MATH 321: LINEAR TRANSFORMATIONS AND COORDINATE CHANGE MissioN 3 [50pPTS]

Your PRINTED NAME indicates you read Chapter 3 of the notes:

Problem 21 Let S : P(R) — Py(R) be defined by S(f(z)) = f”(0) + f(0)x + f(0)x>.

(a.) if 8= {1,z,2} then find [S]s4
(b.) Find the formula for S?(az? + bz + ¢) where S? = S S.

Problem 22 Let T : R™*™ — R™" be defined by T'(A) = BA where det(B) # 0. Show T is a linear
transformation and prove or disprove that T is injective.

Problem 23 Consider S : R™*" — R™™ defined by S(A) = AT. Prove S is an isomorphism.

b

J } = (a+bb+c,c+d,a—b— c) defines a coordinate map on R**2,

Problem 24 Suppose ®g [ z
Find S.

Problem 25 (20pts) Let V = C x P;(R) be the real vector space formed by pairs of the
form (a + b, cx + d).
(a.) Find a basis § for V' as a real vector space.

(b.) If possible, find an isomorphism from V' to R™*" for appropriate n.

Problem 26 Consider a linear transformation 7" : R® — R3 for which T'(v;) = 3v; and T'(v3) = 2vy and
T'(v3) = w3 for nonzero vectors vy, vy, v3. Prove:
(a.) {wvi,v9,v3} is linearly independent.
(b.) If 8 = {v1,ve,v3} then find [T]s 3 and find [T in terms of the given data.
(c.) Calculate tr([T]) and det([1]).



Problem 27 Suppose T : P»(R) — R?*? is defined by T'(1) = Ey; + Ey and T(x) = 2E); + 2F; and
T(2%) = Ey5 + FEs; extended linearly.

(a.) Find the formula for T(az? + bz + ¢).
(b.) If B = {x2,x, 1} and Y= {Ella E127 E217 EQQ} then find [T]B"Y
(c.) Find a basis for Ker(T).

(d.) Construct bases ¢ for P»(R) and o for R?*? for which [T]s, = [ IS 8 } where k is
the rank of T

Problem 28 Let V = spang{l,z,y, 2% 2y, y*} and W < R** be the set of antisymmetric matrices.
Define T : V — W by

0 f0,0) (1,00 £(0,1)
/(0,0) 0 /4(0,1) 0
f(1,0) —f,(0,1) 0 —f=(1,0)
f(0,1) 0 —/=(1,0) 0

Let 8 = {l,z,y,2% y* 2y} and v = {E;; — E;; |1 < i < j < 4} given the lexographic
ordering beginning with Ej5, — Ey; and ending with Fsy — Fj3.

0,0
1,0
0,1

Y

T(f(z,y)) =

(a.) Calculate [T4.,,
(b.) Find a basis for Ker(T),
(c.) What is the dimension of T'(V) 7

Problem 29 Consider V = R[z]. Find linear transformations on V' such that

(a.) T :V — V is injective, but not surjective

(b.) T:V — V is surjective, but not injective.

Problem 30 Let U, V, W be vector spaces and S € L(V,W) and T' € L(U,V). Prove:

(a.) If ST is surjective then S is surjective,

(b.) If ST is injective then T is injective.



