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MISSION 6 |

Same instructions as Mission 1. Thanks!

Problem 101

Problem 102

Problem 103
Problem 104

Problem 105

Problem 106

Problem 107
Problem 108

Problem 109

Problem 110

Problem 111

Problem 112
Problem 113

Problem 114

Your signature below indicates you have:

(a.) Iread Section 7.6 — 7.7 of Cook’s lecture notes:

Let V be a finite dimensional real vector space and suppose T : V — V has T? = Idy.
Define M ={z €V |T(z) =z} and N = {z € V | T(z) = —z}. Show that V = M & N.

Let 5,7 € L(V,W) and define M = {z € V | S(z) =T(z)}. Show M < V.

Let T : V. — W be a bijective linear mapping. For each S € L(V) define ¢(S) =
T>SeT~'. Provethat ¢ : L(V) — L(W) is a bijective linear mapping such that ¢(ReS) =
P(R)° B(S).

Let V be a vector space and M, N <V and z,y € V. Prove:

r+MCy+ N if and only if MCN and z—y € N.

Suppose V is a vector space over R. Furthermore, suppose V; < V and Vo < V. If

Vi+Vo={z+y|zeVi,ye€ Vo} thenis V3 + V3 <V ? Prove or disprove.
Show set of antisymmetric n X n matrices over a field F forms a subspace of F™*™,

Consider T : R* — R? defined by T(z,y) = (z + 2y,2z + v) find the matrix of T with
respect to the basis g = {(1,1), (1, —1)}. Also, find the matrix of T? = T - T with respect
to the 3 basis.

Let V be a finite dimensional vector space and 7" € £(V). Prove:

V = Ker(T) + Im(T) iff Ker(7T') N Im(T) = {0}.

there is an interesting continuation to this problem when Ker(T) N Im(T) # {0}, perhaps
we will return to it later in the course

Let N be the set of vectors in R® whose last two coordinates are zero:
N = {(z1,22,23,0,0) | z1, 22,23 € R}
Prove that N < R® and show R® ~ N and R%/N ~ R?
Let V be a finite dimensional vector space and M, N subspaces of V. Prove that

dim(M) + dim(N) = dim(M + N) + dim(M N N)

If V = W1@®W, then show dim(V') = dim(W;)+dim(W,). Assume V is finite-dimensional.
Show that dim(V/W) = dim(V') — dim(W).

Consider the quotient V' = R™"/W where W = {A € R™" | AT = A}. Show V is
isomorphic to the antisymmetric matrices.




Problem 115

Problem 116

Problem 117

Problem 118

Problem 119

Problem 120

Let V, W be finite dimensional vector spaces and suppose S C V. Further, you are given
T :V — W is an isomorphism. Prove S is LI if and only if 7'(S) is LI

Suppose T' : V' — W is a linear transformation with ker(7T) # {0}. Let U < V and
consider the quotient vector space V/U. Suppose we define T(z + U) = T(x) for each
z+U€eV/U. IsT :V/U — W a well-defined function ? If needed, add a condition on
U to make T a function.

Let F < L(V,W) be a subspace of non-injective linear transformations. Given that
dim(V) = n and dim(W) = m, What are the possible dimensions of F ?

Let V* = L(V,R) for a finite dimensional vector space V over R. Thus a € V* iff
a : V — R is a linear transformation. Suppose V' = R” and define €'(v) = v for
v =)=, v'e; (this notation does not make v* a power, rather it is just another notation
for the i-th component). Show that 8* = {e!,¢?,...,e"} forms a basis for V* and show
ei(ej) = 623

If a(vy,vs,v3) = v1 + 3v; then find [a]g« in view of the notation of the previous problem.

