, expand the terms on the LHS of the equation:

?x[ﬁxa)=e £ ﬂ[an;-

m & im U
= e,,,swa,(gmp;ab)

= emeﬁmsmjaf{ﬁ;ﬁ,,)

= emﬁ-mgab_,f[{aaf';)ah - - Fa(aiGb)]

= € Eimi€ job (a;Fa k;h ;3 Fa{aicﬁ}]

=€ (§ﬁa§mb — a0 I(aa o k}a + (aer )]
=y \Onafip —010m I{’B;Fa )G, +F,(6,G, }]

=€, gmarb(arpapb + Smglhﬁ;{aiab}_ﬁmﬁmh(aepa

~¢,[6,F, )G, +F,(2,6)-(0,F)G, - F,G,)
=¢,[G.(3,F,)+F.(0,6)-G,(,F)-F(,G,)]
=¢,[G.(6,F,)-G,(,F)+F,(8G)-F(@G,)

Expanded partial derivatives
Reordered indices: £, = —&,,, and £, = £
Substituted 8,8, — 54,0, O €, .
Distributed negative

)G, —8.,6,,F.(8,G,)]  Expanded terms
Substitutions: (1*)m=a, i=5(2") i=am=5
Rearranged the order of the terms
Reordered terms again to match RHS terms

Therefore, Vx (FxG)=(GeVF - (Fe VG + F(v e G)-G[V e F).

6. Prove proposition 3.3.2

= Divergence of the curl: Ve (‘F’x F)= 0

‘F’-(‘?x FJ= a, H\T"xﬁl
=0,£,0,F,
=£,0,0,F,
=£,,,0,0,F,

mip™ p~ m® f

=8pOpn0  F;

e mepe g

_Emamarﬂ'

=—0 .0 F

m" pwm p
=—5mKVxF}L
=Ve[vxF)

2[?- VxF|=0 -~
Ve ?x?}tﬂ

Rearranged order of delta terms

Substitutions for variables: i=m, k=p 5 :}"a“
2

Interchange order of delta terms .-5;; ™ = 5}‘—“ oxf

Reordered indices: £, =&, 3 =9 3

Rearranged order of delta terms ?f m et




e
* Curl of the gradient: Vx(V7)=0

Vix (?f) = ekgg-kaa{?f};

/ =e*£gkafﬁjf
=€k5mamapf
= €y Epi 0 pOn S
=—€,8,m 0,0, f
=_ekgpﬂk§p(?f)
-vx(5)

2[Vx(Vf)] =0

vx(V/) =0

Substitutions for variables: i =m. j=p
Interchange order of delta terms
Reordered indices: E ~ H

—_—

* Curl of the curl: Vx [‘F % F’)= ‘F(‘F n_‘-:]-?z F

V x [V X F) =e, Syké‘,(‘? x F)f
=€, £,0,8,0,F,
=€,£,0,6,,0,F,
=€, 8 €,,0,0,F,
= —etgwamﬂraaﬂ
gl {SM‘?.H; = 8,,0, )6,5“}7;
=e,[0,,6,0,0,F, —5,6,0,0,F,]
=e,[0,0,F, -8,0,F,]
=e,[0,0,F, -8,0,F,]
—e,[o.(VeF)-v?F,|
=V(VeF)-VvF

Rearranged order of delta and epsilon terms
Reordered indices: £, = —&,; and £, =&,
Substituted &,,8,, = &,,0,, for &£
Distributed terms

Substitutions: (1%)k=a, i=8 (2i=a k=5
Reordered first pair of delta terms



