MATH 321: COORDINATE CHANGE, DUAL SPACE, QUOTIENT SPACE MissioN 6

Please follow the format which was announced in Blackboard. Thanks!

Your PRINTED NAME indicates you have read through Chapter 7 of the notes:

Problem 91

Problem 92

Problem 93

Problem 94
Problem 95

Problem 96

Problem 97

Problem 98

Let Wy = span{z + 2,1+ 2*} and Wy = span{1 +z,2? + z*}. Find a basis for W, N W.

Find a basis for W; + W, where Wi, W, are the subspaces of P3(R) described in the
previous problem. Do your calculations check against Theorem 6.7.8 ?

Example 7.6.3 shows a calculational technique to find bases 3, for which 7' : R* — R™

% 8 } where 7 = rank(7T"). Follow that example (use technology
for the row reductions!) to find such 8, v for 7' : R* — R? with

has a matrix [T]g, = {

10 -2 0
T]=]13 -2 6
2 0 -4 0

Let v = (7,9) and suppose § = {(2,2), (—1,1)}. Calculate [v]g.

Consider bases # = {z?,z,1} and 8 = {1,z — 2, (z — 2)?}. Find the coordinate change
matrix Pg 3 for which [v]5 = Pj 5{v]s for each v € Pa(R)

Consider R?*2. We have the usual basis

8- 10 0 1 00 00
= 00’00’11 012101
and less usual basis

s_f[1 0] foo0] [o1 0 1
c O0{"|0 1|1 O} —=10¢|f"
(a.) Find the coordinate change matrix Py 5 for which [A]z = P, 5[A]s for each A € R2*2
(b.) Consider the mapping L(A) = A”. Calculate [L]; 5.
Let 7 : R? = R3 be a linear transformation such that:
T(vy) = vy, T(vg) = 2uy, T(v3) = 3uy

where v; = (1,1,0) and vy = (1,—1,0) and v3 = (0,0, 1). Find the standard matrix of T
by an appropriate use of Proposition 7.5.7.

Suppose T'(f(x)) = f'(x) + f"(z) for f(z) € Py(R).

(a.) Can you find a basis § for P,(R) such that [T]pp = I3 ? ‘

(b.) Find a subspace W with basis Sy and basis y for P5(R) such that T|w : W — Py(R)
10
has [T|W]/3W i 01
090




1000
0100
v ={E2+ Ey, I} CR¥2 Find the formula for 7' : Py(R) — R2*2 and find [T)5.5 where

B={a% 2% 2,1} and 5 = {2(E1p + Ey1), 31}

Problem 99 Suppose T' has matrix [Tz, = with respect to f = {1,z,2% z*} and

Problem 100 SupposeT": V' — W has Null([T,) = span{(1, 1,0), (0,1,2)} and Col([T]s,) = span{(1,0,1)}
where 8 = {1,z,2°} and y = {€’,sin(t), cos(t)} are bases for V and W respective.
(a.) find Ker(7T) and Range(T)

(b.) find the formula for T(a + bz + cz?)

Problem 101 Dual space has very nice applications to coordinate maps. In particular, given basis
B ={v1,....v,} for V we define dual basis 8* = {v!,... 0"} C V* by the rule v'(v;) = 0y
for 1 <4, <n.

(a.) explain why v(v;) = d;; for 1 < j < n suffices to define the linear map v* : V — T,
(b.) prove ®u(x) =37 'z/i(a:)@ &~ Quppoted b be Qi
(c.) explain why [z]z = (v!(x),...,v"(z)).

Problem 102 The annihilator of a subspace is naturally constructed in the dual space. In particular, if

W <V then define ann(W) = {a € V* | a(w) = 0 for each w € W}

(a.) show ann(W) < V*

(b.) if Wy < W, <V then show ann(Ws) C ann(1V,)

Remark: part (b.) of the above problem has a natural analog with the construction of
the perpendicular space for a given S C R"™. For example, the z-axis (W}) is perpendicular
to the yz-plane (Wi). Whereas the zy-plane (W) is perpendicular to the z-axis (W,h).