Let V and W be finite-dimensional vector spaces over R with bases 8 and 7 respective.
Also, define dual spaces V* = L(V,R) and W* = L(W,R). If T : V — W is a linear
transformation and S : W* — V* is defined by

(5(e))(v) = a(T(v))

foralla € W* and v € V. Then show S is a linear transformation and find [5],- 4-.
Here, we define dual bases * and v* as follows: if 8 = {f1,...,fa} and vy ={g1,...,9m}
then f7:V — R and ¢/ : W — R are defined by linearly extending the formulas below:

Ff)=6; &  g(g) =26y

Note, we set-aside the usual notation for exponents in this context; ¢! is not the number
c raised to the i-th power. A useful lemma is given by the following observation, if
r =), cf; then fi(z) = ¢". In other words, the dual vector f? gives the i-coordinate
of z upon evaluation. (your answer should relate the matrix for S to the matrix [Tz, )
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Let V7 be [fe—vff—ﬁf.rﬂa-u with chim V<o sud a
I(’ACM '{'Ymn_r}urm%v'n 7—: N — v -.f-f'. T e =t I'dv ]

Deft M= fxeV [T(=x}) &§ N={xeV[ Tl)=-\}
Show V= me?NJ

-.lz (X + T(x)) + Jz-(-T(x) +X}

-  >——

Cong  dn, wifh 94 3 dehRedas abwe % =

Let x e Vv Ahen obrevve X

T () = T Ll—l(x +T(x1)]

= LT + & T(T(0) ) Aoy, (x) = x
2 —_—
= T(x) + 4 x Tx) = T(Txl) = X

<
= % .9 oe N\
e wize,
T(3) = T(Ex-T0a)
= L T(x) -4 T(TW)
= 4(Tx) - x)
= - 3(x - TX)
==% I, % €N
But, Xx=u+3 ww arbitg ot in V33 V= M+
Next, wnasidn X e MAN Hhw T =X and T(x) =-x
Y, X = =x = x=0 =~ NMnaN =40} W,
heve  shewn V. = NMe N
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_;_:/ 3 or mere th = bt more gubt e,
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broz) Let S, T € L(Yw) and M ={xeV[St)=Te9),

Observe, M= {xe V IS(X) = T(x)}
= {xe v | (S-—T)(x)-_-c:]

= Wer (S-T) =
Thoet u AW iy W ijJPau of Voo F ir »fig Uernd of
e lren Franshemetion S—T .,

Let T:V—>W be a lanear bl;}-c choa. [For each
S’GdC(V)=of('V;V) dehia S—A(s‘}____Tosa T-i
qs E af [vJ —p a/ [W) r G l)u'coh\:« /l;\ta./ ”‘*40/7/;12/

suck it $(ReS) = $(R]e (5]

Consida by properties o e mups and He L
from Mission 6
bs+S,) = Te(cS+ ST
=cTe S eT + Te 5T
=c ¢(5) + ¢(5)
Thos ¢ iy linear. Moreover
$(S)= TeSe T WV — Vo W
thus ¢(S) = W W and i dhen a0 it s SAPPRY,
Thas ¢ 2 LIV) =L (W)

by S compods [Hm of linens moeps .
¥
tr_r /J'huv J'Vﬂf\.fdlu Mm Wf conld fo-‘a 45 6',7( ('([7/ a‘(’[l_/l///

oI—& (eﬂ\.c\l-r\,r ‘\'\) show CP 5 bldc_uhon nnch M l/\-‘-!d.r
Let X éof(W) and C)n,gf&b\} T e Yo T :W—W

wilh $ (T 2eT) = To(ThgeT)e T = X
K 4’ ¥ Su\rdcuh\/e Now + prive d s :'r\dcc:h\/c/
nobiw ¢ (T) = T o Y T is  an .\:ww mopptivg Fur d ;
c}»(dy" 7)) = (T egeT) =Te T e ¥ V=7 ey
| e
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@ i+ i Casy t  prove 1= From ravers E’Xr:r/’!)v/
fig)=¢(7) > ¢(4&)=-4(d1)) > 2=7.
I”_J‘m.a? ‘/'an 'h) X’/
C;b [}?;;S) = T"’ (ﬁaS)o 7—"’
= T oReT o Te SoT
=@ ReT o (ToseTT)
= &(R) o ¢ (S).
Nohw o£ (V) wnd o/(w) are ol o] W'/‘i (,am/oa.fl'}ﬂ/"‘l-

Tha mop 45 e n-l;_/J_ﬂra (romerphiern [ presecves A
4‘1( ve Ll’ﬂ/ f’ ) J’ﬁ'/mu/vfe ;/f’ aﬂ (V/ and ‘ﬁ\l C#M/Oﬂ.flﬁd«\
t:f* al’fmn.r'rccrr /fﬂ\em ‘AJ g/[W)
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Subrpeu

Ac_f V be o vechr spaw and M/N-&J V oend X9e U
wr McysrN & MSN and x-9 &N,
Subsok
=2| Agnea x + N\ € BW+N_ Let me N A
X+m € x+ M € 9+N = InelN s.t. X+m =%+h.

