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Same rules as Homework 1. Assume all vector spaces are finite dimensional for ease of mind. There
are many results here which do transfer to the world of infinite dimensional vector spaces, but, I'll leave
that for another day. We denote V* = L(V,|F).

Problem 161 Your signature below indicates you have:

(a.) T read the handout from Berberian:

(b.) Iread Chapter 10 of Cook’s Lecture Notes:

Problem 162 Consider T € L(V,W). If U < V then we can attempt to define a linear transformation
S :V/U — W by the rule:
S{x +U) =T(x).

(i.) is S a function? If this is not generally true then what condition do we need to
place on U in order that S be a function?

(ii.} if need be apply the condition found in part (1.}, if 7" is injective does this imply S
is injective? What condition is needed to make injectivity of T transfer to S5 7

(iii.) if need be apply the condition found in part (i.}, if 7" is surjective docs this imply
S is surjective? What condition is needed to make surjectivity of T transfer to 5 ?

Problem 163 Let V be a vector space over F and M, N < V. Prove the 2nd isomorphism theorem:
M/(MNNy= (M+ N)/N
Hint: consider the restriction of n : V — V/N to M. Find the kernel and range of ©)y;.

Problem 164 Prove the 3rd isomorphism theorem: If V is a vector space over I

vio Vv
<N <Vt A
such that I/ < N <V then NS W

Problem 165 Let V and W be vector spaces over F and M <V and N < W. Prove

VxWNKXBV_’
MxN M N’

Hint: Consider T :V x W — V/M X V/N defined by T{x,y) = (z + M,y + N).

Problem 166 The notation H denotes the external direct product of vector spaces; given V, W vector
spaces the point-set ¥V x W with the usual operations c{vy, wy )+ (vy, wa) = (cvy +vy, cry +
wy) is denoted VB W. Prove: fV =V, d» V5 and § = S; ® Sy such that §; < 1] and
Sg S Vg then

vV _Viel Wi W
STSeS 5 S



Problem 167 Prove the following: for V a vector space over a field F:

(a.) for any nonzero vector v € V there exists a linear functional @ € V* for which
alv) #0
(b.) a vector v € V is zero if and only if a(v) = 0 for all a € V*.

Problem 168 (continuation of last problem) Prove the following: for V' a vector space over a field IF:
(c.) if a € V* and a(z) # 0 then V = span(z) @ ker{a)
(c.) if o, 8 € V* are nonzero then ker(a) = ker{g) iff @ = k3 for some k € F

Problem 169 Given V =S8 T, prove anu(S) @ ann(T) = (S & T)*.
Incidentally, another common notation for the annihilator is given by ann(S) = S°.

Problem 170 Show the first isomorphism theorem implies the rank nullity theorem for T : V — W. That
is show the first isomorphism theorem implies dim{ker(T’)) + dim(range(7)) = dim(V).
(you are free to use Proposition 10.1.22 of page 341 in my notes)

Problem 171 Suppose (V, g) forms a geometry and 8 is a basis for V for which G is the matrix of g.
Furthermore, suppose the linear mapping L : V — V is a g-orthogonal map such that A
is its matrix; [L(z)]g = Alz]s or simply [L]gs = A. Show ATGA = G.

Problem 172 (Gwyneth’s Musical Morphism Problem) Let g : R® x R® — R be a metric with

1 0 0
matrix G =10 -2 0 {.Ifv= Z?=1 v'e; = (a, b, c) then calculate v; for i = 1,2,3.
0 0 -3

3 7 . .
Also, show g(v,v) = 3 ;| v*u; (you can show it in terms of a,b,c or v!,v? v® whatever
you prefer)

Problem 173 Let M be a symmetric matrix and define Y{A, B) = AB + BA for all A, B € R"*" show
T is a symmetric, bilinear form.

Problem 174 Suppose (V, g} is a real geometry. Show (V*, g*) is also a real geometry given we define
g*(a,ﬁ) = g(tla, 8).

Problem 175 Let (V, g) be a real geometry. Prove fob = Idy and beff = Idy~. See my notes for the
necessary definitions.

Problem 176 Prove property (ii.) of Theorem 10.4.4.

