MATH 321: CHANGE OF COORDINATES, QUOTIENT SPACE, REVIEW MissIoN 3 [20PTs]

Your PRINTED NAME indicates you read Chapter 3 of the notes:

We assume F is a field and V,W are vector spaces over F.
Problem 33 We let V4,..., Vi be subspaces of a vector space V over F. Define
| Vit +Vi={z + 4z |z €V for 1 <i <k}
ProveVl-iouwf—V;c <V.
Problem 34 Let W = span{z + 22,1+ %} and W), = span{l + =z, 2% + 2%} define subspaces of P3(R).

(a) Find a basis for Wi N Wa.
(b) Find a basis for Wi + W, :
(C) Verify dim(VVl -+ Wz) = dllTl(YVl) -+ dim(VVz) bt d1m(W1 M Wrg)
Problem 35 Define T : P3(R) — R**® by T(f(x)) = [f(1), f(2), fF(1) + f(2)]. Find a basis § for P;(R)
and v for R**3 for which [T, = {;’ 8 } where p = rank(T).
Problem 36 (use of technology encouraged to perform matrix calculations here) Use the matrix tech-
niques shown in Example 3.6.4 in order to illustrate the straightening theorem for L4 :

0 2 -2

R} — R* for A = g Z E In particular, find bases j,7 for which [La]g, =
3 -1 4

{ ‘8’ 8 where I, is the p x p identity matrix and p = rank(La). Keep Proposition 3.5.7

in mind as you find the vectors in the desired bases.

Problem 37 Consider bases 8 = {z?,z,1} and f = {1,z — 2,(z — 2)?}. Let T = d/dxz restricted to
Py(R).

(a.) Find the coordinate change matrix P, g for which [v]z = Py lv] for each v € P (R)
(b.) find [Tlgp
(c.) find [T)z5
(d.) explain why the trace of both matrices is the same.
Problem 38 Let T : R® — R? be a linear transformation such that:
T(vy) = vy, T(vg) = 2u1, T(v3) = 3vs

where v; = (1,1,0) and v, = (1,-1,0) and v3 = (0,0, 1). Find the standard matrix of T

by an appropriate use of Proposition 3.5.7.

Problem 39 Suppose T(f(z)) = f'(z) + f"(z) for f(z) € P(R).



(a.) Can you find a basis 8 for P3(R) such that [Tlgp =137

(b.) Find a subspace W with basis B and basis v for Py(R) such that T'lw : W — Pa(R)
10

has [le]gw,,y: 01
00

Problem 40 Consider V = R? and the subspace W = span{(1,1,1)}. Find a basis and coordinate
chart for V/W. Describe the geometry of the cosets in V/W

Problem 41 Let T(f(z)) = f(z) +zf'(z) for f(z) € P3y(R). Let p1 = {1,2%} and B, = {z, 7%} provide
bases for W, = span(f;) and W, = span(Bs).

(a.) show W; and Ws are invariant subspaces of T,

(b') Find [Twl]ﬂl,ﬁ1 and [Twz]ﬂz,ﬂz
(C‘) verify [T]ﬁ,ﬂ = [TWl].ma @ {TW2]52,[32 where 8 = ;U S

Problem 42 Let A € F**" and define T' : F™*" — F**% by T(A) = A + AT

(a.) show that S, = {4 € F»* | AT = A} is an invariant subspace of T.
(b.) show that A, = {A € F™" | AT = —A} is contained in Ker(T').

(c.) Let B; and f, be bases for the symmetric and antisymmetric n x n matrices over F.
Form basis 8 = 8, U B, and find the block-structure of the matrix [T]g,4

Problem 43 Let V = F(R) be the set of all real-valued functions of a real variable whose domain is
R. Define (T(f))(z) = (f(z) — f(—z)) for all z € R and f € V. What does the first

isomorphism theorem applied to T" reveal ?

Problem 44 Let V be a vector space over F and define T : V xV = V by T(z,y) = y — z for all
(z,y) € V. Apply the first isomorphism theorem to T and explain what truth it reveals.

Problem 45 Let T : R[z] — R[z] be defined by T'(f) = D?f where D = d/dz. Let T : Rlz]/Ker(T) —
R[z] be the mapping defined by: .
(M) =T)

for each [f] = f + Ker(T). Prove T is an isomorphism and find the formula for

T (ca™ + -+ + 23” + 1T + Co).

