Marhs 321

Mission 5 (THIS 18 B-RANK)

Same rules as Homework 1.

Praoblom 73

Problem 72

Problem 73

Problem 74

Problem 75

Probiem 76

Problem 77

" Problem 78

_Problem 79

Your signature helow indicates vou have:

{a.) Iread what Cook has posted of Chapters 3 and 4 of the Lecture Notes:
{b.} 1 read parts of Chapter 3 of Curtis:

Let T : B® —» R* be defined by T(z,9.2) = (z+y,0 —y+ z,2,2 +y ~ 22) for all
{z,y,2) € B®. Find [1] and discuss il T is injective, surjective or neither. Also, find the
rank and wullity of 7.

Let T R" — R be defined by T{x) = xy + 2wy + -+ -+ nz, {or all x € B Find [7] and
discuss i 1 is injeciive, surjective or neither, Also, find the rank and pullity of 7.

Let T': ¥" — F” be defined by its values on the standard basis; T'(e;} = ¢; + ;41 for
Jo=4...on— 1 and T(e,) = e, Find {7 (use the dot-doi-dot iype nolatlon) and
calculate the rank and nullity of T. Is T injective, surjective or neither? Find the fornmla
for 771 if possible.

Let T : Py(R) — Po(R) be defined by T(f(z)) = f"(z) + 2f(z). Find a basis for Ker(T)
and find a basis for Range(T'}. Finally, find a bases 3, -y for IR(R) for which {715, is formed
by convantenating the standard basis and coluins of zevo(s). {this Mlustrates Theorem
4.6.2). Note: the empty set §§ is the basis for the zero space.

Counsider W = spauf{e”, cos{x), siu{e) } and define T, 5 € L{W} as foliows T = I — 1 and
S = D*+ 1 where D = d/dx the the product denoted the composition of operators. For
exaraple, (D? + 1)y] = D[yl +y = DD +y =" + 1. Let 8 = {&*, cos(z), sin(x)}.

{a)

(b) find [5]as
(e) Caleulate T'o 5 (set fx) = ae® + beosw + ¢sinw and stmplify (77 SY{(f{z)) )
{(d) Caleulate [T)55(914s

Let W= {P(z) € B(R) | P(1) =0, P'(1) =0, & P(2) = 0}. Find a basis 3 for W and
write the coordinate map ®4 for W. Hint: Tl try to use Taylor’s Theorem and the factor
theorem, Out, it night just be ugly.

find [Tgs

13

Consider the set of quadratic forms in three variables 2, y. 2. Let v = {2%,9°, 2%, 2y, 22, y2}

tN’

ana define the sei of irivariate h.c;m()guimm, pmyxluuums oi order two Ujf
W = span{xz®, v*, 27, ay, vz, y2}.

Observe W is a function space and as it is a span we find W < F(R? R).
If v = 32* -+ {z — y){y -+ z) then calculate [v]..

Supposc T : Pp = T{F,) < Rt be defined by T(f{x fﬁ z)dz. Let Py have basis
B = {3z* 22,1} and find a basis v for Range(T). Fmdﬂy, caicniate P

By



Problem 20

Problem 81

Problem 82

Problem 83
Problem 84

Problem 85

Probiem 86

FProblem &7
Problem 88
Problem 88

Problem 85

[ ; , ,
Let (' = *L ?7 6 l and define 7' : B#? — R¥ hy T(X) = CX.
aat?) A

Suppose 5 = { £y, Fya, Eoy, Eao}. Cadendate [T, 4.

Suppose P{R) has basis 5 and f(z ) Py has [ (z)lg = (‘3 3,12). It v = {g,. r;g,qr;'} ig a
basis for which {gig == (1, 1, 1) and {gajg = (0,1, 1) and {galp = (0,0, 1) then fnd {f {x)}-.

Let g = {(t—2)% (t—2), 1} form the basis for P, < Rit]. Suppose that f{t) = at?+bt+c.
Calculate the coordimates of f{#) with respect to 5; that is, find [f{#)]s.