So, note Wy < Wy has Wit < Wit In view of this, perhaps the following problem is not
too surprising:

Problem 103 Find an isomorphism from W' = {z € R" | z+w =0, for all w € W} and
ann(W) = {a € V* | a(w) = 0 for each w € W}.

Problem 104 Consider V = P3(IR) x C?*? as a real vector space. If S,(R) denotes the symmetric n x n
matrices then for what n (if any) is VS, x S, 7

Problem 105 Consider V = R3 and the subspace W = span{(1,1,1)}. Find a basis and coordinate
- chart for V/W. Describe the geometry of the cosets in V/W

Problem 106 Consider V' = P,(R) and the lincar transformation T'(f(z)) = f/(z) find Ker(T) and find
the inverse mapping S : Py(R)/Kex(T) = T(P(R)) given by S(f(z)+Ker(T)) = T(f(x)).
This is a special case of what common slogan from caleulus I?

Problem 107 Suppose S is a subset of V. If we define S+ W = {s+W | s € S} for a subspace W of V.
(a.) if S'is LI thenis S+ W a LI in V/W ? Discuss.

(b.) if S is linearly dependent in V' then is S + W linearly dependent in V/W ? Discuss.



Problem 108 Show R™"/A, 22 5, where S, denoted the set of symmetric matrices and A,, denotes the

set of antisymmetric matrices in R"™™. Hint: use the first isomorphism theorem wisely.

Remark: the problems below are not handed in, but, I almost assigned them. If you need further
practice, perhaps it would be wise to work these. 1 am happy to discuss them in the Help Session.

1)
(IL.)
(I11.)

(IV.)

vV.)

(VL)

(VIL)

(VIIL)
(IX.)

Is the sct of rational functions over R a subspace of the set of continuous functions on R?
Show W = {(a + ba®, (a + 2b,a — b)) | a,b € R} is a subspace of Py(R) x R2.

Consider S = {1+ t* 1 =1, 1+t + 12+ >} CR[t]. Find a basis § for span(9).
Also, find the formula for [a + bt + ct? + dt?] .

Let 8 = {1,(z — 1), (z — 1)*}. Calculate [az? + ba + .
Hint: be smart, use Taylor’s Theorem you learned in Calculus II.

Consider the set of quadratic forms in two variables z,y. Let v = {2%,3? 2y} and define the
set of trivariate homogeneous polynomials of order two by

W = span{r? 92, xy}.

Observe W can be viewed as a function space and as it is a span we find W < F(R? R).
If v = 32% 4 2(z — y)y then calculate [v],.

Suppose T': U — V and S : V — W are linear transformations. Show that:

(a.) Range(S-T) C Range(S)
(b.) Ker(T) C Ker(S-T)

Consider Aut(V) = {¥ : V = V | ¥ an isomorphism}. Is Aut(V) < £L(V) ? Here L(V)
denotes the set of all lincar mappings from V to V.

Investigate relation of ann(W, + Ws) and ann(W; 0 Wa).
Let V be a vector space and M, N <V and z,y € V. Prove:

x+MCy+ N if and only if MCN and z—y € N.



SoLuTion To Mission © : CoorpiwaTe CHANGE, § DuaL & Quorlear Jpace

P/ W = Span /X+XZ, | + X3f and TA{ = Spon //+)(/ )(274)(3/
F—/)w/ éa..j‘/.}‘ 7%(‘ Wﬁ VI{

If £ e Wow, At fix)eW  and fix)eW, 4.,
dab ¢, d e P 4 Fx) = alx+x®)+ b(14x%) = c(12x) +d (x%x?)
Thus, b+ax + ax?+bx’® = C+ex +dx® +dx” £,
wWhich  woe M well, b Hind
b':C/ CA.:C/ Q:d/ b-—*o/

l”\H\C,L o\_':b::(‘_—;_d S o

7

Fo) = a(x+xt) +a(103) = al1+x) +ax%x7)
any wy - F) = a (1 XxExTEXE) A
W 0W, < gpan 7//+x+xz+><9]