Problem 46 Suppose Wi, W2 < V. Prove ann(W; + Ws) = ann(W:) N ann ().

Problem 47 Suppose V is a finite dimensional vector space and V = Wy @ W,. Does it follow that
ann(Wi) @ ann(Ws) = V* 7 Prove or disprove.

Problem 48 Friedberg, Insel and Spence 5th edition, §2.6#17, page 127.
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for i=t2 .k Such At X =X 4ot X aud J =Gt Y,

, /'.-

N\orawer, Sinte X‘;,‘é;é‘_\/; than CX;+Y €V aw U = V-A‘

Conffi#,umﬂa)
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P34 contaved

(b.) Lnd  basis e W, + W . Sina Spaa ;= W,
and  €pan ﬁz =W, e ﬁ, = fx+x° dl ana/ﬂé//m/xi//
we fnd 6 Yp: will give fpa/,@, UA) =W, £
Houruer, (J’,UFZ ir ond LT se we need o

gle,[u/{' o LL J;Mﬁk){,' O/FSﬁ Uﬁz. Uj/ﬂ&; .,
Y = {1 x x%X Jwe an sty 21X X’/

/ 4

| o g | 12 theeo vechrr
-1 = ;np(f Serve oJ LT
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, @’: %X“'Xz/ (+X9/ I+X§ %\\/u basis b W‘-(—’WD

( f %/nk am7 471/&0. UU/A’/.T /:') € W/// J‘V«Mh o (?1{/@ FAJ LZ)

)

€) dim (W, +%) =(f] =3
dom (W) +dim (W) ~dm (W) = /(4,/+/ﬁ1/+[(4’ww[: 242+ = 3

v dim (W W) = din () + dim (W) — eim (W0 T)

v



P35] let T: P (R) — R be debred by T(f(x//:[{‘{//,f‘/z)/ oLy

I f) € Ker (T) Ahen £0) =0, £(2) 20 and £()+£12) = O,

67 Fuchor //71”—"/ L) = (x-1)(X-2)(Ax+8) as {fix) e 2 (R)
T War (T) = Span { xO=1)0x=2) 5 (X~ )(x-2)§ . We  wiik
fo  exlend Ahe basis P Wee (T) + o basir Por P3 [//?/
Considn T ()= [1,1,2] | & Wee (T)

Alfo/ T(X) = ,[l/ 2, 33 s X é‘ Wer (T)

T g o= {1, X X (x-11E-Y, X-if(x~2) J i basis b BR)

I’( [C‘:l’/cj ¢,§/34/7/[/‘///2]/ [//2/3]/ Ao Mo row
Vecher (a6 c] [11’12], [(2,3] are LT,

Onre wcgf
'/‘17 Lelect [ﬂ,b,CJ 1o CA/CM./O/ﬁ

o b ¢

A [ L 32]:a(3~q)~l>(3~z)+c(z~:) = -a-btc

Apgaumﬂa we Can uge L[1,0,0) v extend besis e LI (T)
1o o oF lRIXB‘ Lot

Y = {(,12) [1,23), (1,0,0])

[T}g,w = [Tl l [T (")]xl [T(X(“)(K—ZUJVI[T«X“NX—Z})]”]

1

[ [(l,l,Z]:lY‘ [.[1/2,31.’}3/[ Lolyl [ij]
- lelelold]

1 o 0O O
- I,| O
! °o - 2 =2 =
[g 0 % UJ (: &) 0 ] P =2 =rank (T)-
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pg Let (,) fx )(// and li:{//)(w?/ (X"Q)zf
\l,@_{ T = djx  ©on P, (MR),

()

£09 = £2) + £12) (x=2) + L Uy
= Yas2bte +Ga+b}(x-z}+’a()<~z)z

) '»/a+26+;§yc
= Ya+ b

1C=0«)<Z+bx+c

f\‘{&“
f‘?‘l

(b) T(ax?+bx+c) = 2ax + b . Nek (Tl LVl = (T“’/JF &

'[T]eff m i [ﬂ ” @]W : F ? :;]J
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P39

| T(40) = £l +£ h ) eR )
CR)T(axZ+6x+c} = 20x +b + 2a

Wea (T) = ? ax 4 bx+c { Lax+bh+la :o] = J',oan ///
Thus [T](’P = T, :/:’ ; (f/ o impartilly. We

Pnd v (T) = dim (Won 1)) = 1 Ahwr () = 3-] =3
and  dion (o] [T](f{?/ = dim (Rane (1) =2 . (7] =

