&IATH 321: VECTOR SPACES AND LINEAR TRANSFORMATIONS Quiz 2 [20PTs]

We assume F is a field and V,W are vector spaces over F.

Problem 1

Problem 2

Problem 3

Problem 4
Problem 5
Problem 6

Problem 7

Problem 8

Problem 9

Problem 10

Problem 11

Let A, B, N, S be invertible square matrices. Solve the following equation for X:

(BA)T'XS™! = (NA)?

Let V1, V5 be subspaces of V over F. Prove V1NV, is a subspace of V.

You are given T : R* — R3 has T'(e;) = (0,1,1) and T(e2) = (1,2,3) and T'(e3) = (1,1,2).
Find the bases for the kernel and image of 7. Is T an surjection ? Is 7" an injection ? Is
T an isomorphism ?

Friedberg, Insel and Spence 5th edition, §1.6417, page 56.
Friedberg, Insel and Spence 5th edition, §2.1#45, page 74.
Friedberg, Insel and Spence 5th edition, §2.1#15, page 75.

Friedberg, Insel and Spence 5th edition, §2.1#17, page 76.

Let T(f(x)) = [ 7};(8)) 7}{,((10)) } define a linear transformation from'V = Py(R) to W =

CQXZ‘ If we use basis ,B = {1‘ Z, .'L'Q} for V(R) and = {E“, Y:Eu, Elg, ’1;E12, EQI, Y;Egl, E227 LEQQ}
for W(R) then find [T)3,. Is T an injective map ?

Define T': P3(R) — R™* by T'(f(2)) = [f(1), f(2), f(1) + £(2)]. Find a basis 8 for Py(R)

and vy for R'*3 for which [Ts., = [ ‘8’ 8 J where p = rank(T).
11 0 2

Let A= |1 2 —1 3 |.IfB={1,2,2%2%} C P4(R) and y = {E1, Egg, Eyg + Eo1} C
13 -2 4

R?*? and [Tz, = A then find the formula for T'(a + bz 4 c2? + dz3) and find the basis
for Ker(T).

Suppose L : Py(R) — R?*? is a linear transformation for which
12 [0 3 , o 01
w-[12] © w=[%3] « o]l
Let 8 = {t?,t,1} and = {E11, Erg. By, Esy} serve as bases for Po(R) and R2X2

respective.

(a.) find T35
(b.) calculate the rank and nullity of 7'
(c.) find a basis for Ker(T)




Problem 12 Suppose W, < W, < V over F. Prove ann(Ws) < ann(W7) < V*.

Problem 13 Triedberg, Insel and Spence 5th edition, §2.6415, page 127.

Problem 14 Let V' = P,(Q) x Q?*2. Find an isomorphism of V and Q3*3.

Problem 15 Find an isomorphism of V = {4 € R3*3 | AT = A} to C™ for an appropriate choice of 7.

Problem 16 (Bonus) Friedberg, Insel and Spence 5th edition, §1.7#3, page 62.



Mamm 34l Quiz o SoLvTioN

M A/ 8/ M s be /hVefﬁ(A[Q Sgune ma%/ﬁce‘_r__
Suppose (BA)"XS“:(NA)Z. Solve for X,

(@F\)(BA)-lX§'S = (QA)(NA)ZS , nrg;fﬁ,al;eré
/W\MJ) and S an
TXI= BA(NP\)(NP‘)S Nan. r%bt.

5, [ = BANANAS |

@ M —w,"/—; be J“w/)JpaceS O7£ V over /F
S:;"LL O = —V, and Oéw we ’A;\C/ O & Y/,f)T/,:

s VOV, # B, Led ce lF and x93 € V0
fhon x,ve V., wnd x99 €V, . Thus cx+y9 €V,

i

aond cx+¥ e Ve sinee VEV ad V[ =7V,

|

Con'sﬂec,‘,w,r\’l’l«a/ cx+4 € Va'Vy and so cexeVny
and X+4Y € q\/:ﬂﬁ\é ond we ncluda Vnyv, =V
[Dv} Ahe  sub space test.



@ T : KJ———-—'- //'23 hay Tle) 2/1{9/ and T(Q_}:[?Zl/aml T(e,,};/zly
(and we &fame T iy linear ). Obrerve 1k Sfundod

_ o | L2 | Lz A
moteix [T]’: Il 2 | [~]lO ti[~]o | n]-v o 1
I 3 2 T 32 © 1 o OO9

| o = . |
thas  rref [T]=[e 1+ || wednd cody= 0 -cf
" |

ke [T by CCP, indaed [zl :(3‘]'[?]

Coa () =fsen {[§] B = Tmim

The basis Hor Werc(T) = N [T] is Fund from
&hd~14%9 CT]X =0 => X =X3 ad Xp = -X3 ren. X
Thuw X = (X3,-Xs, Xs) = Xe (1,=1,1) Aence

el (1) = spen | [{]] = Ken ()

Stra Im (77?5 //?3 we hnd T i net entv,
Uer (T) = {6) we hrd T is nof one-fo-one,

Sine T 1w nef beth o fu\r)'ec/fm and /\njfoﬁ},‘
we Pnd T it nd « bi[ecﬁﬂﬂ, thw, T

Sitha

na‘f an 1S o or/o/l /'/m.

