MATH 221 ‘ ' MISSION 5: LINEAR TRANSFORMATIONS N

£ Show your work and box answers. This pdf should be printed and your-solution should be handwritten
on the printout. Once complete, please staple in upper left corner. Thanks.

Suggested Reading You may find the following helpful resources beyond lecture,
{a.) Chapter 5 of my lecture notes for Math 221

Let us be clear on some notation which is not in Lay, but is in my notes. If § ={v1, v, ..., U} is a
basis for B then for any z € R" we define [z]g = (21, ... ' ¥n) if and only if 2 = grug + -+ + yuu,.

Notice,
)
Yz .
T =10 4o+ Yol =<[v1[vzli-l--lv¢] ,_2 =[Bllz]ls = |[z]s=[6]""x
18
Yn

Likewise, if we consider a linear transformation 7' : B* — R™ then the matrix of T with respect to the

£ basis is defiried by ‘ . ' ' |
[Tlgs = [T (un)]al[F(va)]sl - -+ 1T (un)lg].

In the specidl case of the standard basis we define

. (7] = [T(ex)|T(e2)l - - I T'(en)).

" and note T(z) = [T)z for all z. Let’s derive how to caleulate [T]p.8

(Tlp = [Tl - ([T (o))
= (87 T 18] T )| - {87 (w,)]
= B ()T (ws)] - - [T
= [ [Toul{Tee] - [T
= [ Tllenfoal -]

=B~ TBl = |[Tles = (61 (T18]}

You \{ill need to use the boxed formulas to solve some of the problems in this mission.

Problem 61: Let 5 ={(1,2), (3,4)} end suppose @ = (—1,0). Calculate [z]g.

4 -3

B1=[, 3] = (67" =3[5 "




Problem 62: Let 8 = {l

i Y

:
~ (4~ s+ (3 -h)xxr (3144

(1,2,2), 71=(0 1, 1),7';-( —4,1, 1)} end define coordinates by (yi,vs,vs) =

[8)*w for each & &€ R™ Fun helpful fact, you can check. [5]7[8] = I, this makes 3 an
orthonormal basis. Find formulas Y1, Y2, ¥s in terms of 21, 2y, 73 and show that:

7’14' mz + m’s‘ = %V“*' '.U:z' +ys~

Does the analog of the ideiitity hold for z = (—1,0) and y = [2]s which you calculated
in the previous problem ?

. ‘9 - T .
I 9= 5|=0d, = (0% = [T sa gwmmx

23

Hrom note  fhat (61 Lg] =T o L@le] =
Pyt ry = 9Ty = (1) (617x
xT [g10RY" %
X' x
BRI,

)1

i

Or, moce explicid ly,

Y, Vs o o \[X 9, = 3
v = 3‘ =10 W e | %] D Xz =Xz
: G iy e L% | %= 3_27 |

% &, g
\9‘1 + ‘Q; + ‘9; = “cl{ (%, +2X%, + zx<3)(>‘< 2Ky +2X3)
“;T(xz X3 ) (X2 =X3)

T B e

= x* 4X," +x3//



Problem 63: Let § = {(1,0,1),(0,1,1),(1,1,0)}. Calculate [(,b,¢)]s and use your result to find
1, 69,5 for which e1(1,0, 1)+c2(0 1,1) +¢3(1,1,0) = (3,5,7).