(s nef loa‘ff/'/(e,
(b) Let By = {x° xJ A T(X) = 2x+2 = W,

wd Tx) = 1= . Lethry V= {w, W, X
e Aunve bosis b P12 andd

[TIW']@N-(Y = {U(XZ}]W I [T(x))y]
= {UX”’“Z){ ] [l]{]

i o
gt o |
o ©

_/?_z_m_ir:_lf_: T chowe T aJJofn X" 4o {T(X)/ TixY} = 7)!/ 2x+2f
S o/ewl} x© ¢ Span ))J, 2><+7-] = {1, tx+2, x‘j v LT
Nenwe  Serues a5 Doesis b B-dim'd P, LR), N\\a e hetuy
for (,m:'i’/w’h'na (’)w ard Y oee cerrhm'nka net  unigme.



3
m Consrbn V = /? and W:Jp‘m f(/{/////
Fiod basiy ond Coocdmnt chart [, -V/Y/V
pefcr(7< /ZA ;,eume«/Q, of  Cords tn V/%V..

@W’ - /(;/,//)] i basls for W
/)’ = /(’/’/U, (1,00, (%1, 0)} e 1V

Ex fernd o basis
We Con///vu/' 5&]17 ,’4}( V/W 157

= / (1,0,0)+W (o,1,6]) 'W'f
€""/w /
= Z) [C1,0,6)], [(o,//o)]]

I (ot c)rw e Vi The
(o,bc)* W= a ((1,0,0)+T/V} + 5((”,4°/+’W'} t (5,0¢) 41y

) —

net /\.eéﬂycé 1 reed 4
W cld o\l ﬂ\l C—'/t’/m‘
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= (a—c)((l,o,o)-l’\/\/) + (6‘C)((°/§°/1‘ VV/
= (a-¢) [(1,06,60)] + (b-c) [(0,/,0)]

That  Shew L}:(*’%v( [ta,b,¢)]) = (@=¢, b-c)J

o im (V/W/ = q Jo T//’W rr & /’[‘\’\«(
Qu+/ 1[)’0/\4 o\mﬂ\v\ Perype 07[/i/€ T/—/‘W' % & 2y
04[ /’Dﬂ./g_w //A@ / WU u//-/x e ve chren (// ///>

(’ﬂkk g,éon\z,f? W?/]/?;h oo bl'f‘ Mbtbu‘(/w)




T (f) = F+ x£1%) hr fge LIR)

3 .
Lot @ =A{1, %] st @ = (X, X7] be beas ke W AT
f@@eof)\k.

(6) T(1) =1 €W,
T (x}) =x*+x(2x) = 3x* €W,

She TIA)EW, = T(span (P)) €W, ake Tiw)cw/

heme [7]/: T - hvario~X.
For W,
d oax +bx’e W = gan (?,,

T(Qx+bx?) = ax+bx’ +x% (o.+ 3bx?)

LUl vee  more J%rmu’th—Jo/WVd arammeuf y

4

= zax +4Ybx® e W, = T(W)QVVz_’

— -

2 — | o
(b.) @‘ _ %\JXZ} and T ((’L'l“bxz) = 0+ 3‘))( = (:Tw,]ﬂﬁ'[o '3}

: (o]
62. :?K,X?} ond T(&x-l'bxz) = 20X +\“)X3 = [TWa]fn @ - [;L) "l]

€)% @=fvf = {1, %, X'
(1), = [Tl | el e




P2
. IF‘M‘ ——> IF nxn (j&'/‘,'/\,g 6‘3 T(A) — A+A—r

|

(a.) S, = {AGIF"""/ATzz A}, Tf Ae S 7o
T(A) = A+A =R+A =2A € 51,, Sina
aa)" = 2aAT=aA A T(S)E S

and  Tg = 'aIAS,n

*

(b) A, = )AefF"""[A‘"¢~A} sbserve for AEA,

we Fid T(A) = A+AT=A-A =0 fh«
Ae Ke (T) = Aa QKM(T)r Bfw o O €A,

nede T )< An = Ay ic Toidvariad

nod Ty, =0
P A S

- ek
(c) T S = Spoan (3, ond  Ra = Span [J’Q re call
S (€3] A B F‘Mm /)Hr\w 6La T —taveritance d‘[ ,‘f.:\‘/ﬁlﬂ

we colcotele he @ =F Ve
T P
[ l ]0 [ Sa ]@‘r(f [ An ]FNFG

a.p N
= [ (AIC‘,S‘,,]F:‘VJ @ [O]F‘,Fa

- [543

e 6&/{0 ma«7

Une we con celedets o= dim (S.)= +(n=n)
Since @S = ‘g E;: +E6 llékésn}u%a;}‘,: fesvey
G2 basu' Q(Of S‘n )
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P43] Let V= F(R) and defiv T: vV v by
(T (£)) (% = L (f)- (%)) VxelR and £ € V.
Since T ic Inear and Heclr) = {feV [fi9=flx)]
we hid  FRS L F I (7)) chewr gt