Let v = {a.b) and find the coordinates of v in the 8 = {(1,2), (3, —1)} basis,

Define T'{ f{ ’I‘)) = flx) + f'(z) + f'(x) for each f(z) &€ P. If possible, find a basis 3 for
Py = span{l,z,2*} for which {T]g4 = I. {or show why it can’t be done)

Let S be a set of objects then S™*™ is the set of m x n matrices of objects in S, For

e . e s L X o ol " . B «
example, if 5 = P then 577 is the set of 2 x 2 matrices with quadratic polynomial
components. Let Vo= {4 € ()77 | wace{d) =0 & A= A"} fad an somorphism from

VieW={XeR™ | XT=X}]

Find an isomorpiism from the seb V' oof 3 x 3 antisynunetric mabrices to the set W ol 4 x4
traceless diagonal matrices.

Curtis 813 #2 on page 107 (this is likely easier than it looks)
Curtis §13 #7 on page 108 (definitions, logic, math glorious math)
Curtis §13 #9 on page 108 (definitions, logic, math glorious math)

We say tr{A4) is the trace of M and define tr( M yoem s A for each M € B Show

that tr € L{F**" F) and prove the fascinating identity Lr(AB) = tr(BA) for multipliable
matrices A € e g e
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We frd tank ([T)) =3 = nold ity ([T1) = 0

/ﬂ/wd/ T e ﬁzg — lRLi S fn'}cgé\'fe , bt net Jw.afa":\}t (T(/f?}j ?'L//?Ll)
R,QLJJ?/ T i -l & WerT= J0] & N (= {0} e>nullity(n=0,

n

T (x) =X+ 2t tnx, VYxell S TR —si2

P\M’\%L&T} = Span {lf ’;—ﬁz %U\J T y Jux(je(_;h'ui/. T(E”} — (72

'HOWQUG.(‘/ N = Cank(T) + nuﬂﬁa (1) = dim (Ker (T}) = n=1 # 0

T v Noer I}I\]LUH‘/&*.

TD e Cc‘.,[aj erﬁ,& (T) = l!/ nw“ﬂ'é (_Tj = r)-——ﬂ

7%.
T audt wh b & bt , A0 i b e besie e Nl (T)
T =0 & X = -26-3~ - ~nX,

2 X= (R -3 Rz, Xy - X")
D X = Xa (-3 +e) + X5 (36 +8) +~#fae +6)

Tons N ) = Ker T= span {=deve |




[P7Y] Y
7 (e;) T L
7 (fn) = f:?,,

We thom expend 4T ¢ [F—s JF "

é&,, Hhe  vedies g Ven a fore
O .
I
{

f 1

[7] = [Tle) | Tia)--| Ttea))

o

Co T

(? oy (f‘j’ Adown dt'&é,‘,,,\qg
: Otg 15 duoan Jwi}“c{{'}:{ayﬂ&j
g -
Note X € KerlT)] = T(x) = 0o

= (X‘/ X‘f-X;/ Xz*“)(.?/ - Kaagt xﬂ*l/ X~ "HQ/"“:C)
= X =0, )(’l'{w-k’z::O/ X+ Xy =0

Y g Kyt T 0
= X =0 Xy =0, X;=0 ., Ko =0
> X =0
= (Cer (T} = {0]

) Ra.ng,( (1) =F" ¢ T is linen 6‘;}.{°+7‘;n

= rank 01 =n] and |aullity (T = o
We fd T U i

U fnjediVe  and swcjeotive . We can And
o hemide fe o TT9) by Solving T (x) = 4 for x
X, =9, = X =Y,
KX, = B =» X, = B - X, =9,-Y9,
Xz+>f3~.=ké3 = X 3 :"-V&g"x ::\/(} ,._(U()_L :J '93_;_3 —f-l{}
X“"i X = Y, =» X, =9 Xﬂ"l = 9, = (%ﬂ~t+%n~a+l§n~3" )
Thows
F‘ () = (%, %= Y-l 9-Yeday, |y, Yty )
~1 ~{ Y@Ed
(‘_)r-/ we  Lowld Fo T (%) ::[,T] 3 U"LN + !")Zﬂcct'd'
{ CQ-~--- ¢ 4 f
L_]_]“g T