1 o | o R o3 1o 1}la L ot} a
o 1 (b} 2 S0 v ufp G-Lle F1]b
b 1 olc 0 t-lje=al —|o o-3|c-a~b

e ] & | I o o )a- flasb ~¢)
~do | |'b ~ o | o |b=-+(atb-c) |
oo 1 |(a+b-c)/2 Le o 1 | la+b-c)/3
A./r}\mj 'c'(‘g ,0‘[‘),,;., C‘z(o ! 1,)+C (I,l,(‘))::‘(a lJ C)
for ¢ =

1

_ZL(a b+C) 5 C’,_—-—-(t, -—a+c)]

=L (a+b ~c)
[+(a-b+e)

(a 65)] (b ~a + ¢)

z(&+rb-c)

[(3,,5,:7](,.’-:(%(_3*°§+?) L{s-3+37) (3t5-7))
:_{"(5/2.,.‘?‘/2. ‘%) = (c., G c‘.,ﬂ

Check {{-‘ 3 (ve) + q_(o,l,l +L(l1e) = (3/527) v/

Problem 64: Let 8 = {(0,1,0,0),(0,0,1,0), (0,0,0,1), (L,0,0,0)}. Calculate [(a,b, c,d)]

£q e; ' e"‘ e’
(@, b, C,d) = ae, +he, +ce, +de, b
be, +ce, +de, +ae, =>|[ta (’,C,‘CI)JF s
O,
Ye;/ we uld  cal ek

-] e I o o
Lt o ¢

and  Comp Ul ((ﬂ" (o, b,c d) Gt

j\u MVGL\ edrer,



Problem 65: Find a matrix A for which T(z) = Az for each linear transformation below. Also,

calculate rref(A) and détermine if the giver map is onto, one-to-one or both. Find the

PR rank and nullity for each map.

(a.) T(z,y) = - (z =y, 3z + 2y)
(b.) T(z,y) = (z+y,22+2y,) .
(c.) T(z, y,2) = (z+ 2y + 2,2+ 4y — 2z, +2y + 2)

w) o= (5°2) < [ VIl

("‘Y—l

A

o~ LD [' o] ank (A) =2
A~ ~ | l=cref(A) =
A (0 5] L ] ret 8) nulliky (A)= O

| _ —
J/&MC& zT 0y 6«44\ [-t-| and ]

Alco, ranbh (T) =2 axd nu‘///»%}’ (r)=2.

X +29
‘¢

"//’—.(zj)’fﬂ-*(.x,‘o) = [x *“9] _ [ i i [?;]
A~ [“I’ ‘l’] o~ ( : ?] = nullity () =nullity (T) =

S/nu T = fZ ""3‘/2 and Fﬁn[t(T’/#} e ‘ ﬁnc/
INe rf‘ an‘f’a‘i [//uuvcwe/‘ nvud-\] (T')"'*o 3we/r7— am_.}u.gzv

(X +29 +2 AR YFS
(©) Tixy2)= | -2z |= |, 4,|[y
| X +19+ 2 1 2 (]]2

N (1 2 | 12 o
™ A~ {o o- q] (a o ;]::rm‘m)
S e

o 0 o o

= ronlt (T) = 2 ond V\u“»;}y (T) =1 = ‘\Z_ net eontdw

s T f\a‘f" ""h)"l

B




Problem 66: Let T(z,y) = (2 + 2y, ~& + 3y, 3x) and (u, v) = (u,2u +v).

~ (a.) find standard matrices of T and S,

(b.) calcilate T S by working through (T S)(u,v) = T(S(u,v)) and find the standard
matrix for T S.
(c.) show [T= 5] = [T](S]

Remark: this is why we défined matriz multiplication as we did, at least this is a common
motivation in many texts. There are others, some of which date to antiquity

b Tt 2 XY

(a.) Tixy) = [:;::s'zfj"- /"I 3 [V/
7% 3 d
T et

e
Sy = [zujvj = [zl, :é}[:;\)

[ ¥ sl

(s)

™~ (b (Taj)_(u,v)-z T(s(a,v))

= T(u, 2a+v) X=U, Y=2u+Vv
= (M+z(fz-u+‘\/)) ~U+3(2ukv), su)

= ( Su 2V, SU+IV 5u)

E a][j

ey
 [Tes) '
(c) ' | L 0] C) 1 /"‘“"'
. [TJ[S] = .“‘ %? [2. 'l] — c ?2 | = [lc.f\]
| 3 CJ'A 3 0

™y



Problem 67: Suppose T(z) = Az-+bwhere A € R™" snd ATA = I and b € R*. The distance between
points in B™is given by d(P, Q) = /(@ — P)YT(Q — P). Show that!