Problem 177 Let V be a real vector space and z,y € V. Define 2 ®y: V* x V* — R according to the
rule (z & y){o, B8) = ax)f(y). Show z %y is a bilinear mapping on V* x V*.

Problem 178 Continuing the construction in the last problem, if V has basis 8 = {v),...,v,} show
T={wu®uv; |1 <i,j<n} serves as a basis for B(V*). That is, show T is LI and that
any bilinear mapping V* x V* —+ R can be expressed as a linear combination of the T
maps.

Problem 179 Suppose A, N are square matrices and NV is nilpotent of order k. Show A& N is nilpotent
of order k.



Problem 180 Let 7 : V x V x V* — R be a nwltilinear mapping. Determine if S = T« (}},1,b) is also
a multilinear mapping. Also, find the coordinate transformation rules for 7" and 5. Here
we assume (V) g) is a real geometry.
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The Isomorphism Theorems 95

To help distinguish linear functionals from other types of lincar transformations,
we will usually denote linear functionals by lowercase italic letters, such as f, g
and .,

Exampie3.l The map f: Flz] — F defined by f{(p(z))=p(0) is a linear
functional, known as evaluation at 0.0

Example 3.2 Let Clo, 6] denote the vector space of all continuous functions on
lo,b] € R.Let f:Clz, b] — R be defined by

&
flate) = [ a()do
Then f € Cle, b])*.03

For any f € V7, the rank plus nullity theorem is
dim(ker{ f)) + dim{im{f)} = dim(V}

But since im(f) € F, we have either im{f) = {0}, in which case f is the zero
lincar Ranctional, or im(f) = F, in which case f is surjective. In other words, a
nonzero linear functional is surjective, Moreover, if f # @, then

codim{ker(f)) = dim (I{E}/{f—)) =

and if dim(V) < oo, then
dim(ker(f)) = &im{V) — 1

Thus, in dimensional terms, the kernel of a Hnear functional is a very “large”
subspace of the domain V.

'The following theorem will prove very useful.

Theorem 3.10

1) For any nonzero vector v € V, there exists a linear functional f € V' for
which f(v) # 0.

2y Avectorv €V iszero ifand only if f(v) = 0 forall f € V"

3 LetfeV Ifflx)#£0, then

V = (z) @ ker(f)

@wo nonzero Hnear functionals f,g € V¥ have the same kernel if and only

if there is a nonzero scalar A such that f = Ag.
Proof. For part 3), if 0% v € (&) r1Kei(J), thes F(w) =0 and v=ax for
0# a & F, whence f(x) = 0, which is false. Hence, {x) Nker(f) = {0} and
the direct sum 5 = {z} @ ker(f)} exists, Also, forany v € V we have
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_ Fw) F{v) -
v = mm + (v— WI) € (@) + ker(f)

and so V = {z) & ker(f).

For part 4), if f=2Ag for A#0, then ker(f) =ker{g). Conversely, i
K = ker(f) = ker(g), then for = ¢ K we have by part 3),

V={(z)e K

Of course, flyr = Aglx for any A. Therefore, if A = f(z)/g(2), it follows that -

Aglz) = f(z) and hence f = Ag.[]

Dual Bases

Let V be a vector space with basis B = {u; |1 € I}. For each i € I, we can

define a linear functional vf € V™" by the, erthogonality condition
vi(v;) = 6
where d; ; is the Kronecker delta function, defined by
Big= { L ifi=g
i 0 iféiz#j

Then the set B" = {vj fi € I} is linearly independent, since applying the
equation

0= a,vl'u;-‘l + e+ Gi"'b‘;';
10 the basis vector v;, gives
n k3
0= Z iU {vy,) = Z 01,014, = ay,

P =1
for all 4.
Theorem 3.11 Let V' be a vector space with basis B = {w|ie I
1) The set B" = {v] | i € I} is linearly independent,

2) IfV is fmite-dimensional, then B* is a basis Jor V*, called the dual basis of
B

