| MaTH 321: SPRING 2015:

FINAL EXAMINATION |

Closed book, no matrix operations calculator. Remember, you must justify your answers. There are 30
extra points, this means you are free to skip 30pts of problems. Use your time wisely.
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Problem 1 [20pts] Let A= | -2 1 4

-3 1 3

find A1

\We can (.Inu..(n, AA—I = [

Problem 2 [10pts] Let 8 = {(1,-2,-3), (0,1,1), (2,4,3)}. Also, let v = (1,6,6).Find the coordinate
vector of v with respect to the 8 basis; that is, find [v]s.

[ . -tz -2 =1
v, =) v =64 -¢2|6)]=|0
[ IP (3 b= I ]| 6 |
QJ(-‘,UI i yov dida't Wrnow wlma'a -

(3'”"“-:"11"3} — V=XV, + %V, + X,V :[V‘(V;

xl
X3
—
Problem 3 [10pts] Let W = span{(1, 3,2,3),(0,1,2,2)}. Find a basis for W+. LF] L\/]E.
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Problem 4 [10pts] Find the volume of a parallel piped with edges (1,2,3), (0,2,2) and (0,0, 3).
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Problem 5 [10pts] Find the solution set of the system of equations z +4y +2z =0 and y — 3z =0.

Y=3% ¢ X = -HY4-% = -4(3%)-3 =-13%
Taws  { (-132,32,2)|2eR]= span ] (~13,3,1) ]
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Problem 6 [10pts| Let T'(z,y, 2z) = (z + 4y + z,y — 3z). Find the standard matrix [T] for T and find a
basis for Ker(T'). (hint: the previous problem is related)

ren = [0 11 )3 el 1))

T: R? — @ — (Tlel™
te Man (1) =N [0 8] heo bowtr {6133, 1]

Problem 7 [10pts] Fun facts:

1 2 3(6 3 1 00|11 3 6|13 2 1 1 0(-10 1

ref | -2 4 214 2 =|1010)1 1 rref 2 412 4 -2 1=]101]1 0 0O
-3 1 7|5 -2 0 0 111 0O _ -2 5{7 1 -3 000 1 -1
Vi, Vo, wl;fl) Vi, Vs Vs, Va, _‘{}31 Vo, Vi

Notice I define Vq, V3, V3, V4, Vi in the calculations above. Given the data above, answer the
following: (when I say answer, I mean ”yes” or "no” followed by a brief sentence to explain
why. Little if any additional calculation is needed to answer these if you understand the CCP)

(a.) is Vi € span{V, Va, V3} ?

U,lw ; 63 CCP and gl\feh fua—ﬁ«o'r’:r/ \/q = V,+\/,+V.., )
(b.) is V5 € span{Vj, V5} ?

No b:) CcP und f:'@l\i’ ma-»f’ffx/ Let C:.V,f -{"Ql(r = \/r.
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Problem 8 [10pts] Suppose A € R™*? and B € RP*", Prove that (AB)T = BTAT.
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Problem 9 [10pts] Suppose A is symmetric and B is antisymmetric. Define M = [4,B] = AB - BA.
Prove M is symmetric.

Suppee AT = A and B =-8. Caridn

WT = (e -8A) = (re) - BA] = a"A -ATB"
= -BA + AG
= [AB) —1\!\__//

Problem 10 [10pts] Let B € R ®*™ and define T(A) = AB + BA for all A € R ®*". Show that T is a
linear transformation.

T(A+CA.) = (A +ch)B +B(A+ch)
= A B +8A +C(AC+BA,)
= T (A) + ¢ T(A)
(n'\-wll?'a C‘_‘l} T is mddlq'i\uetmh-o‘ Ua P‘;:O, T s NW%LHCUW.

Problem 11 [10pts] Let T : V — W and S : W — W be linear mappings of finite dimensional vector
spaces V, W over R. Suppose S is injective. Prove T« S is injective.

Comses, T=0 = Tel =0  cerfunly o aveerme,
Suppou T weo l'njufl‘}e‘ O T(56)) = 0 = TC(o)
fhaom T iajechVe = S0 =0 = §c0) = X=o0_
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Problem 12 [10pts] Is W = {(s + t,3s — t,t, 8) | s, € R} a subspace? Prove or disprove

W= Span % (113,0!')1 UI -l(!.‘OJ_; = l—[ZL{.