Cnvecrely, ao  [+x +X% X% = (x+X*) + [1tX7) = [1+x) +(x%xF)
b G clear  lexxx’ € W, 0 W, = span {1+x+x+x] s WaTy,

In cnclugion, @ = {Q#—X—:—xzé—x?/ i boriy Wnw,

—~
P\(H/r\m\u\«a/ W = gm—be(szﬁ—dx‘?l b=d, Q:c}

{

tnd W, = { ot bxt cxedx® 1 a=b, c=d} S
W—‘/WW'Z = -{&+BX+CXQ+JX}I a:{;/ C=d/ b:d/ Q:Cj

= {oa+bxtcx+d X’ [ a=b6=c=q/

= fpan //#X +X1-/-X3/
Himu € f:../{+><+)<z+x”/ & besls i W”?-M/Z



@ Firnd basis for W, + W, (W, 0 fom P97)
et flx)e W+ o F£(x) e W and £ &)e W
St Fix)= £+ A ). Bt by i
W = Jpan§  and W =pm FL Aane ﬂ =/)(+)(2/ /+)(°’/
and @ = ))/m/ XX ) hema F (6 G G e R ot

L) = ¢ (14x) FG(X4X°) + G (xex) + ¢, (1447
2 3
Se \(:@ U, ’;{H’X/X'FX/ X+><Z/ /+X3J7 gmero-Zia
W+W:_ To Hind bas, we eed 1o eliminee an},,,
Jithea Menawnc/‘es trom ’a/ I e ¢oordian Ay

2
w.r.t €::{/ X, X/ X'?/ o Wm@}z 9;
1 e o 1) . [1 00/
_ 3 — 20 © -
W\,[[Hx]@\[x+><3]€][><+xzj [1+x](_?l — ;C:llg o118
LO‘(\J' o | o1
| 0 0 1 o 1
Lol o [ o1 ] B-n :)o | oo
L l5 0| —> Lot | ot o
0 0 | -\ oo -l © o |
AR 0 0 v

Xhos KCO/Q‘ lm]/ Co,e, (N\)/ Cofj [Wl}] are LI ancd fhuy

[1¥2] /ﬁ\n l:famu//ah{:(/h ;ZFF‘[ 4"/{4'1.(#:/_/ LI flﬂ% /;7 //?‘/

o LT phr in PB(R) we hrd

= . 3 z : .
(8, = {1ex, XX, X*Xf]‘”’“‘”“‘wﬁ‘vwi;

Serves 40 pasiy W +W, . /C;;m.%/
dim (W oWg ) = din (W) i (W) —clim (W AT )
= A +a — |

< 3




(/9‘?3)

1 I 6 -2 o r -6 v —an rn [ o -2 o
[l] ~[i 3 -2 €j-—3~jﬁ'”——/i} C(f I oéz]:rfe'f/rj
¢ .

2 0 -4 o

ﬂ"‘f X € MM[T] hag X, = 3AXs and Xy = = 3AXy whicy
mean § X = (2X3/""2Xq/ >(3/ XL(} = X;(Z/O/I,O)'I‘XL((O,—'Z/ 0//)

n T = span { (2,0,0,0) (0,-2, 0, 1)} T wish
\
SIS

1 0 ‘ 0 o o | (o] (& &) I o
) { o O 0 |

red |0 -2 0 1 0 © -
r |l o6l o o 1t o - 6 0|1 © -2 ©
0 i 0 o0 o | 0O oo | 0O 2

o, v (B2 18 0, Cotel, Coto 0 ]
let Y be basy e //?3 W/

T(e) Tle.)
I o g
e howve W\.G\V\Z) Choiws fsr (c\‘ b/ ¢) , bt ok J:Zl .:!; EJ ?{ O
(S r\.w:mi et &=b=o0 Ao C =1 does mzn(,e,(a, Remerls
‘ morh ?

{ b
Let Ve Y: ? “/(’2}/ (O/ 3/ o)/ (O/O/I/]/ * c;hw;:‘v:*

NolT UN(Gue!




v=(79) and F:f(Z,Z)/(-/,/}/
[vlé _ [FJ’,\/ : -z —i [?]