- Aeven
C=t i~ -0

tt PIET RS i "{ l




T AR = BAR) debie by TH@) =41 r2f(x),

T (6x*+bx + c)= (&xz+b><+c) " d(ax tbx+C)
= 2004 20%? 42bx 42¢

v

— 20+2C + 2bx + 2ax’

— ,Z&Xz + 2hx + 2o+ Z2c¢ (keepf‘n@ w:% sy

crrd\_efxrva )(?; 3‘.’,!
= al2x41) + b+ ¢ (2) Feom cutt oot )

s Range (T) = gpon { 2x*, 2x, 2]
noe U= {exM ex, 2] serves oo benrt S Rorge (T),
As

dim U‘fﬁr (1) ) + dimn (Rung}g (T}) = cim (d("‘*’f lT)) ‘:cﬁz;m(&mz)):‘j
we fnd Ke,r () = ¥ G; Yawg Q/ 3 e bards
5‘5(/? , borhd  of &fa'haj (3 = fk’?{ X{lf and //’fw.f)

[T]W = [ tren, [ea), [0, |
= [ 2+TX J'é’j [_?x ! ]
= |5 O See Ry
[S Q(} ?] be(gw %I:w:&
mH‘ert pamhte
VT PP

. Sock of Pmél{m
Remark : T (£(x)) = £ %% x)  Ahen T(&X *hx +C) = 2
Range (T7) = span 72§ and Ker (F) = span ,fx,,.«;
Let @ = {x* %, 1] and Y =172 x x%  (xx*¢ Ruage (77)

= [ [Tew), (e, | ), ]
.y el L] ) = [ g ]

o
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ST W= e B (R) | Py=Plo=0 § P =0
b’,é‘r\d b“.‘;:'sﬁ'ﬁir W oaad “R){MWLQ for 'gf(;

Let Pix)e W -
0bserve, P(2) = 0 = px) = (x~2)9 (x)

Observe, PLY = Pl)=0 = Pix) = (x=1)% 9, 1)

Combining dhese, P x) = (x=1) (x-2) (Ax®+ 8x + ¢
’H'\nm{ mwlﬁplat‘\\aj

Pxy = Ax(x~1) z(x«a) + Bx (><~i)z(x~z) + C(><~t)2(><ﬁ2)

{ X0 tm2) g X 01 02, 0%z
Or in o Mmore  Shunda) Au%w’fwv\/ &x-1) (x ~2) = (X "RXH)(X-@/

/

= X “ZKZ"I'X»—Z)(*"QXWZ

= X - yy?® +5Xx ~ 3
L e

[&: {Xgm ’*/xl{;, 5x3~&xz} Xl{—- ‘/X3+5X-9~Xﬂ “"/X +Sx~3’@

this Jecver wo o« basrr ;[,- W, faﬁﬁoém/

Ve X b+ X+ dx e ex +7E (Xs 1x 1 5~ 2x%)
f/ G [ xt-4x *r Sx? ~2X)
.
L v G (X —4xT+ 55X —3)

——
"

4’/

\
= o x*+ (46 + 6 ) X" (56-40 + 6 )Xk (265616 )X o
C 4 (~2c. + 5G)x + (-2¢5)-1

\We waust so*lwf

a=c , b= -1 +G, C=5¢-"G+(, d=-2¢+5¢-9¢,
- = 20, +5C
Wiy Ao Solug Fhase fer < z 2
/W\N hee m% Yy - g —F:_..QC_?

c=0a, c=Ya+b, g= -1
* . vl = (o) dasb, = 1/2)




Phosem 77 conthiinucd

beren my /{ﬁ‘ Chor 7£ ﬁ

_%Eg(ﬁk’%éx %CXfp/x+g,\:{—7f/ L/a%é/
\-—_"_\v—’w
o ~F/

Qu'}‘/ Even f"o/ LAie Cau/(,/ a,/fw w,—,’{.(,

C; =44, G = ffeesg)= Fl-ersFE) - L3

W”Q [V]F = {M"}i’a‘e“i]cj _Sq-’-'f'fv; fo O)fa(im —}

'8 MMV e f” c&mw.,[/

ﬁ\;; (S i a, 5/ ¢, 6{6} 71 hre ndt /}’0(‘%/5}’2&@}{{
We are 5/”/%7 Pix) = ax’¢dx ?4— Cx}%d(xz’fe)(%yfc’f %
NAs