\/E_(/ -Hr\i_r [ SN Jwb,rpa.u’. wo 1t ir @w Jpan.
Problem 13 [10pts| Is W = {(s +1,3s

t,2,1) | 5,t € R} a subspace? Prove or disprove

N ot e (a( 0{ D(g) ¢ W . W et a fo-é_ffjac_g.

Problem 14 [10pts] Suppose f(z) = (2z — 3). Let 8 = {2?,2,1} and find [f(z)]s.

£) = Yx*-1/12x +19
& [-F‘tx)} ("I -—-IZ

'Zzt"""‘ i} -(x‘+x) x—i
Problem 15 [10pts] Isz? 4+ z, 3z — 1, 2% + 42 — 1} 2/basis for P> = span{1,,

2} 7 Prove or disprove.

C=
¢ (x*#x) +G(3x-1) + G (X “4Yx-1) = cl,__c,
~2C. +YG=C+C
(C,-FC?)X +(C!+3C-,_-]-YC3]X 'f'("(z"-C3)= O CI33‘{CJ i3
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Problem 16 [10pts] Suppose A, B are square. Let Az = 0 have only the 2 = 0 solution. Also, suppose

By = 0 has only the y = 0 solution. Prove that M = { g ; ] is invertible.

Ax = O F/{X:o = Prﬁl exirr.
Bva"-'-'-ﬂ Tﬂéﬁ Y =o

= 387 exwnth.
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Problem 17 [20pts] Let T : P, — P> be defined by T'(f(z)) = ﬁ + f(z). Let 8 = {1,z,22} form the basis

for P,. Calculate [T]s,4 and find the dimension of Ker(T').

T(0~+b)< +cx?) = bt2cx + a+b><+c><z
0 TUw) = (\3+0\) + (2c+ b)x+ CX° ol
LT(‘F(K})] = (b—t—o\/ ZC-Pb/ C} lb+zc,]
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= — hos  tonk LTJ = 2
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f— (Werlrdy,) = j

Problem 18 [20pts] Let W = span{(1,0,-1),(2,—1,-1)}. Find an orthonormal basis for W and calculate
Projw (a, b, c). '_—;‘;'l"' — v“" N
N

w, = -—'—-(t 0 -1)
~ v, ‘Q’?— )M = (z,~1,~1) .-.._(_3 (ilof—t)&
u,_ = (2-—3/?— ,-["'3/2) {l//_z/z/ I/z'.)

Mz. = %(" .—2(1) — U, = Fé(’f"zll)

Pl (a6,6) = (1ou) o +(ab)-u)u
= -%:(Q"C)(',O,-‘) &+ JG—(O\—Zb-l-c)(l.-z, 1)
= (,‘.E(_u-c,) + -‘c: (G.—?.b-i-()’ ‘:%—(&—Zb 'I-C), 3 (¢-a) +-é-(0\'-2.b+C) )
Problem 19 [10pts] You are given the following data about matrices A, B and C = (%—.a-'sl" b- % c y "E.?‘_q.;-j’!.- b",-LC

$astb g

100
C=|1010
230

1 11 1 6 8
A=(2 2 2|, ef(B)=( 0 0 0
3 3 3 000

Which pair of the above matrices can represent the same linear transformation T' with respect
to a different choice of basis ?

Conk (A) =
- AEd3 wr reyprend T v —

for Mok choio of beeto.
rank (1) = roak ([Tlyr) = rank() =renk(s).

rank(8) =1 on e (C) = Q



Problem 20 [10pts] Let W = {A € R3*3 | trace(4) = 0, & AT = A}. Find an isomorphism from W to
P, =span{l,z,...,2"} for appropriate n.

4 b < )
A: d e 'F i, tra (A)= a4+e+4¢ =0
9 A < b:d)c=g)-f3=1.,

a b c
A=[t d e |ew
c e

a b c q ?
’\"(6 d ed):ax+6x+cxl+dx+e_
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Problem 21 [10pts] Let A € R"**. Suppose A has eigenvalue 3. Prove A® has eigenvalue 9.