Proof, For part 2), for any f € V*, we have

D FEy = 3 Flus = Flu)
i i

and so f = 3~ f(v;)v] is in the span of B*. Hence, B is a basis for V*.[J

Bt fall

siee
COme

Exan
F =

{iniie
finite

On

wpev
spec
whis
b

Thi:
Her
Wwe

par

wit
of

T

Ir



I V= SeT fhnm s wn(S)eam(7) =Eer)*

T T ———

Recell, dim V = dim (S)+ clim (wan (8)) j 3 Pisal

d(}n Vo= dim (T}-J-dl;n (wan {T})

and

Ne  alre hnew dim V= din § +dim T Dlgeroe
dim (wnn (5)) + dim (ann /7‘// = (d,;,.. V — din S)“*/c/r}nv-dr};«T/
= fdim {arm (f))—f“dz'm /arm /T}} = Jdim V = dim vt

HUw(’,UEr/ it X € ann(S)nana (T) %_gm
«(X) = < {S++4) : Sinte XEV=8S&T

' e T
= (&) + LT, 3 55
(s) “ Such ek x =541,
= 0+ 0

= 0O
Ty o x)=0 V¥XeEV = ann (8]0 ann(T) = jof
- ¥
Recdl, dim (Urw) = dim(U) +din( W) —dim (V7 W)
apply 1o ons coucret problem
Jim (aan (S) + ann (T}} = dim (hnn(J}}-fﬂd(}p‘(c\/m(T/) -0

dim (ann (S) +unn (1)) = dim v

= gan () tenm (1) = VT d by ¥
we  Gaclwds  am(S)®ann(T) = VF

Q'Pl% | Consjin TV —=W  linear
L.t if o ° i ™ 5 ‘\/' —~
Ao\ somorphicm 7T Suy /KerLT] T(V)

Hns dim [ V7 ) = dim (T(V)) Rnab - Ny Th |
T -
dim V — dim M T = dim {TIV)) - \dwvza;m(m)-m;m(“r@

(o Pep 10.1.23)




Let (l'/; ?} Forem @ g,,acm'w/‘/? am/(f o basr a)[ Vv
'Fbr wheeh G is 1%-2 matrix 07[ I fuf;/agg L V—s

15 ‘?-or-}—kaaam.? moap W‘# M“%”;X A ([L[)sz :A[XJF)

Oéf{fv-ﬁ/ 9 (L(x){ L(‘ﬂ)) = 9 ()g‘ﬁ} [LJFF = A

= [LLXJ]; GU_(“O)]F = CXJ;G[%J]F
= (At )" 6 AL,

1}

LX), 6 (2],
= lej]; AG A [v), = LX}; G 19),

— ¥
L_ |:_J" 9'—" U(/H\ua a’t\.u./{ e Aﬂ\v'ﬂ > \V/X{ Y & V’,

I f = ‘{V,(_,_{ an Ak en fc,/f‘f?fqg, X=V, and Y = l/9
yleldo [X), = € and [9]F: e;  Aand X Show (ATG”‘};}-’ -
dhuy NGA =G

AYPN?

Pi72 9 : //??x//?y—w—a/ﬁ i Q(Vzw/:‘v"ﬁ/uz ]W
— 3
Let V= (vt{ V‘(V?)i[fafb,c') 7%% \(Sﬂ
3 . ~{
Va:z%i}\” ¢ = [f/«a ]
/}:l ;

_ 1
= A, vie 9, v+ 32.3 v

F:}‘)WV:, sz\/s) - (a/ ~2b *M

06
jf‘/ue/

{?UT/ didnt M""
H—/ b,

"K & = Qﬁr-f-éez‘“.ce.?
en (olat y?) oy <k -c
y R g

I v/
9t = (v vt v - Mbj: ot
[ ! / v ‘] 2__? v? w
H,MUE) 200V] = 6" -2 -3¢0 ushene g

3

Y ! ? 7 2 2
E V' . = \/Vt+\/ V2+VV2 = 4 -3} —5°
P=y ‘ —




P(;lg ng/ww/%/ n n . n
L _ bt 4 — i s
?\/ Vi ﬁg\/g?)l&.\/ Z\/‘ﬂij.\/?—i\%(t’;v)

Y
b-a X
G’U’nf} 1£a( FZ ?/7[”}’4/ Aoas 9? ,:_9/7{/7(?/
D (vwi =9 SV, STwiG) = 3 viwis g g - Sty
{ 3 » / y _