P)= o + b+ crdrerd = O

P} = Sa+ UYb +3C +2d4e = O

P(2] = o+ 16h + sc+9d +ae +{ = ¢

So Wi g Cih v fﬁwf;)rf Servng ﬁi o l)

€ £ n e of Fh
oﬂf\er variedlie o b, ¢

7£.
»e 0\ éar < d &€ 'JC'
R T S R N | e L o o ‘A Sy P
ek 15 4 3 a o] =|e o 2 ooy | (K]
32 6 8 B Q1|0 o o | S, my dY,
Vs, o= H-(Ale (7]

T
!

= 2d + (e)e + y)f

FEjd e e 1) £

!
iy



o |
L_@ N st answer  weve  gshuwn
e

_ J 7 ‘
W = span %X xSy ij, x - ‘f’k’g*fxzwolx/ xi%’kfafyﬂ/?
Henc{ £y e W  Aao AP
— 5_‘ 4 7 2 k .
Lo = ¢ (xuxTesx7-2) + G (X ~Ix T Sxtax) + G ()(f‘fkifx%)
Thus ”[_”qf(x)]ffﬁ (¢, G, C)

7//4

‘f\k% M@-M-v, ’F %aw l{[/tc(a Jo /Vfcl o (’%/
]"*5‘/‘ 35\.9,@ /f/}veﬂ

AxS+ bk Xt vt = ("‘g‘ - g m“!i%%jxf
w(2d + Le + 2 F)x "
+(’:§.d + e + %@{)XE

+dxirex+ £

— c{(xz.w %X5+ 2x - %XU

ye(x - Ex7+ Ix"+ ﬁtx?)

+1C(\--\?‘><+M -+""*><)
7%” > = X hxX x5 5,4
(5’ f 2 X, X~ X+ 4 X +.q?.’.x7<
- X7 st

Then
5—9~ ‘i+ 3 : =
[ax*bx s +dx +ex+7£]é;, = (d, e ).

L




PT8) We=gan v, T37%,9,2; X9 xz 92§
Ve 3x?4 (x-9){(9+ %) = 3X+ xQ-9+x3 -9%

Vo= '3)(1,_%".{.(0)%24- XY + X% ~9Y %
@vlv = (3,-1,0,1, lfﬂf)J

T B(R)— T(Rir]) = R[4]
defhed by T (£0) :JjﬂcCX}d»X et p= 13x° 2x 1]

Le bagiy for Pz(ff?) o nd ‘Fﬁuﬁ basiy ?{ ’Qr RW\;,L (T} (ale. [T/ﬂ?"

Kk
T(&x?‘+bx+c) = 5 @K2+ bx + C)d)(
= (%&x:” + Lbx® +<:><)/f
0

= %‘;—&k? + -émb?ﬁz-f ct

We  find Rcmg,e (T] = Span ?242 /’le; ZLJZ L Lt V= /z‘jz‘fz‘/_
[T]fﬁ}’ = [[‘T('sxz)]Y / [T (ZX)]{ [T{UJY:)

r

=[(¥), | ¥), | (e, ]

= Hc(; ? g] — {T‘l (ﬁz%fe,_f Ao
Lo o F{}/ "7[ D/ obies
[: ~ . _ o o |
QKQ?{o\m/abJ) rvﬂllﬁfi‘j;{' 3 3 ({] A.“::[D I O]

o 0



C = 5 __2.] and  let T : [ﬁzﬂ-«-——a mle be
4 _ ﬁ
Lo/f‘ ﬁﬂé‘J 5’/2/ T(X) — CX . Lﬁ% F = /"vl;:(/ E/‘L/ tgg‘! é:zg,j - [;./: [%