= zl“ [_;2 ZHQJ

{Me = [ ﬂ

4 (2‘/?‘) + | (—ll ‘)

v’
= (g 8)+ (-1, = (7,9,

Letls chedd

@ = {x’/ X ,f and g;‘.;/// x-a, (X-Q)z]

) 2
V= axbxsc = fix) = £+ a0ttt xe
Pz.(ll?) .y

N)rerr\w\'ﬂ\/.l‘o/ s
_ 2 _1 [‘]__} — [q | OJ

P@z? - { [X ]_@_ ‘ [X]F F | 0 o

Notia Ox - +bx+C
So EE— (o 4 bx+c) =

2 (‘M«L’AMC)'H (%m+b)(x~z)+ q(x—-z)z

= (Ya+ab+C Ya+b, a)

-~

e






W Let 7= //?3'—"? //?] be feneo~ wild

T(v)=v, Tw=tv  T(G) =5
g
4

W/\.M,e V::(‘/{/U)/ \/,_:(/,‘//0/ and Vi = (o
Fend [T:}/ vee  Fop. .57,

L et @ = —{V,/ V2, \{;// 59 Prop - ;-I«7/ /3—;:?\ :lQ/
(7], = Le) [7]1p]
S, [T]=(g)[T], (e From
we Hhd [T]W = [[T(v,)](J / [T(m/]( | [T(t/;)]ﬁ] =
= [ v, [Bv), | [2%],]

_ [ 2 ©
= (®) o 0
0 o 3

/).

I 2 © li}‘ﬁ} H*l‘l"j
— v 2 o {‘ Wi)o [H} ’:Z—[-I !
HEiCh At
r\ A 0 ' \/7. o
- | 0] o -V 0‘]
o o 3Jle © l




PU T (4x) = 10 +4£) A Fu)ep )
(«)
T (ax’s bx+C) = 2ax +b + 2a

% 0~><1+6X+C ‘ Lax+b+7c '—‘-D} = 5’/’0“’7 ///

T “/1 07 " /m,oafJ/'/(z. We

Wea (T) =
/)'\U\J =
’ [ oo

- o
2 { o

Findd v (1) = dfm(%««(ﬂ) =1 Ahws (7] =3~ =3

and ol 11 [Co/( [T]FF) = dim (/{o\,\éu (7// =2 . [T]ﬂa :.Z}

s nef ,ooJf//(a .

(8) Let o = 1%, X/ S T(X) = 2x42 = W,
and T(X} :,:VVZ R &%7{; ’}/:/VVUV%/XZ/

Awnve bosis b P12 and

= {U(XZJ]?( ( [T(X)l,]
- “’LX”)X | ['}r]

l o
o |
o O

(e

[T, } o, ¥

|

f&muh: T chow o aJJo.)\ XZ 4o {T(X)/ 'Ttxzj} = ?)l/ ZX+Z]

Xt ¢ span 1, 0002] > {1, xez, X e bx
3"’“(’}'{"‘% P?' (,ﬁzx, an c,‘f\.ot-ud
r_\_g_t umx’w.

S o/ew(}
basis e

\/\e,nu. Servues Q%)

’kv’ Lon f’]’/v»l/ﬁ /\a @W OU\J Y e cer ’th ‘-a



POT) T has [Tl = [O’ e
o = 5 X e ) L0
Fad  Formula b T ownd i calcodt [T]F;f Ao

,.—;{X? X'l/Xli and ’_\:))Q dl) }(u]]'

AL

From [T](, _/O/ c © 0/ [[T !)] X}Jf
we  And | [Tm]r - d/] S T = [‘Ddlj
=[] 5 Te0n 1]

Thas ﬁ(“*bxﬂf“Cde—a/Xa) = qb E‘D

I oledte (Ts 2 d;r“’H“c)/
T( dx + cxz+bx+a) = [Ll 1‘] = %(g 2)+ %(z;)

/EYDM wlhh T T ("E.u.tl)

Ew?k]

[Ty],