Plse  x+0 e X+ =9+N = Xe W+N = 3N, e N o d. x =91,
Pt Ahee ks Togethen x =Q+N-m = %+, =D n-m=1r,

s mz=n-n, amd 0 N, eN =2 melN . M N,
o meMe N = meN

P/v.r(

N\.orv.o\'tf/ X-%Y = n—-m € N
wd N EN 50 nN-m elN oo N waspo»{& ot V-

<] Agunns MEN and X-9 €N, et % € x+ N Ao
Ame M s.t. F=X+m. Now | x-49 eN = xX-y =n Hr
gore e N. Furdlwmece, ke me N a0 we hove M N,

Observe, 2 = x+m = X=Y+94+m = NtV +M =9 +M+n < W+ N
€N

Ahws x+ N < W+N



Plo) 'V a veiche- spaw pue /R V!g V and Y < V.
/

o VitV ={X+t9[xeV, yeWlthe & U+ <
[Coin s V+WB = V°

v 7

P/M’[: 9‘3 'r“'b‘r/)“"“' '”EWM- Sine V: ¢‘[{

/e .fu..bp/ueo 07[ P‘
)(}WJ both  onfn O EV henc

0+0 =06 V+V #&
Lot ’é”%z e V +V fhon by detinFion of Sha
Sum V +Vs we hee JX x, e UV and Y, 9. el
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ard  tong i,

c3 +3, = {x+9)+ X, +Y,
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e

e lemant of dlemud:
V: “a VeV Vv, o
Vz £V
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’rL’W bZ) Jwa/JMu_ #\&ufem e CUAC.[UW(L V'f'%_T/.

Show M ={AeF™ [A"=-A) < F
T

Pfur“@/ Observe 0’ = 0= —0 ra 0O & J_/V\_ #_" ¢ 1—][
TABEM dham (B+B)T = KT - p-8 =-(At))
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g4 = <P ++(8),



Let T : iZz——’//Zz y(.ul;ma{(:y/ 7"(><7’}—(><+ng 2x+9 )
A

el [TJFP Ffor F {(*’ ’) (1, 1)} and  And metiix :r7L 7 wert F

=[] = 617 = L[] [ ]
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/PIU? Pr‘“’f for T:V—V 4 /Jih o f—"""‘f%'f/mf-ﬁ;,‘/
V= Wer (T) + T(V) < Wer (T)f'\T('V)‘—“-\)cf}

Obje.fve T cV/ —V hay bo'ﬂx Wer (T_) and T (V) ar
swhspaws of V. Theredsre we muay apply Hhe

Ceswbt of fo nicely cole i MEKeT, N=T(D)
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dim V= diw Wer T 4diom T(V)
Thw,

—
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e
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Let N= 0x,%%,00) | X, % x eRj< JR°
Pove N = RS and  shao R =N and R, = R

L et %:/Es———; Y e olehred by
(K, %, X, Xy, Xs) = (X4, Xs)
Fhen O©brerve
Hor(¥) = 4 (x,x) € R7] (%o, %) = (0,0) f
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Al nela ¥(RY)= R°
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e T

1 g 5 =
V= e umarphum
Arsrem

Firally fo 1ae RN let F:iR’— N be

de-u[ﬂ-\cc/ "} F (X!\Q/Q-) = (X/‘{JIE/D’ o) - invile ’/ﬁe
— . - = % 3/\!
Cerdin  Fo w.r!:;la F v a hhew b\j‘d'“'\ v Heree T "I; N /)