~ 4(P,Q) = d(T(P), T(Q)).
di£.6) = (@-FT(a-P)
=~/ (a-p)"ATA (Q-P)
=\ (A(@-#)) A(a-p)
= AG+b —-(Aub}f ( AG+b ~ (AP 445);
N (Tt@) -T®)T (T -Te)
A = d(Tw) T(a))

Ramach : 4his golohom o cosier #
ndiastund i you resd i@ bottm i ()

" 1Remark: a transformation like T is known ps a rigid motion if det(A) = 1. These are the transformations which
preseriie the shape of rigid objects. The detérminant hias to be one in.order that the transforination not turn things iiside
out. It is a far inore difficult task, butit can bé shown thit maps such 5T aré the only functions on BR® which preserve

the Euclidenn distance between poirits.
‘r‘"x



Problem 68: Lay §1.942, 4 (on constructin'g linear transformations)

~ ) TR RT B .‘ =

HY '/ T - [? —-—)ﬂ? r it pamff abit ardyra '/ﬂr"fﬁA My
we're 31Vcn Tre) = ( ‘A7, ~Yvz)

o —-.-rm] [ Ve 8] e Y
cir 8 Vf— Cod 8 l_’r;;Q —.-:"f/‘rz—

Fesl U{' Mbn .
o on /é? . [T] '/-{" VALY
%cu»{’ Ol’f‘,l/\ . \ i z ‘/r

Problem 69: Lay §1.946, 9 (on constructing linear transformations)
o #61 T: (Qa - ""”22 herrgeantd rheoar 4rans fusrmetron
o Ak leaver €, Unduna,u/ and meps €y > &, +»_?€

(T]= [T(e)l'rlez)] [e e+?e] ( )

#Q T:=R* “‘""ﬂ? 3wcn 67 Aordzondtid shear Shat
| 6, —> €, ~ 28 awd &> fﬂu,,,

J—fuwlﬁ/m:
re flecks fhﬁawﬂ Iide Xp = — X,

e N N R
| Tix, %) = [‘j ”O‘J[::J: l::j

From Poge ¥ in Laa

£




Problem 70: Consider T(z) = Az where A=

9 7 13
7 9 -13 .
-13 =13 29

() show T is onto and one-to-one map on R¥
(b) find the standard matrix for 71,

) Ab(A)= 9 9(24) - 189) ~F (#(29) -18%) 13 (#-3] + 9(12)) = 259
Thus owh (A) #0 = rref (A) = T = Avllity(A)=0, ranklR) =
Hana nulltty (T) =0 and rank(T)=3
Thavs T b5 ovboone and T ento .

-

(b.) | oo | %3 “%-6 "%z..c
. e e 863 |
-1

A

T wa%u% Yo prove Malr tn-clag fo, hetre 1t Tr now
T‘o T = 1d =717T whiw  Tdx)=x Vxe R
S (ToT]= (@) = (TUT"] =T

tume. (777 = (T3] now, apply P
notmg [T] =A hmu

P —evuman

{ R } '1 e -17 13
£ fze 12 13 1§




= 1) mokeo @ orthonoimed

Preblem 71: Let 8 = {F}(l 1,1),4 (1 -1,0), 7(1 1 —2)} For T given in the previous problem,
calculate both [T and [T+!5.5-

Ve ‘/ﬁ](‘? 7 *1'3][ R Are

LAY

Ty = U= | vz o |7 7 7)|% e e

Ve Yw -Z/J}" 32 24| Vs o 2t |
(Y Ws WF[NF NE des
Ve Y o |[VT & wp
Wt e YR o P4

il

= lo a o
0 o0 yq
[1° ] = (" ET"'][ﬁ] But, clearly

= (Leytricer”)
y \~
= (C oo ) A LT]

Problem 72: Calculate det([T]) and det([T1s ) as well as trace([T]) and trace([T]s,z).
Do you see any: patterns ?

