MATH 321: INNER PRODUCT SPACES, NORMS, GEOMETRY MissioN 5 [50pPTS]

Your PRINTED NAME indicates you read Chapter 5 of the notes:

Problem 41 Explain why the following formulas do not define an inner product:

(a.)
(b.)
(c.)
(d.)

Problem 42 Let [ be a basis for an inner product space (V,(, )). Prove:

(a,b), (c,d)) = ac — bd on R?
A,B) =tr(A+ B) on R?*?

(21, 22), (w1, wq)) = zywy + 22w on C*(C)

o~ o~~~

(21, 22), (w1, ws)) = 2wy + zowy on C*(R)

(a.) If z € V and (x,z) =0 for all z € 8 then z = 0.
(b.) If (x,z) = (y,2) for all z € 5 then x = y.

Problem 43 Suppose {vy,...,v;} is an orthogonal subset of the inner product space (V,( , )) and
k2 = Sk 1210112
suppose ar, . .., ay are scalars. Show || Y0, av;||* = >, Jas|*||vs]|*

Problem 44 Let W; and W5 be subspaces of finite dimensional vector space V. Prove the following:

(a) (Wi +Wo)t = Wi n Wy
(b)) (WyNWo)t = Wi + Wy

Problem 45 Let V' be the vector space of continuous real-valued functions on [—1,1]. Let W, be the
subspace of even functions in V and let W be the subspace of odd functions in V. Prove

Wi = W, with respect to (f, g) f f(t)

Problem 46 Let W = span {[ _01 (1)

product (A, B) = trace(ABT).

} } for a subspace in R?*? with the standard Frobenius inner

(a.) Find an orthonormal basis for W+

(b.) Calculate Projy . [ CCL Z }

(c.) Calculate Projy [ CCL Z }

(d.) Find the matrix in W which is closest to [ _11 ; }

Problem 47 Let T be a linear transformation on a finite dimensional real inner product space (V, ( , )).
Suppose T" has an orthornormal eigenbasis. Prove T is self-adjoint. That is, prove T = T™.

Problem 48 Let SO(3) = {R € R¥3 | RT'R = I,det(R) = 1}. Show that: If R € SO(3) and R # I
then R has only two e-vectors of unit length for which A = 1.



Problem 49

Problem 50

There is another aspect of the real spectral theorem we should explore. For example, if
AT = A for A € R®3 then there exist rank one matrices E,, Fs, F5 for which

A=FE +E,+ Es

and Col(E;) = Null(A — \;I) for j = 1,2,3 where A, Ay, A3 are the distinct eigenvalues
of A. Suppose u,v,w form an orthonormal eigenbasis for A with eigenvalues A1, Ag, A3
respective. Define:

E1 = >\1UUT, EQ = )\2UUT, E3 = )\3wa

Show: E; + Ey + E3 = A and Col(E;) = Null(A — \,;I) for j =1,2,3.
Hint: use the orthonormality of {u,v,w} and the fact you are given Au = A\ju etc.

Let T': V — V be a linear transformation on the finite dimensional inner product space
(V,(, )). Show the following are equivalent:

(a.) T°T = Id,

(b.) TT* = Id,

(c.) (T(z), T(y)) = (x,y) for all z,y € V

(d.) If 5 is an orthnormal basis for V' then 7'(8) is an orthonormal basis for V'
(e.) |T(z)|| = ||z| for all z € V