Remach = Netra \/1/ Vi are By 2 Sy p ol lem. T
g/fzw/\w/ we Aave upm/ V;! -, l/,l = U gg‘ V‘:-?l/&é [‘/X‘ /

#

@ T neg) = pgren VAo R™

Observe ’}/'(gfp;) = BA+ AR = AF +BA = T/A, &) - Tfamuff,e
Ther, Q_/‘(CIA-FC', B) :(C,A+C)l3+ 8(c, A+C)

= CAB+CB + ¢ BA + 3¢

= c, (,4@+3,¢}) + CB +8&C

=< V(AB) + 7 (¢ )

ﬁ’%o/eouer/ {33 me"he/f/g T/@QA*‘C):C T[b’/%)?’— 7/'/@ c)
e 97 o / v o
/M)U_f T . A’? x 3 //2 o & fymm&’ffzz éKAAW 72’/01_

Svp#f»u 9 : Vx P =% ir a Mmetric Hae 3.

[PIZYY Ler 9% VIV s R be dethad by 90%0)= 3 i )
hoe W x,p)e VIXVF whod %1 VISV i fhe gl
muf!-f-(./( morﬁ/u'fm ('}1 coor dinotis ﬁtzdivi) = Z\ diau‘ V’é)
ﬂb/eruf/ @¥(0(=(") =9 (#0(1 rEg) = 9“*@ Ex] = g*ll(qff/oc) o Symmedn,
Alse, ¥ (cot+ Y )= Y (#F (cx+Y ) ng)

O cH« +1M’{a=@)

c ol kg )+ GLET, #6)

¢ 9* («, 8) + 6 (7, F) 4 Delinen

F oremecns Ao chow 8% p ”""”{%’m”“ﬁ %

i}

—
—
=4



{’P/?‘/ LonBnwef
v prove /}onofecﬁ;ﬂ”’f""’-cg we  con aludale

/}u; maf//y dq[ ? a./lr/ fe/a./fé_ i ﬁ ﬂ_e
metrix a’/ ? ) Led / V,-/ cp ‘.4,/ Aove Awod ém;,’/ fl//f,_/ V”/
Fhen g'& = 9 ( Vi, %). Col el vV, = E &(} \/0.
’J%wu (Vf )-’3‘ — Cﬁa‘ o(ejcrfze Com/OanﬂA/b’ o I/, « Thuy
Kk A :
b (V;} =2 (\/;) gni\/ = Si gm\/JE

h 4 I
b (Vi) = AZ %:"ﬁvi

o/, w&&* Fhat ¢ /ga-f whed I Aced /75, //w P8l )

7/

Ubresve \/l Z 8 \/’3 (V/ 9 +Hhus

A=t

V) =T75,9"Y, = S 9%y = (v
b4

"

A

—_——

'X%
Thus, . . - :
9 (vt Vi =9 (wl), #wVI)

(=9, Sty

> At gt 9 [y, v, |
J LV, Vi,

]

i

i

: D i
— i %;l 54
4
Vo s
e Cé‘& — Oﬁ* Nas metoy G
S VE ) by chon D Res medeix (-
. (provided @t e doad
n ek Gromady boss Fr VY relahie A
we'll vie  H and xy g e o V)
o ‘fjv gnundea,on.cq/(f

']LD (D/‘W‘ #oé = M/V / &"FF:;‘O/V*



b lfovidy_nidstin o 13

(#ob/(vi) = # [bl%))
= # (Z‘%:’xvl)

T
M =M
0 co
Mo
- <

= Z
<

= /. = o =, as {1V,

l{ﬂ) N

I'-‘J' ém._‘ffj



PIFC] prove X®(H+wW| = X3 + X @ w

for X eV and 2WEW  whey V@W‘;LVV*,W"/

—_—

(X®(3+W))(x] = «(x) (3 +w) " by %C/}éé@%?//ff/*“(*/% etz

—_—

X0 %D + o)

: o/f/ff-‘léuf?}g n T
= (X3 () + gw ) ¢ odest o S o
Ve Ay, ey
= (X®@3+ Xgw) ()