T(24)= [{ 8] = [T

PEN P(R)  heo F:{wm@@]aw fooe BIR)
hae  [400 )= (3302), T ¥ =19, %, 2: f
has [ 9, )e = (1,1) ¢ [‘«’9;]?‘:(0,,1,1) ¢ (9:],=0,91)
Find  [£(x) ]y
We  Aave £xy = 3’\/, + 3V, + (3 Vs Frvm [7‘[)" *[ /‘2’)
Also, [i),]fg =(1,1,0) => 9 =V, +h + V5
[%) = (o0 = 9, = L +V;
L@é’](p = (c'fof }) = %3 ::\/3

We  wirh Fo exprer F(x) i Hery of 2,9, 9

v, = 4
\/2,1“@“\/'3““9;
v, =3, V- ~—-9 (o-5)-% = 9 -5,

Thwt f0) = ’3\f§+- 3V, +2V,

=3(9,-4) +3(8-2)+ 3% (1] = (3,09)]
- ‘B%‘ + 61%3 *




{*\/‘ ) Y .
;Vz = 9. — 9% ;J Pg,‘r = \ Wl l Wz'}‘fl [\/3]{}
Vs = 23 J!

o teon = [ 7 ]

(Pra) g = { Gh=2) h-2) 1] bem Ahe bosic BiR) = (4]

fod  [Fh], he {@)sat#bteC
Cl) = fae FR e LEE B2 by Thylert Th
= Yaszbic + [Bavbi-2) + alk-2) ') =2at + b
“f”(ff) = A

;. [{(*)]F = (a, Ha+b, Harab+ c)

vs g A b Ao p=i 0000 ] el 7]
v, = Ledv = =52 7%

=F L2 1 Jlb

We  (an chech ﬁfﬂ.fv’i/f//

v
-—t{}:(ﬁ-&—?b} LI,Z)%» J@"(Z““E)(Bf"i) = (O‘f b)



T(fo0) = Fo) + Flog + £7tx) B each £0) &b ()
A

Tf /Jas:(/"g&/ fod bogcy  Afor whLh [T]?F =1 [or shew ’?W"‘,w_r.rx?é)

I [l =1 el =795 % Pen TOI=Y,
and TV =V and TG )=V by ALef 7 f [Tjﬂf'
(an we  Jseloe T(-{CK))T““I[(X) 7 Coﬂji’cienj
T = £ 6)
Fo) +4x) + £700) = £ (%)
= fix) + £ =

O
d 4y _
= slfw+ &) =0

= ‘?LX)—F 'F/(}‘:) = Cq
= aylrbxrc + 2ax b T Co
= ax? 4 [pe2a)X + ¥ G = O

— — (o= O

=D = O \’_)TT—C) C = G
¢ -

Hine L) = ¢ i e aly ol & TlH0) = £
’ % e & baiis e Pz.[“?) swch A [T]Ff?:: rq



~ /ﬁff ways ot exp@a%{ fﬁf}“ }Jf’**/?“ o S e .
TIPw) Ry e S )
L run | relue Tyl - o= U ahe W-Mummwwﬁ.
T(f)) — Fix) = |
FETE L)+ £ ) —£) =/
Fix) + £%) = x + ¢
OX +bx+( + Rax+6 =x + C, <= a=o
(6 % )X+ CHb = X
btz a = —> b=
€t =¢ = c+l=¢ = c=26y
Thuy V., = X . ﬁ.;"f A&-:a Chuoge €= o
(T=1)tx} = x+1-x = I
/Uu:'(:, IR/ folve,
| (T=T)(%) =V  oha T =+
T(V%)~ Vi=x |, V5=F
fUx) +£%x) = x
fix) + +x) = +x% ¢,

X

*¥

Ox‘rbxr ¢ +loxeb =t x“r¢ = a=4%
b+2a =0 = b= ~]
C'f”b ol C} == :Ciwé =C )