Let /Vl N < Vo owih Aim V < o0, Pruv-g
/\/L‘-‘-k Alm M '\"d\.m N —-—d\w\. W\*N) + AIM(MHNJ
Lex @ = AV, Vel be basis fe M
L6+ ez = J\W‘ g o WS} be b oty 'fbr N
Observe M+ = Spon (@iU(S,_) o X4Y e M+N  hw
Xe M ad VeN hena X= Z‘C;V: and Y 6—2' b,éWa
S X+ = ZI GV, + Z,b‘a W’B € Span Q,V'J"} Vr.‘ W‘/ it W_’-]:“IPKI\ {F’Uﬂ")
)
Huwuar‘, (J' (:'?__ maaks\' not be L TI. g a) o \hewnr cthmtbku,

l(\ @\JG—L r| Mmw it vl Lefween C?: EIF-,_ 6d @
Vicn . 0 @l af @1_ 0'-1-0/\:. ¥y ’}0({5\0{«/\1&\. (."d T o4 ?, alfl..
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s
If \/i‘:zbéwg' Aham V;éﬂ’]anr./l/,-éf\/
5=

theos Vi € MaW, //MOOII"){? ﬁ, v e 6? r'fim«:vnlJ each
¥y & MHN vatil we are (et wihh & LI cet. We Aavw

this process (r haite o diom (V) <=2,

y = {v,. éﬁ,%f\/;e/\/\nw} [de hi, #J’:ﬁs’r)

@[uﬁ"- Y = LI I&'l- U“I'\i(.‘f\ SPO\-f\.S' M_}_N

B? J(L-n. il /H'\corcw\ uul/\iub\ S)m-f\'ui wie fW*a MNeMove e ghes
Nonma @  sponnig set w/o ‘*-/7(“'""{7 e gpan provided cac
velhr remaved was idself i 74 Span of e /emm,,}:?' Vel

F;‘mﬂ;/ we reed do explam w/\7 YV Prme a bari A
ma . Nt Mol i a sobopsa a0 is earily chedhes
b? tha sibipra Theswm . Cell, X,9¢ MAN = x qeM
wd x9eN D xrsel and xrg el = cxey e M
Also, Y@ Ho Y is LT, Let T e MAN Hho

2eM and Ze N K 3£ span ¥ Ahon v, , v, € =Y
st. =GVt rG U, € N=spmp, A I a lihew
a’@pena(ﬂma. befween P,'Y and B However 6V Y wos
contfroikd o be LT Aena fhis shows 3 & oan i ir impeisb e
((’.X(.ep‘ll 3 =0). Thw Span ) = Y iinrd MAN and  we om,,‘{;

du‘v\ m =t = #(@r/
ﬁl‘m N =8 = FF@;)
dim MaN =p = #(7/
dim (enl) = 45— p = #(puf—T)

Eliﬂ\'-l- dm N = Aim (N\-FN) + Atm (N\QNUH s =(r+r-p)4.@)




Suppose V= WO W . Foe dim V= din W +din U4
Observe | by atsump fin f V= wen, +the V= W, # g
he W, W =V and WaT=40) Lot B, be basi
he W and [ s basls h- W, We “argina F:F Y3
is a bas/ir A V. Fffr‘f’ it eV Ahon IX eV

wifh X€EW and Ye W f, 2 = xsu, Bt Xe spanf3

and Y e spanf. DD X = GVi+-+ LV, whany (3,"—‘{1/,,-.) Vi /
and \g:b‘Wl-l-—--—l- bJV\_fr UJ]'\""-'- F'L "—"{W',-—-, Vl{s-f_ H«:nq

B =XHY = Vbt (Ve bWt r by @ Span (F’, of:).

“Thws @‘UFL Spons Vo ﬂ/txf‘/ Cen ) tdan

0 = QV‘ .;..,-,{.(r(/{_-f-b‘,W‘-l---—-f-éfW{r = 0+ O
;_._\'/w \_,_m
X 7
‘/{gnu,l (,_3 uﬂfg‘«}tel\m a‘f‘ Q.Xpo\n.s,'.m w,r;f:, UV; d“[jt/; fe,r,g&c/n;c

we Hfnd X = o and 9 = o. (3._,-{/
X=o0o=¢V + -+ V, =2 (=0 .. (G = o.