\-9' (ﬂz)/Jqun {\/,\bh;nlg — ctodd fun C"[’lZn/}

Sin I (T) iy fle £ of odd Fonchin S77 ¢
(T(H} (-x) = z—‘({: (-x) — ((’(-X))) =';_L(f()c/ -»f{—)c/} = -(T(H/(K/,

[P49] Detne T:VaxV—V by Tlx9) = 9-x VegneVxi
Nothtee T ir o linear Mranchicoeshon and
fmo T (o,9) =Y-0 =9 © ir cear dhet Tm(T)=V
Wee (T) = { (,9) e Vxv | Txy)=9-x =0 ]
=4{ (xx | xeV|
Thom

V xV =~ v
{ (x| xeV]




pis] T : RIx) — R defined by T (£) = sz
Let T : //?[X]/Mer(T) — s RIx] be dehned by
T ([+) = TH)

for each (f] = £ + Her (T) . Prowve T ir an (ro mos phign
ond  Bid  Hrmwhe  fr ‘F“'(cnx"+~--+gx‘+(,x+&/,

|

Caltnlay L //ow'o{u d—l%/' ir Jineor %/M/Af/m«ﬁa;\ on /72[/\’]
ond  Hhans d_’" g fhewie  liacar on RIX) ot
Wer (T) = {m)c R | £ =0f ={batb x| bo,b, € f

+2
P -
Fur/ﬂ\ermore} Aotice | x = X Siner

((P'H)(Ff-z) )

o d Me) _ Ptz 4 p
Ax dx ( (P+1) (P+2) % / (P+1)(P+2) dx x™e pH X = xF’

P+1

(n'\uj T vv\_wpf onto /H'\Q W\-"Y\OMI&/Q bOL/D Alf HZ[X:)
and #F  Lllws Ahed T s a furjechia. /r)’\c/\e,-fa(e/

—

T dehined by ?(H’])=T(1‘-) 3'\“’-! an  tromorp higm
of 'P(KVWA(T) = In(r) = Mx] The formda
—ﬁcr "T‘-‘ s obtuined b\’ hwic ?n+e%ruh/\é/

T () = [ {( fega)ax]
- Eﬂjm, X"t -LX7+ —}X’:‘ —fi/r‘ + Wer (T)]

Kemork : w/s '/J/;‘\g /% ’}”M°77317M 7h yat/’c/ need A
redin e steor of our /)fz)a't‘1 for TRt TH®




[P‘/é) Supece W oW, =V, Nete WrlUs<l any
Mo VS WA sk WeWa{xex [x W kel

and 0 € W and 0 ey AAw c/uv/;, 171/,’/71/,,"5 W +uy

Sompore o« € ann (WtWs) oo «0) =0 Vxe peny
Thuwy D(()(zj =0 P cach X, € W’g W+ g and

X (X)) =0 he eh x, e W s Wtay . ot

w (€ an (W) naan (py)
and weve shoa, ann (l71/,+ﬂ/L} S aqap (VV,//) ann (01/8/

X € ann (W) and e ann (U5)

Suppue B € w00 (1) ann(05) Fhen p(n) =0 For
cuch X, & W siw ge wn (W), Ihease g €oan ()
1hus F(Xz/ =0 hr o eh X, e W Sy
xe W +W, the X =X+ fr X W, X ellf
and  dhus f’ (x) = @ (X +Xe) =p(x ) +f(x) =0+ 0 =q
COASCQ\,W\,.:\’(B_ g € am (W, +W) and  we fire
awnn (W) n ann () < onn (W, +n ).

o o (W) A ann (W5) = ann (W + W)
— N




P47 Jq//;(]o/& Aim (V7=l7<<>° and V= W@V
We sl f prove  aon (W) & amm (W) = V7

Supie V= Wal. Lt e oo (W) 0an, (g,
A hem O((X%)':O foc A XJGV\/:& foe A4=L,2 &g
< € ann (W;) ke j=1,2. ket xe V then