Thwe vp = £XT=x WA 4o, Wik ¢ = {1, x +x%-x)
e _:h‘"‘”{
| T = | (tl, =(0lo,e)
() T (X) = X4+ | LT(K)JF = (1,1, o
(¥ Tled-x) = Lx-xax LTl ) = (0,1, 1)

e = [é I ?J

Hhis iy a(&mmélg tha ot beok dhirg Hv 7
g (o FW;\ 7['15;”" [T]PF



[Pss

V‘:%Aé @(/E//am/ tr(A)= 0, ﬂ“:ATj

Wo={ X eR™ xT= x]
Fimd @ IS gom a//p/?/_fm 7[/604.« s 7ZL$ 74

Rimork = "V fad 7 1s diHecent Hon " Find and proce

Vs oes a0 [Pu«) ﬁf’f)]:,qr
AEV >Aﬂ{htx) L'Lx)] ? Yi(x) 1{x)

Yo () =L 4009 =0

= p = [f(x) ?J()f)] tfor F0 i) e F 1R)
9(x)  —+F lx)

=D A e /'aa'f'ﬁf(){"f“ﬁa)(z)&g‘f‘{)‘)(_{_bz)if}

bot+b x + bz)(lj-*au ~A X 4,y

X a b
But, W={xger™ | x7T=8] thouw hoz- [bdi]
C e 1C
\)\:) f"mf{“” £ Wain I}’\.ﬂﬂ(“)vh d’;' E - K (/l/( (_u/t,arf"/“ of

( &01,,—1—&‘)( + 0, X f} +b, b, xt ]) 2 Uy
&,'{"{)‘ )(T‘fh.k’ QMCAX (’]x b{
L b .

o

T() preve Y tr I-fumor/:a}h;!.m we 't /’\Qﬁ(j 74)

@!Vﬁ Sor~ fuppaff?na Cummeuf“/a/?uﬂw,{}
/1/1"”"){ f f; e /.f’/} £ (Jt(}.fpﬁw\ )




[PAosian #6)
) ot

/’)10»4”/?214? s

ffsz’)'?a

Ve fre” fan)

/f?/?f?)% 7§’ﬂm
YxY Afracelers d!mgdﬂu( el Ve ds

X3 an jJ&’,?)’?W(C

W { /U /a%éme

X 5[—'1‘ ~G~f-¢

~a =0 -¢

el

7= BArs Fer W

TI«/I{ 0 =85y =n
ord 3,7 bmm q‘w \981% <
respechve Ahon _g = ! “’}

P(vi] = s

dor [= L 2, - 0 E){.Lﬂvu.ixd
hth f_w’tp d%‘hw Uumn uriahlm‘{j
trom W tuing

/ﬂ\% QXFEAJ /zkgo\fé t z)éﬁ»:‘h fﬂfam::«?/u,:p« %':T/“_“}'PV



@E P37 P /CF . Eiven e

S(u) = urih T) =t U = b
T (4] = (f, -3
plM] = —u, - U, T ) =24, il i &
) = - Pu, -2,
Fof ] e B U o] s AV adu, g g ‘A
' “asr g -
S: V—V T:V—sV -
(O DA ——n
ki e b S N o’ W
Rometl m'd g hed T onld heve gusd ok o Wiﬁ&‘g@);’i’{mgi AL

(a) [Ty = (Ustua), | Lstw), ] = [ww by ) <[t
clearly Cof, [S]Ff = —~caf?, [5]%, =3 Cank £SJFF =

and QA = Canh [ [S) + ﬁwU:jr (U] . —
» o0 9 W) =
___—,44—- N’"kf.s*):: i

can caltadot directly
/y

or we
T {®xu, +% U] = O
= X T (U] + 9TLh) =0
=> X (U -%) 9 (u) = 0
= XU +29 -x)U = 0
= X =0, 29-x =0 by &I o {“«/%}
= X =0, Y=o - e (T)= 0

v (1] =laallity (1) = 0] and w0 V(75 rank (T] =2

Whu
e hnd ekt (T = 3]
Edam
I o0~ PR -
Wy = |10 st z&;f_;]
~ -3 ~a | G0 lo-3 -3 ©o -1
BU& now ik clear r"cmbt {,U = 3 )(\MAS/




Pt  tonhnued
- _f, _
(6.) (pu//}\ T arnd U7 are Ué’(/ﬁ’l)(f}ﬂf Aer ¢ T and T /
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