[MATH 221: EIGENVECTORS AND APPLICATIONS MIssION 3 I

Copying answers and steps is strictly forbidden. Evidence of copying results in zero for copied and
copier. Working together is encouraged, share ideas not calculations. Explain your steps. This sheet
must be printed and attached to your assignment as a cover sheet. The calculations and answers should
be written neatly on one-side of paper which is attached and neatly stapled in the upper left corner.
Box your answers where appropriate. Please do not fold. Thanks!

These problems cover the material from Chapter 5 of Shores’ text. However, it is also important that
you study my Lecture Notes on this material. In particular, Chapters 6,9 and §7.8 —7.9. Each problem
is worth 4pts. You can earn 88pts on this assignment.

~Problem 1 Shores’ 5.2# 2 (can we diagonalize?)
/1 Problem 2 Shores’ 5.24# 3a, 4a (diagonalize and power)
\/i:’roblem 3 Shores’ 5.2# 7 (jordan block)

/ Problem 4 Shores’ 5.24 11 (sine and cosine of matrix)

bt o
; r.

Problem 5 Shores’ 5.2# 19 (Fibonacci)
Problem 6 Shores’ 5.3# 3 (Markov chain)

ecds

Problem 7 Shores’ 5.3# 5 (Ergodic Theorem)
/ Problem 8 Shores’ 5.3# 7 (Jordan form list)

/ Problem 9 Shores’ 5.4# 8 (unitary diagonalize and power)

/Problem 10 Let A = [ L & } Complete the following very related tasks:

2 1
v(a.) find the eigenvalues and eigenvectors for A

/(b.) solve the system of differential equations % = A7 where 7= (z,y). N

/(c.) Let Q(z,y) = 2* + 4zy + y*. Find the formula for ) in terms of eigencoordinates
7,7 and analyze what extreme values ) attains on the unit-circle 22 + 3 = 1.

JProblem 11 Let A = { 03 :! Complete the following very related tasks:

3 0

(a.) find the eigenvalues and eigenvectors for A
(b.) solve the system of differential equations 4 = AF where 7 = (x,y).

(c.) Let Q(z,y) = 6xy. Find the formula for @) in terms of eigencoordinates Z,7 and
analyze what extreme values ) attains on the unit-circle 2% + y? = 1.

4
Problem 12 Let A = 5 . Complete the following very related tasks:
2

DO W= O
N DN N



\/ﬁroblem 13

/ Problem 14

Problem 15

(a.) find the eigenvalues and eigenvectors for A

dF
dt

(c.) Let Q(z,y, 2) = 52% +5y? + 22* + 2zy + xz + yz. Find the formula for Q in terms of
eigencoordinates T, §, Z and analyze what extreme values () attains on the unit-sphere
24+ =1,

(b.) solve the system of differential equations &~ = A7 where 7 = (z,y, 2).

Let A € C"*" and define for 1 <1,57 <n
pi(A) = |owi(A);] =D 1Ayl & (A) = |(coli(A))il =D |4yl.
Jj=1 Jj=1 i=1 i=1

Then, using these we define the row sum of A denoted p(A) and the column sum of A
denoted v(A) as follows:

p(A) =max{p;(A) | 1<i<n} & v(A)=max{y(A)|1<j<m}

Then define the Gerschgorin disk C; for A is the disk in the complex plane with center
Ay and radius r; = p;(A) — |Ay|. That is,

Ci={z€C||z— Au| <mi}

With all of this terminology we have a few very interesting results about the eigenvalues
of a complex matrix. Proofs of these assertions can be found in §5.3 of Insel Spence and
Friedberg’s excellent text on Linear Algebra:

(i.) every eigenvalue of A € C"*" is contained in a Gerschgorin disk of A,
(ii.) for any eigenvalue A of A € C"*" we have |A\| < min{p(A4),v(A)},

1+2¢ 1

Let A_: [ 9 _3

]. Find the following:

(a) find and picture the Gerschgorin disks for A in in the complex plane,

(b) explain why A does not have eigenvalue zero in view of the disks from part (a.).

A stochastic or transition matrix is a matrix A € R"*" such that A;; > 0 and

foreach 7 =1,2,...,n. In words, a transition matrix is a non-negative matrix where each
column’s entries sum to 1. A vector with non-negative entries which sum to 1 is called a
probabilty vector. Thus, a transtion matrix is a square matrix formed by concatenating
probability vectors. With the above terminology in mind:

(a.) show the product of a transition matrix and a probablility vector is a probability
vector,

(b.) show the product of transition matrices is a transition matrix.

0.9 0.02
Let A= [ 0.1 098 }



\/ Problem 16

~/Problem 17
\/é roblem 18

\/groblem 19

Vfgroblem 20

VIZ{X‘oblem 21

\// Problem 22

(a.) diagonalize A,

(b.) calculate lim, A™,

(c.) let z, = (0.7,0.3). Define z,, = A"z, hence 1 = Az, and x5 = Az, = AAx, etc.
Calculate x1, £19 and Ti00. What is limy, 0 Tn ? How does this relate to things you
found in (a.)

The vectors you find in (c.) are an ezample of a Markov chain. Notice A is a transition
matriz and x, 18 a probability vector.

5 -5 -5

Let A= | —1 4 2 |. Find an complex eigenbasis for A. Also, construct a real
3 -5 -3

basis 3 for which [8]7'A[S] is in real Jordan form.

Solve %‘l’% — Az where A is the matrix in the previous problem.

Consider A = J4(3). Find diagonalizable matrix D and a nilpotent matrix N for which
A= D+N and DN = ND. Calculate ' with the help of the A = D+ N decomposition.

Once more consider A = Jy(3). Let B = A%2. What is the Jordan form of B? How is it
related to A 7

(3]

10
Let A= 2 1 |. Calculate e and write the general solution to flj—f = Ar
0 2 ”

o O

Let A be diagonalizable. Show that det(e) = exp(trace(A)).

Suppose A = J3(7)@J®(2+3i). Find the general solution to %? where 7 = (x1, X9, T3, Tq, T5).
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