Jd =o =b(V\f,1‘-—--'+'QrW3 =D ()lza( 64':'-’3.
Thws (3‘ UFL s LT, Can.rufvcv-ﬂa F:F‘, Vs is bariy £ U
Nty w(8) = F(E) TR

dim V. = dim FV\/" £ chim U\/,_
—

Rovnosh 2 pr‘ubdsha T codd hove Shof—cck  mudn of
Ands By g Ve of My Fedure WNoker WMl ad |
9«.}?{:/ 1 &c:k\&u-uxg, “’—’P’?f +v thl?gm"_:&‘f’ ™ 320 port (fil}
whida i WA e r‘ul%/ r~ed. Ln ‘Ft»—d'/

V= W ew, =5 (37: fluﬁz ¥ Lost e TV

won basesr be W
2 G' d @1 ﬂéﬁi:pe:ﬁu‘e/i

S



(Pi3) Show dim (V/w) = dim(V) — dim W)
Let W=V and considn FW ={w, ., Wr} a baciy for TV
Extond Gu Fo boss = JW, . W, Vi, Vo] a beii fur V.
Leeh P Shvw

Noha oim V = #(p) =1 +P We
Y- {\4 + W, W, v, + W/
Server a) a bausir e #\9 2&(07{/‘\5»-5(' % T
{ b )5 ' LT 4’ o !’ 5
[)6(() h 9 exXom ‘mn&»\/ L B 3; (end dun
¢ (v+W) + G (Vu+ W) + -+ G (G+W) = 0+ W

o Vot GUY Gl + W =07 w

= V+Ghet Gl € W
Howevt:  Span Wi, .., W, } =W and 8 b AT Jhwe
GU+ GU+ -+ Gl =0 6o GVit—-+GV, Fo
would imply  a Iheor elependena Detvern Vi) ¢ ?Jm/’/’
Note e GV, * GU+—-7Glp =0 = =9 Ga=0. (=g
b? LT of 4 S Y ir & LT et m Vel

Next  wnsidn X+ W € V/w Ahen 3G, ¢, b b,

Pach AKX =GV G THWIE i 2

X+ W = V,+-~ +C Vp * W = ¢ (W*W) #--+¢ (Ve+n)
PO X — GV, = CpVp = W bp W e W (vary Frp. 2.6.1)
Thws  X+W € Spon {V,-i-W/.--, VP+W} = Jpon (7). %emﬂ"?/
e pnd Y s bosi Pc Viw etk #(0) =p

dim (V/W) = P
dow (V) —-du'm(W) :(r‘-l- PJ -~ r =P

dim (V) = dim W — dim (W)
—/
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[Pl1y] Jet S'=7A)AT=4] anu A=7a]A"=-A]
17 N S; /—2 c nxfl’ JAow /7?‘”71/1/' ~ /q- -

Let T : R™— RT" be desred sueh Rt
Wer (T] = W . A sumests reflechin suggecty we um
T (A) = A-AT
(o (1) = 4R @™ A-RT= 0] = {Ae™|a=A" J = w

To cee T s l\-‘r\ew', Just vse  preperhes of +r€&'f\.!Pa_(.{/
T (cA+8) = ch+B- (cA+8)"

= c (A-NT) + (B-87)

= c T(A) +TI(B),
Considin B € TU) = 3= A-AT Hfir fime AeR™
But, Aha 6T = (A-AT)"= A"=p = ~(A-AT) = -8
henw  T(R™")
Moeorer, T (%) =%~ (5)' = £+£ =e -
e ol axw‘\‘iJUmmmLffc metrix = TR™T) = A .
The 1% igumurphitm thamom applicd o
T: R™ — 07" el o Ahet

R ~ T(R™) : W7 o
%(er(T) FL ) % ~ A

3 camprf.reo‘ ot O\f\'f'f.rbmmf‘/;'c M /a0,



Lot ’V/ W be V-spaus of Ambe dimengiin. Let S< V.
Let T : V—> W be an ifamorphidm . Prove S LT & T(S) v LT

let S=15,%, .5/
=>| fuppere S is LI Congidn T(S)={ T(S) T(S:)_ T(s))

d o aTGE)r aTG)r =+ CGTIS ) =0 dhen by lheardy

T Cos,em+6s)=0. Bt T is muerhble henee T (0) = 0

ond  we find ¢, S+ -t CeS. =0, N ote LT ch S| ’ﬁ"en

¥
Feveodo #rom % ot c,—;o/.__}

C- = o /fhu.f T(S’) ‘s LI_

&) Soppese T(S) is LI, Grsidn ¢S+ v 5 =

6brerve T(¢S, +---+ S ) = T (o) \a\'e,[d,o
¢, T(5)+ =~ L T(Sf) = 0

Henw ¢, =0, .., & =0 ba LT « T(S). %crohfc/ SJ

(]
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