MATH 221: VECTOR SPACE THEORY, INNER PRODUCT SPACE MissionN 2

Copying answers and steps is strictly forbidden. Evidence of copying results in zero for copied and
copier. Working together is encouraged, share ideas not calculations. Explain your steps. This sheet
must be printed and attached to your assignment as a cover sheet. The calculations and answers should
be written neatly on one-side of paper which is attached and neatly stapled in the upper left corner.
Box your answers where appropriate. Please do not fold. Thanks!

These problems cover the material from Chapter 3 and 4 of Shores’ text. However, it is more important
that you study my Lecture Notes on this material. In particular, Chapters 4,5 and §7.1—7.7 and §7.12.
Each problem is worth 3pts. You can earn 99pts on this assignment.

/Problem 1 Consider W = {A € R?*? | AT = A}. Is W a subspace of R?*2? If the answer is yes then
find a basis for W and state the dimension of W.

vProblem 2 Suppose W = span{vy,ve,v3} C R™ for n > 3. Is W a subspace? If the answer is yes then
state the possible dimensions of W.

/Problem 3 Let B = {1,2? z} be the ordered basis for P,. Find the coordinate vector of f(z) =
2

(z — 3)~
vProblem 4 For A given below:
110 0 0
001 -3 0
A= 001 -3 0
000 0 1

Find,
(a.) a basis for Col(A)
(b.) a basis for Null(A); ( basis for the solution set of Az = 0)
(c.) solve Az = (1,1,1,1) if possible.
(d.) extend the basis of Col(A) to obtain a basis for R*.

vProblem 5 Consider P, with basis {1, z,z*} = f and R?*? with basis v = {Ey3, 12, Fa1, Fa}. Define

T : P, — R**2 by
fa)y ()
T(f(x)) = { f”(l) f’”(l) ]
Find [T]gfy.

vProblem 6 Let 8 = {(2,5),(~3,1)}. Find the coordinates of v = (a, b) with respect to the the basis
B. That is, find [v]s.

v Problem 7 Find a parametrization of a plane which contains the point P = (1,2,3) and the vectors
A=(1,0,1) and B = (0,1, —2) (these vectors are tangent to the plane).



v/Problem 8 Let A = [v;|va|us|vs|us] and suppose rref(4) = Given this data,
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o O

O - O
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answer the following questions:
(a.) is S = {v1, v} a linearly independent set? If not then provide a linear dependence of the
vectors in S

(b.) is S = {v1,v3,vs} a linearly independent set? If not then provide a linear dependence of the
vectors in S

(c.) state the basis of the column space of A and find the dim(Col(A)).

(d.) derive a basis for the solution set of Az = 0 where z = (z1, 9, %3, Ty, T5) and find the
dim(Null(A)).

(e.) is [1,1,1,1,1] in Row(A)? (provide a short calculation to support your claim)
v Problem 9 Suppose z = s+ 7t and y = 2s + 3t and z = 4s — t parametrize some space in R>.

(a.) what type of space is this (a point, line, plane, volume etc...) ?

(b.) find the cartesian equation(s) of the space. How many equations in z, v, z should we expect
are required?

“"Problem 10 Suppose w; = (1,2,3,0) and w, = (0, —3,2,0) and ws = (1,1, 1,1). Find an orthonormal
basis for W = span{w;, ws, ws}. Find the projection of (a, b, c,d) onto the subspace W; that is,
calculate Projy, (a, b, ¢, d).

/ Problem 11 Find the least square fit line which best approximates the data set (1,2),(2,4),(3,7)
(4,1),(5,10),(—1,0). (do this by solving appropriate normal equations via technology or hand-
to-hand combat)

vProblem 12 Let wy = By, wy = Eig + Ey,ws = Ey + Eyp. Use the gram-schmidt algorithm
to find an orthonormal basis for W = span{w;, ws, w3} given that we use the inner product
< A, B >= Trace(ABY).

v Problem 13 Find values for a,b,c¢ which make the circle az? + by? = ¢ closest to the data set
(4,1),(-1,5),(-5,2),(2,—6),(3,3). (do this by solving appropriate normal equations via tech-
nology)

vProblem 14 Find the projection of (v, w, z,y, z) onto W = span{w;, ws, w3} where w; = (1,1,1,1,1),
wy = (0,0,1,~1,2) and w3 = (1,1,0,0,1) by the following methods:

1. apply the Gram-Schmidt procedure to the given basis for W and create and orthonormal
basis with which you may form the projection formula (we usually did this)

2. apply the beatifully simple matrix formula for finding projections as I mentioned in lecture.
This does not require Gram-Schmidt and you should use technology to compute the matrix
inverses and products required for the formula. (remind me about this please, I do want to
share the formula when the time is ripe)



v'Problem 15 Find the best approximation of f(z) = e*sin(z) on [~1,1] in P,. (use the Legendre
polynomials we already normalized, you may use wolfram alpha etc... to peform the requisite
integration, we assume < f, g >= f_ll f(z)g(z)dz.

v/Problem 16 Use the method of least squares and explicit matrix computation (which can be done
with Matlab etc...) to find the equation of the plane which is closest to the points:

(1,2,3), (4,5,6), (1,1,1), (4,8,5), (0,1,1), (2,2,2).

/ Problem 17 Shores’ 3.1# 17 (this one requires you read page 148)

/Problem 18 Shores’ 3.2# 11 (easy span question)

Problem 19 Shores’ 3.2#+ 13 (easy, but, slightly abstract span question)
\/fDroblem 20 Shores’ 3.2# 17 (a proof question, but, have no fear, you can do it)

v'Problem 21 Show that {1, (z —a), (x —a)?, ..., (x—a)"} is a linearly independent subset of the vector
space of polynomials.

\/f’roblem 22 Find the coordinates of f(z) = z® + 2 € P3(R) with respect to the basis
B={l,z—2(z—2)? (z—2)3}

\/Kroblem 23 Shores’ 3.3# 5 (coordinates w.r.t. given basis)
‘/ﬁ’roblem 24 Shores’ 3.3# 13 (complete the matrix basis)
\/Problem 25 Shores’ 3.54# 17 (direct sum of symmetric and antisymmetric matrices)

/Problem 26 Shores’ 4.1# 18 (an identity for the dot-product, just algebra note vsw = v7w expresses
dot-product as matrix multiplication)

/Problem 27 Shores’ 4.24 3b and 4b (Sd//2 , SHORES’ Nefrfiin 7(4/””}“‘/”3’? nd”
\/ Problem 28 Shores’ 4.2# 9 (equation of plane) 7° - M }
v~ Problem 29 Shores’ 4.2# 15 (orthogonal identity)
\A’roblem 30 Shores’ 4.2# 20 (orthogonal identity)

. Problem 31 Shores’ 4.3# 3 (orthogonal basis)

v’Problem 32 Shores’ 4.3# 5 (orthogonl and unitary matrices)

Problem 33 Shores’ 4.3# 6 (coordinates w.r.t. orthogonal or unitary bases)
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, Consider W = {A e R¥?2 | AT = A} s W a subspace of R¥*2? If the answer is
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. Suppoese W = span{vy,v3,va} C R" for n > 3. Is W & subspace? If the answer is
yes then state the possible dimensions of W.
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Problem 4 . - For A given below:
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c~n 0

Fmd;‘ e pT ol
(a.} a basis for Col{4)
(b.} a basis for Null(A4); ( basis for the solution set of Az = 0)
{c.) solve dz = (1,1,1,1) if possible.
(d.) extend the basis of Col(4) to obtain a basis for RY.
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©_ Consider P with basis {1,2,8%} = § and R**? with basis v = {Ey3, Eu, En, Epn}.

Define T': P, — R#*2 by I
T(f(z)) = { f”{l)- £ }

Find [T]gy.
atbxtex? [ be2ex | [&4 brebsac)
T{M*éx«i—ex?'}:' e ’0 |} = 2¢ Qc.)j
£ ix=1
a4+ b+ ¢ |
> (1] = [ b2¢ | e ad [r00] (7],
0




i . Let B={(2,5),(=3,1)}. Find the coordinates of v = (a,b) with respect to the the
basis 8. That is, find [v]s.
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Problem).
T vectors A =

_Find a parametrization of a plane which contains the point P =

(1,2,3) and the
(1 0,1) and B = {0,1,—2) (these vectors are tangent to the plane). \

{uv) = P+ ul+rvh

av> )
= S, ZT+V, 2+HU -~ '
v = <oty 2oy,
- 1 -2021
‘ ? [5pts] Let A = [ty}ve|us|ugfus) and suppose rref(A) = | 0 0 1 3 1 |. Given this
S L0 0 00 0
data, answer the following questions:

. (&) is 8 = {v1,v9} a linearly independent set? If not then provide a linear dependence of the
vectors in §
‘%\3 CCr? Vp, =

-2\, hen ce

net LI,

{b.) is § = {v1,v3,v5} a linearly independent set? If not then provide a linear dependence of the
vectors in 8

i::mg Cc? L o=V, 4”\;‘;, honiox fif:fi LT

(c.) state the basis of the column space of 4 and find the dim(Cal(4)).
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(d.) derive a basis for the solution set O = U Where o = (%1, o, T2, 24, ws) and find the

dim(Null(A)).
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Prc:gf‘;lem Lo Supposex =5+ Tt and y =25+ 3t and 7 = 4§ ~ ¢ parametrize some space in B3,

(a.) what type of space is this (a point, line, plane, volume etc...) ?
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(b.) find the cartesian equation(s) of the space. How many equations in ,Y,

z should we expect
are requived?
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‘ Problem 10),
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~ Suppose wn = (1,2,3,0) and we = (0,-3,2,0) and wy = (1,1,1, 1). Find an
orthonor mal basis for W = span{wy, w3, wy}. Find the projection of (a, b, ¢, d) onto the subspace

W, that is, calculate Projy(a, b, ¢, d).
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/PROBLHW /D 7(:\/11/ /éaf/’ J“?er /zn.z Lél = aX 1"’6 76(' doata
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f’{)blem‘ <o 7 Let wy = Ell,ffzzg = g + Ea1,wy = Eag -+ Eq;. Use the gram-schinidt algorithm
to find an orthonormal basis for W = span{wy,wy, wy} given that we use the inner product
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W And a/b/c Such W
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Show your work. Box answers please. If you use technology then explain how, do not Just write answer,
Thanks. You may work together, however, you must state who you worked with and you mush write
the angwer in your own words in the end. Partial credit is given more generously to those who work
alone. I would like the answers written on this page with the work attached. Thanks.

Problem)  ° Find the projection of (v, 10,3, ¥, z) onto W = span{w), we, ws} where w; =
Iy (L, 1,1,14,1), um = (0,0,1, -1, 2) and wy = (1,1,0,0,1) by the following methods:

1. apply the Gram-Schmidt procedure to the given basis for W and create and orthonormal
basis with which you may form the projection formula {we usually did this)

v [3\, +EW X +Y 2
(W L I3V 3w —x 4y +2
Piw X1 = F [~V oW wsx c24 4o
g V 4+ W +2x +Sy -23%

d

-V W 4lx -1y +E7

2. apply the beatifully simple matrix formula for finding projections as I mentioned in the last
lecture. This does not require Gram-Schmidt and you should use technology to compute the
matrix inverses and products required for the formula,

Sex M sol™ Lo, (JQecfmwQ PP, o—!»
Ko ‘p’/Q.& -ﬁ-)r‘ Dre.c;w,(*fﬂ%»’féie),

ProblemY ' " " Find the best approximation of flz)} = e®sinfz) on [-1,1] in Py. {use the Legen-
I§ dre pelynomials we already normalized, you may use wolfram alpha ete... to pelorm the requisite
integration, we assume < f,g >= j:i Flx)gla)de.

i = T2F3 4 OTRATKX  +o TEESKT

- - Work v follew
XMy X 0,313 + 1.1885x + 0.0214Yx* * ( A a 45‘“"/’“2‘4)
\ ¢ - Use the method of least squares and explicit matrix computation (which can be
(€

done with Matlab etc...) to find the equation of the plane which is closest to the points:

¥

(1,2,3), (4,5,6), (1,1,1), (4,8,5), (0,1,1), (2,2,2).
(Uuo/l\ rhow
> = 0.9383x +0.13649 + 0.96(6 fn w frw
4 : v n

— . P g )
Problem 4 [Wpts] Suppose da/dt = £ y+z an, dy/di = 2 —y+z and dz/dt = 232, If the solstion
is pt (/2] 3) at ¥= O\then find/i, 1) z as fncNons of ¥ our solyfioh may eifhe\ use the/bublt-in
Mpslah cdmmsehds or\the gegleral rhethofl of sblitioy by gigeny€ctory and Anatriy expofiential a

prpsgnted in ply notes\ Of cdurse yoy cfn use tebhs ology tcpfmpute the figenvaludedf the mhtrk sa

in\gliestion At is probakly not pretty.
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