= a\ddﬁ";}.’“ tr'jcm‘%/.'
Thas xg(3+tw) =

——

X7 + X O w g5 C[OL{;/\JE(,{-//,/

X@9: ViV —=> R s dethed by
ko9 ) (% ¢) = ol (x) B19).  (on sechen,

<X®%)(Cd'+o{zfp) — (CO({'{*G(L)(X)?(“‘}) = det =

T K] G L)Rr0) < et o adding
‘J(Uﬂcﬂxlr:nf
= cd;fXJFﬁa) F o L@ty

= ¢ (xgﬂg)(d,,(;) + (x@g)(o(z,{:)
)-\t'r[uw;:;.e/

(X@‘ﬁ)(o(; C(R{r@) = A (x) ((.}F?Iahﬁz){‘ﬂ)
= o (x) (c(s’,(%Hfzf‘aJ)

—

C o{Lx)(f, (4) & d(x)ﬁz (%)
= cxerllf) + (xev)(«f:)
s xeye BV = Pvive R)
T

: * *
l)[-Jf.ﬂf_’,dr’ map asn V X V



]P\:}-gl —V- h&f bG-.ft‘j @: -{vl{"{\/n; “l/l’\jJ\r\ P/uu(
/Y‘ = ])\/ig)vjal (éé,/ééﬂ} ferves wo bosis ﬁ»r 33_(_1_/1

-

h = I PRV RE |
fuppo;{ z C;}V‘a@\/é - 0 Mo evalwsdl en (V7 YY)

l!é':'.g

wkm ka\/l €@¥ cv* dedined  og u;uw( vk[v;):cﬁﬂ.
efe.  Jauy

\ “ W .Q [ i
OT—‘-‘(‘. C‘lc'i \/;@’/\fﬂ')(\/!\f) :z C‘.J.(\/‘_@Vﬂ_)(vﬁu
A / ¥
— z Cld VeV Vi[\/ﬂ')
i

wd VIV )= Oy

'11[ \D : \/*XV% ——> ¥ bt!}fnzof ’ﬂ\w

= > b[viw‘)o(l\/;)(}[\/q;)
A
=[S v veY ) Yepar”
®
b = Z b[\)i,\)/‘i) v &V o SP“n(TJ“: 23(1/»{)

'y +] vhe cale vm‘.;
UL CD/ T -C—.: CQ(V ) % P(?? (;’wu N )
(wt m(rma{? s i T © PV ) Blrcapm T




Suppese A/N are Sauere et riwo fo,
which Nt = o0 ot N o G»MMLM/

p
(A@N) ——(A®N J(AeN ) - {A@N

-
T |

= (P\?'@Nz)[ﬁ@{w) (&N N

- PN m‘w D??,Lﬂf,f"

- wid b,

- ) ﬂ
(P\®N) = P\k_l ® Nh [ #Z 0 (Prav&lﬂl Ak J#@/
wo (REN) = ptent = o0 = O

- . b -
s, BN =0 wi (RoN]"T Fo prvidd Ao
/\}\{; mwch L _r“O/ AsN U mrpd'cm:{” of dcar&t
ot met k. (H AT=0 EfPt#O/H'\ymG\@MJ“AﬁN o)

ther‘:’ﬂfg AN ir nalpfhvuf oethin A or N
sl wkv&l’ ard  dhe  degra of  ABN will
be b J‘valEJ'}' d_;z,areo. of r\ﬂPuhm\' A or N



[-"‘JL VA VXVX—V'*“‘_‘%//? [ e A IS oo

'M s f from CJLL-LJ-M
aavth bty Tive she swin
Ji‘\)r b:\‘m.f_w E‘wﬁ- '

j
=T(z‘m‘1{‘\a/2 n A5V
=t A m,vw
A, m,n
T n

il

St T

imn
Coerd (,/'mn rede
yt:j S= T {# }’}’ }7) 7Qf cdmponco—f? o T

!_{' /’ﬂb‘-/fr//fkcmf ot r/- 1f Lwr-}/urf'? a»,L lintts ¢ mw/’)il/fh&/ /7\470

md S VIV XV(;?TT Vxvx V¥ == K

— — i h
=5 SY, Ve eV
llﬁfl“ ‘ }
ownd b“a & Cod culedin much i )ﬁ\u:% Sern Lor T

SV vy = S =D AL, Q) 3*""

,?mn

(ood. (,fw.na,{ rolt Foe C"W}‘JM#JIC’?/' 5‘