Ax e W ad X, e Wy He which x = X, £X 414

X (x) = « (X, tX] D lincacddy of

= &X(X) +«(X)

= 0 +06

= 0
Thug < (X) =0 VxeV = O(=Oé—\/%m~4
fo  welve shown ann (T/V,//) ann (VVz/ = {0]
Tt cemoins b Show onn (W) + amn (W;) = V* ﬂ/lg,
mrgvxm,vd: will be bosed on uxa'r\a the  duol
boses $or Ahe boriy (3’, o W and F‘z of W,

NoJrvv)ﬁof\, @‘ = { -F‘I“/ -Cm S angl @z_ = {2)‘/__/ gnz } whe

N+n, =nN. (ﬂ\”"\ we  dehar duad  bogses Fl*, ﬁ-* Via
-(:i(—ﬁé):&& V [=i,4 =0,
%i(%é):&é V(S[{é =N,

Techr\‘uc.,JLLa -Ci . W‘———e F and %l; I/V; —> . We
/ 0
extend Ahee maps o o of b~7 W\.kku\g A ha
Y\D.NFLQ (“u\iao ‘

f99;)=0 ad 9T (f) = 0

Foc M 12ien, and JEH=EnN..




P43 oataved / Sotry . T horget My (w/cest be((('fg_.

‘ ¢ )
Nofw f' e A (W;) W‘Jn 9% ann (Wz/ 2 e

x, € W, hay Xy = Z'C,;, d; ond
d=
M
i) = 2 ¢ FLy) =
4=

nl
L:Zuuufu/ X, € W Aas X = z b,{; and

-
-

99 (x,) = Zb 9°(£:)

Thw (3‘* c ann (W) and ﬁz* < ann (W)
%A’lu ; I'), = Cpl;"\ /aﬂl? /VVL// and /72 < 0{”'" (ﬁl’)/) /Z-/Zy/

We lnow
e (ann (W, ) + aan (M}) = do (a0 | 'W//'fdw (611 /M///
Kf[&wm (w;) n a/m[Wz//

//(wuuc/ ann (W}/)tmn (Dl/i/ = 0 hIna

dim (oo (W) aan (W) = deom (san (%)) -clim (<20 (W3}
= N, +N, =N

H,oweuer/ ann (W) tann (W) < V* s
A (wnn lW;)—t—Mﬂ(T/Vi)) =N henex

dim (6nn (W) +ann (W3)) = N
ond + bllews  oann (W) +ann (Wg) = Vo and
Wwe ‘ue Shown  ann Wﬁ)@ ann (Wz) = V;
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led T: vV —V le lher and W<V
Poue s T=wmvarinnt i ann (W) isr T —/};var,a,/qf

| Sypse TW SW, Recell we debi Tyt ¥
69 (T*)(oz)(x):o(('r(x)) Ve V* ad xe V/
Tt &« € ann (W) and concidon X & V\//
<Tt)(°<} (x) = o (Tx)) =
Sinw TW) S W giver T € W and « (W) =0 Fwen,
Thur  Tix) € ann (W) and welve phown

Aok T* ([ s ( W)) < onn (W} Thadf !'.r/ QN n /"Z/I/)
| r o 7 — Invas et fm/%lﬂu of ’V?F

<:l Sup@Ou_ ann (W) ir Tj—-fr\ua\rfauf; T*(ﬁrm (’WjjSa,m/j,,/)‘
SUPPDLL W = spoan {91/-—, %kj
\/\/—\.

B exbend b ﬁ:{s,,_,e“,m,-, 9] he V

Thim (ejj 9 9" her 97(9) = &
Vot 9. ¢ w(w) e 9% =1 He iz '2,,14 ard Jely
fe such 3. Hawmr ?)“*’, 9" ¢ amn (W) sire

9° (9) ho  1¥ ) f,, gich and - PiggSn

;} . N - " e — - e R
R — -

J?nu ann (W) (s 'T;tr-muan&m;i‘ wt hb\v( T*(K)CWMZW] V« & annlw)

% v—f(o()tx)._d(’r(x)) =0 nﬂo(é- O\nn(W)
= 9i(Tx)) =0 Wizl n = Eﬁ?)(ﬂx))fl e W,,