= [el" [(TI7 [ (v )= [ .
¢ ¢l -] ((—TJ@@) :( * ‘/q;,

oleb [T] = deb (A} = fan PP0a
olub [7‘]6 = olid) [f :E]:- 32-42 = 2852

—l12 -ty 2% D
~ e [Tl = 342 +92 =47,

PoMern it .clc-arl' - olab CTJ@e =cded (1] £ m£¢f:mﬁ(«ﬁ
(loet peoblom on Teot L exploced ¢hir. )

72 -13
fruw [T) = 4na (A) = '/'qu,[? 7 -19/:/2 29 = Y7



Y oave o bt ot shAof cfess ?2-6-2Y br PRY, Aot
&,ﬂ&d‘“ 92‘:,:, wey  legr clever wnd muoh mure :@M/}tﬁ/’k/}"{la .

Problem 73: Find all transformations on B for ‘which T'(1,2,3) = (L,0, 0) and T(1,0,1) = (0,1,0).
The answer should be a set of linieat transformations indexed by some parameter.

fa b < (] P d )
A= {4 e fi=0(T] ha Rlz]=]0| o Algl=],
3hi ’ 3 UJ 11 o
rtasesdad|n
Col o oo 22 voe |O 00?020!{1.
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e o ooolal | g 0001(‘)!! 0

We 3',/'\-0?/(1 viie le( 1: ot ;f%& PMmqlﬂff Sen L
o=-¢,b=lh-c, d=t=f, e.=";’-—14’2 9‘:'-'1,,/}):' -2

c )

I -T-—r—]{ .Cr{ll{ é-mj)
|t

Rcmwé Y ree 7 14( an a./*fffﬂw& mC'/%"/ "7£ "“'»'["“/WIT"'&\; ?

o Thua] = (ax e2y-2, 4529 433, Px +9) s 04;2

Problem 74: Find theformulaYor the linear transformation on R for which T(1,1,1) = (3,4,8) and
70,1, 1)“;(‘1) ;1) and \T(.O,,_O, 1)= (—*12 2,0). ~

oflf], Y, o
Ha, T Lo an easier wony Hhun my kit homg }'
C”Q-s [T} = [3} °3 )

© ol (0w, (L71) =[] = al(r]= | |

@ el (71 ol (1) e (0 = [7] = o= [§]-[3]-f3]

Pl
: %
" am———

Wi lytrr= (E]-[2]=[3] - (=[5 1]l

1]

St
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P72 o wefrder 5o fufisn

Nohia { (1,0, 0), (1,0,/] ) (/,z/ 3]j = ﬁ Servey
of ba sy for e 3 Observe

(637 = [o' &y ",’]
o Y2 o
Yoo ean cheeh (EIEI = T La g1V e, )
Ok, [T](g(, = [ (7w, | fr(vy.),(,,f [T(V.,)JF ] “[@] LT][f]
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Problem 75: Lay §3.3#32. (using the concept of linear transformation to derive volume formula)

é’: T(s)

T (&) =V, : s :
T (e,) =Ve XT [Xl\flg) = [\/‘ [(/z{%][g]
T8 ) 25 .

Ahes  feane forndron mop; S(fa ,S"

(b.) Vok(S) = § lare of box). | height ]
=§‘;‘ (()U) (l) (bwe s +r¢'w\3/-<)
&

—

G
Lincw -l'ram-ﬁlmf-h:.\ MaR( IIMJ +o [enes

Vol (§) = '3L( FMixV ) V3)
- E;;,,Jb {V‘IV,,{\/sﬂ

Or, Siia - X (S) = S’ we hnow (J(;‘u g )

g Vot (s'] = dub (T) Ved (8
= M[V,'\(,IV,”. .‘6_