Fv#s ot AV=3V
= AAv= Alv) = Av=9v

- ?\':‘Cl ) € — Vel

e A®.
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Problem 22 [10pts] Let 8 = {u,v,w} be an@rthonormal basisyor R®. Define: VT v =

A =uuT + 2007 + 3ww”. wTw =
ofnersr 2ero.
Show 3 is an eigenbasis for A. Also, calculate the determinant and trace of A.
AM = ‘%\ U.U.Tu\ .r,.a.vaU\ HRwwTu = U, = ?\l =] )
P\V = 2AVVTVY = QAv . 7\z='a
Aw = 3wwTw=3w . 7, =

A (~) = 7\112\3 :,@
Frac (A) = A*htA = 14247 =



Problem 23 [10pts] Let Q(z,y) = 4zy. Find a formula for @@ based on eigencoordinates. Describe
Q(z,y) = 1 qualitatively, is this an ellipse, a parabola, a hyperbola, a plane? What is
it? (you do not need to explicitly graph to solve this)

[Q) = 15 ?;\ dop (@1 1T ) =t F A= X4 =R~2) (a3

Q (XY +3%) = X -3%" = |
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Problem 24 [10pts] Suppose T : V — V is a linear transformation on a two-dimensional vector space V'
with basis 8 = {v1,v2}. You are given that the complexification of T has:

Tc(vr + ivg) = 6vy + 2v2 + i(8uy +4v3) = T LV,) + IFT (V.‘}

Find the matrix of T in the J basis; that is, find [T]g5. We have :
Tw,) = 6v+3av = [ty = (&2)
T(w) = & +dy, o rwl) = (8,4

Problem 25 [20pts] Suppose that A is a 9 x 9 block-diagonal square matrix:

00
4 00
;1 1[3 a4 3]
0 3
(a.) provide the eigenvalues and characteristic polynomial of A. v S
A =3 A. =4 dehlAa-2I) = B-A) (4-A) = P(l)_
(b.) give the dimension of each eigenspace of A
dim E. = 1 , C):lf“ Ez :'LI
(c.) write down the minimal polynomial of A
2 ”
Q&) =(k-3)" (F-9)"  (fee bipged block )

(d.) Let Ky = Ker(T'—4I)® and define T'(v) = Av for all v € R. Let Ny = (T —41)|g,. Give
the Tableau which corresponds to Na.

7\1 =Y has Y —evedtws, LI ia E. p ‘“‘d, une D-"“()‘(‘
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Problem 26 [10pts] Suppose {v1,vs,v3} and {wy, w2} are LL. Consider T : V' — W wheraV = span{vi,v2,v3}
and W = span{w,ws}. Assume T is a linear transformation. Fill in the last column with an
appropriate number or comment.

dim(V) | dim(Ker(T)) | dim(Range(T)) hine V' = dica (Uer T) +clim (Rarye (7))
¢ | X © Nocte : dhim Runge (1)) = 2

N"f? ; 2 ‘ a0 Range (1) =W
M’E 2 0 9 ard dim WS Q.
J\r:\[ - 2 1 (

2 2 0
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3 1 2

3 2 l

& 3 0O

Problem 27 [10pts| Let S be the set of symmetric n xn real matrices and A be the set of real antisymmetric
n X n matrices. Show that R"*"/S ~ A. Challenge: find dim(S) and dim(A).

Let @(X)= £(xX=XT),

CP(X)'—‘— o = (X-XT)/z =0 = X=XT & Uerq =
Alse, Q0T = L(x=xT)T= LT -x) =- 9 = gix)e A
1,\0@\} ayehA = Q9)=30-97) =£(v+0) =9 = ¢(R7)-A
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Problem 28 [10pts] Let A € R™*" be symmetric. Prove A has real eigenvalues. (you are free to use results
we proved about the complexification of A including the Hermitian inner product for C*)

Let he € b evda hr A wdhny on (E“/‘ Ax = Ax
fve ko, Comsldan eV, Wy = VWS> g LV cwd =TV, W),

Ao, <LV, Ale = <f\v WD haa P«JFHLM Cwiczm/
(hxxy = <6 B> =k Ay oo R gEA

= R XD> = X, AXD
=5 AR>S = A x>
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