Name:
MATH 221 Boss FIGHT 2: LINEAR MAPS, COORDINATES & ORTHONORMALITY (200+20PTS)

You may use a non-graphing calculator on this test and you are allowed a page of notes front and back.

Problem 1: Let T(z,y, 2, w) = (z + 2y + 3z + 4w, 2z — 3w, 2y + 2)
. gp—— q
(a.) (8pts) Calculate the standard matrix [T] € ]TZBX 1 fince | 2 ﬂ? - ”-Z

|l 2 3 4
[T]= ]2 o o -3
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(b.) (4pts) Calculate rref[T]
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(c.) (4pt) Is T an surjective mapping 7
Yes, rook [T] = 3 = dum (IR?).
(d.) (4pt) Is T an injective mapping ?

No nu by (r1=1 Z 0 - more than 0ne wnput
mags o Rero,

Problem 2: (10pts) Suppose A is a 2 X 2 matrix with det(34) = 900 and B is a 3 X 3 matrix with

det(B) =5. If M = [ é Bq_l } then calculate det(M).

dab (3A) = 3*det(r) = 900 -~ db(R) =100

st (M) = det (R ®87)
dat (A) oot (B87)

= duk (i)
dak (8)
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Problem 3: (30pts) Let S = {(1,0,1,0),(0,3,0,4), (1, —4,1,3)}. Find the following:
(a.) (10pts) an orthonormal basis 8; for span(S),

Observe V,o v, =0 So we can 65&’" wifh Vs/ oh/ V-V = 0

/
v, = _(VV? /V.’_V.? also
= (1,—q 1,3) - =(1, 6,1,6) —0V,

il

(0, -4, a, 3} S we maybe could have guered thi.

(6 = (Ui, F009 $06y0,5]]

(b.) (10pts) an orthonormal basm for 132 for S+
1

Observe (1, ¢, -l 0) L ﬁl st
clelete Nl LB/]7 = Nulg
o1 o 1 © ( o Lot o - X
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-2 0 9 e o o 25 o0 0 ! xa'Xv"O
(c.) (10pts) Let v = (a,b,c,d). Find v; € span(S) and v, € S+ such that v = v; + vy.

= Py 9 = (0t 4y = 45S (10, o) =[(555 o S
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V. = v..\/z :(a’élcld/_(ﬁ:_g 0 ,C__—Q./O)

(v = (2=, <o O,)]
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Problem 4: (10pt) Let A= | 3 3 3 3 0 |. Calculate det(A).
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Problem 5: (10pts) Find the line which is closest to the points (—2, —6), (—1,1), (0,9), (1, 13).
Let Y= mx+C and evaluate the ofaf‘aj

(2,-€6) 1 -6 = -am+c —2 | [MJ -6 Mot solue
Gl v=-mee (g - ajle) o P ATAv = ATD
(0,9) * 1=c o ! V\T‘
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Problem 6: (10pts) Let T(f) = w% + 3xf for each f = a + bz + cz? in P(R). This is a linear
transformation. Let § = {1,z,2%} and v = {1, z, 22, 23}. Calculate [Tz

Y
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T
Faaebroxt| = | TH) = x(b+2ex) + 3X ptbxecx,
=(3a+b)x+ (2c +3b)x % (3c)x3

1 L

! )
EPX 157
o

a
- - |7a*b
LF, = \i} oo iy T, = pe

\,\1 Sc




Problem 7: (25pts) Let A = . Find the QR-decomposition of the given matrix.

Lo W W W
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e N - e - S0y = (5% 5,
i\/o/md;z,',,a we Phd octhonormel bosic for Gl (A) #rom a//x//'c//y‘g,
(lz !/’/’] and [1/"/ {, ’/} b?ﬁ- =4
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Problem 8: (15pts) Suppose W = span{(3,3,3,3),(6,1,6,1)}. Find the point on W which is closest
to (a,b, ¢, d) and determine how far (0,6,7,0) is from W.

l/ _,
I',fDm @ we /m.w. orﬂono/m«/ [aj,] M/: z’./'/ ) U, = ;’////ﬁf 1714

P’”}w (a,b, c,d) = ((a, b, ¢, o/). u,)u, + ((c\,b/c/ d)e Uz)uz

— [0+ b+c+d 0.~b+c -d
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P(D}w (0/ €3 0) = (7/2/ 6/2/ ?/"‘/ %)

dishance 4o - “ (0,6,70) - (*2,3, 2, 3) “ = || (-7, 3, 7/"/-‘?) I

W .
= 4q 49 185 ~
\f‘q—+q+q—+‘f =|y3 = 6.593
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Problem 9: (35pt) Let A=|1 2 3 |andB=| 0 1 2 |{.
2 3 4 -3 20

(a.) (10pts) Calculate det(A),

det (A)= 1(8-9)=1(4-€)+1(3-4) =-|+2 - = [O]

(b.) (10pts) Calculate det(B),
det (B) = 1(0-4)+1 (0+3) = 39 :@ & nonzer . B

exiy
(c.) (15pts) Calculate the inverse of the invertible matrix in this problem.

e o ot J1 oo snft ©otjloo
to| rpear |1 2 o 2 _slo 1t zla 1 o
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8 | o |
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—35 0 o-]|3? -2 | © o | |{-3 2 -
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Problem 10: (15pts) Let v; = 0 and vy = | 1 | and vz = | 2 |. Define § = {v1, v, 03}
-3 2 0

Suppose T : R® — R? has T'(v1) = v1 and T'(ve) = 2v; and T'(v3) = 3vs. Calculate [T]s.3
and express [T as a product of three explicit matrices.

[TIM [[T!'(v‘)} | (T, | [T(vsl)f,]
| ul, | )]
:( oJ P [vlw]|v)
A
We found (T, = [T [TIE) , notic &=[p]
C(ﬂm (g1 :[@’J[PJ"CTMP)[@' = [T]
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Choose your adventure: work either (a.) or (b.) for credit

Problem 11: (10pts) Prove W given below is a subspace by use of an appropriate theorem from lecture:
( ) V__{AERnxn‘AT }
(b.) W= {a+ba®+cz*|a,b,ceR}

(a) Neh 07= 0 Ahus OCW¢¢5 bot A B€ W and ce
und osbrerve (cA)T=cAT=cA an (A+B/T AT+8T= A +5
Thus cA, A+ BeW and we Gaclecde W = R by sbipaa fon
77;'”//
(b) Netie W ={arbxiecx’ [6,b,celf=span {1, x% x*]
Flwsr W iy w Jub.f/JaCe of P[JZ)?—//Z[X]
m/mlynamzw aver /R
Problem 12: (10pts) Let A € R**3. Suppose T'(z) = Az defines T : R® — R®. You're given that

T(”l) = (1: 29 3): T(UQ) = (3: 4: 4> T(U'i) - (43 67 7)

Suppose det[v;|va|vs] = 6 and ¢r{vy|va|vs] = 3. Calculate the determinant ag
My apol o@ (e, fhere

N | R . | 5 not CV\VU\?L\
[Tt Toe) ] = [Av |AV. [Aay ) = AV, [k, Vi) v 4o fin

[7', ] 2] = A [Vi[WlVe] = 0= det(A)det[Vi[U|V,] = det(a) 6
3% . [det(A)=0)

Problem 13: (20pts) Suppose T : R® — R? is a linear transformation for which

(1)) (D) (D) ()

Find the standard matrix of 7. 2 2

3 v
([T]ul l LT]uzl [T]MJ] = [T] [M,’Hz’lﬁ,] = [V‘ /Vz/\/,]
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