MATH 321: MULTILINEAR ALGEBRA, QUOTIENT SPACE, ALGEBRA MissioN 6 [50pPTS]

Your PRINTED NAME indicates you read Chapter 6 of the notes:

Assume F is a field and n € N and V' is a vector space over F with dual space V* = L(V,F).

Problem 51

Problem 52

Problem 53

Problem 54

Problem 55

Ifz,yeVanda,feV thena®p: VXV sFandz®y: V*x V* — F are given by:

(@@ B)(z,y) =a(x)By)  (z@y)(a,B) = a(r)B(y).

It is simple to prove a® [ : V xV — F is bilinear on V and x®y : V* x V* — I is bilinear
on V*. Furthermore, if ay, e, 5 € V* and ¢ € F then (ca; +a3) @ 8 = c(ag @ ) + e ® 5
and f ® (ca; + as) = ¢f ® a1 + B ® ay. Likewise, if z,y,2 € V and ¢ € F then
(cx+y)Rz=clz®z2)+y®@zand 2@ (cx+y) =czR@r+ 2R Y.

Suppose V' is a finite dimensional vector space with basis T = {vy,...,v,} and dual basis
T* = {v',...,v"} defined by v'(v;) = &;; extended linearly. Prove the following:

(a.) If B: V x V — F is bilinear then 3B; € F for which B =Y Byv' @ v’

ij=1
(b.) If T: V* x V* — F is bilinear then 37;; € F for which T = Y~ T"v; ® v;.
ij=1

Consider o € V* where (V,(, )) is an inner product space. Then we define fa to be the
unique vector for which a(x) = (z,fa). The vector fa is sometimes called the Riesz’
vector of a. Calculate fa for the following:

(a.) V=3 a(x) =21 + 229 + 313
(b.) V==C2 az) =2 +iz
(c) V = Po(R) with (f(x), h(z)) = [ f()h(t) dt given a(f) = f(0) + f'(1).

Suppose (V,g) is a real geometry meaning that V' is a real vector space paired with a
bilinear, symmetric, nondegenerate form g. Given basis T = {vy,...,v,} for V and
a € V* we define fa € V by a(x) = g(z, fa) for each z € V.

(a.) Prove f: V* — V defines an isomorphism.
(b.) If b =t~ then find the explicit formula for b(x) when z = > 1" | a'v;
(c.) Show (V*,g*) is also a real geometry given we define g*(«, 5) = g(f, £3).

Let S,, be the symmetric and A,, be the antisymmetric n X n matrices over F. Prove that

R™"/S, = A, and R"*" /A, = S,,.

Consider V = R[z] and W = z*R[z]. Show V/W is a finite dimensional vector space. To
begin, find a careful criteria for

f)+W=g(z)+W

then propose a basis and prove it is a linearly independent spanning set for V/W.




Problem 56

Problem 57

Problem 58

Problem 59

Problem 60

Suppose W < V' where V is a vector space over F. Also, let T : V — V be a linear
transformation. If we define S(z + W) = T'(x) + W for each 2 + W € V/W then does S
define a linear transformation on V/W 7 Discuss.

Let (V,(, )) be a finite dimensional real inner product space. Suppose W < V. Let
ann(W) ={a € V* | a(w) =0 for all w € W}. Construct an explicit isomorphism from
ann(W) to Wt ={v eV | (v,w) =0 for all w € W}.

Let vector v = (a, b, c) and define
wy = adx + bdy + cdz & ®, = ady N dz + bdz A dx + cdx N dy.

Here we use the notation dz, dy,dz for the dual basis to the standard basis ey, es, e3 for
R3. T usually call w, the work form and ®, the flux form corresponding to v. Show:

(a.) Show w, Awy, = Pywuy where v X w denotes the usual cross-product of vectors in R3

(b.) Show wy Awy, Awy, =ue(v X w)de Ady A dz

Let A® B = [ 40 1 where A € F™*™ and B € F¥**. Prove that

0 B
det(A @ B) = det(A)det(B)
using the wedge product algebra definition of the determinant.

Suppose S = {(1,0,1,0), (4,3,5,2), (a, b, c,d)}. What condition(s) on (a, b, ¢, d) are needed
for S to be linearly dependent 7

(a) find the condition(s) via the row-reduction technique,

(b) find the condition(s) from the fact that x,y, z linearly dependent iff z Ay A z = 0.