Remock: we ohly get Hea(T/) =NMLT]

—0 m
and T (T)= GRA[T] tn the condext Zéo[(lkIIF)r
T oA len urntocty e (ant Lt YTt and CcP
Ll W e did here.




[PY) text, §lL6E#17, p-SE
W=)AeF"™ A™=-A]

Fid o bosic fr W and C(uledde dim (W),

f Ae W fhon Al=-f = Aéi =*AI<‘} Vi,
I i=y dhow Au TR =0 =0 = 4 =0

(T atsame RO in Ha ficls F)
Thuy, i A e W Sfhoy

A =2 AyE

L¢’b
= D Ay By > Ay Ey celabed
Z</é Z>/) S
- 1—> ¢
B ZA L"&J“ZL\M kA k
1<) .
= Z Ay By + Z ~ A B A= ~Aug
<) > Jl{.-ai
N
- z A\& Z /'\16 ﬂz L
14/3 L<)b
= 2 Ay By - &)
1< |
Thus @ -{t.& \I<Z<4<n3 Servey

ol o bosit Scnce W" .Spa\nﬁ andﬁ s LT
b‘1 M\Q o.,()OJQ Cov/(,uuté-'f'l'}n R



1 = | Ao 2 ﬁ? <N = N~ Chorces
1 =2 Ahum 336‘ =N = a-2 choriss
L =n-l A 0“ =1 = N-(n) = | chosee
fhus
dim (W) = (n-1)+@-2)+ - +({n ~n-1))
————— -

(“*/)-7{)/6/ jmmmané//
=0 (n—/} - {/+2+~-' +m—/// " Gaucy’
= n(net) - £ (@-n)(n-t+1) & Tt

= NnN¥-n - —;(nz—-n)

_ Apt- L
= Llnt- on

= .,'L_n(n:ﬂ

| 244  chech M7 Comnh}'\g.
(O O\) c 5 dim (W’):l /G)r n= a

-0 0

('F‘% or; t) <> chim (W'}::S’ ,f:)r n=>3

- -C © \ _ _ )
13(3-1) = 3(6)=3.




PS) fot Sair5 p 7Y
Lod T B[[E}-—é @[//2) o/e,fg)\u/ 57 T[{‘/—_-xf’_,_jp/

Ck/cw/o/t M&f (T-)/ IM (T// nUNH'\/ (T}I mnk (T‘} a-h(!
LVQH{\@’ hae  dimennitn Th®? and  de ¢ ide |~ er ortp

Show T (s Jheoar. Let C € R and £&)9(x)€ R ()
T (cfa+90) = x(cfb+90a) + (c£09+96))
= ek + £1x)) + x9x) + 9 )
=c T(#m)+ TICX))
Thusr Te L (6 (R) R (R)), Concidan
flzox’+ bx +C € B (IR] and soppece £ &) & [er (T)

dhen X (ox +bx+c)+ 2ox+b = O ”

q—

= a (x}) + bx*+ (c+2a)X +b = 0

-~ a=0, b= o0, c+2a-—:o,é:o

4
)/CQ/V)CQ/ Q:O/ b:O/ C':—C) e ’lp(x):o aho/
we Hnd !;(-e.r (7] = O , Oéff/a/'e/ 59 X

g

T (ox®+bx + c) = ax +bx+ (c+aa)x + b
=a (x’+ax) + b(x*+1) + CX
Thus Lfm V(T/ = Span ‘{Xg—f—o'()(/ Xz+// ij“ We ve
Fovnd roenl (T) = oh»\n:\ (T (T/) =3
nullH:, (T) = dum (Her (T)) = O
Twis verifier dim (P (R) = 3 = rank (T)+nullity (17
We have T is injechve but not surjechue
Sinae  Lwm (T)# F(1R).




[P6] 4ot S 1S p. 75
[ Recctt plR) = R[x] (my n-tatiin)

X
Defow T RIX—> RIx] by TGy =t
( Pove Hed T is Ilaeor and a/\e.—ﬁ.ww/ bot adt endy
Lt ce R and £, 907 & RIx] Fhen
X
T(ca"(xHSW)=f(cf(;e)+5(;u)o&
’ X | X
=c [Pwdt + [omdt

= ¢ T(fea) + T(9))
Thehee, T Z(R(x], R(x]). Lt
fix) € Wen (T) Abem if Lix) = CtCXt—-2G X
fhane T (£(x)) = O g ields
jox(cu tCtt-t CA Yt = O

2 n+
COX+'§LC;X+-»-{-,;.;/;-G,X /:: O

#

#*
CanfefMonf/a/ o =0, C =0, - G =0
and we Fad f(x) =0 Shw He (T)=0 and
i Sollew, thet T s njechVe. F.
¥ we dnd T (fx)) = 1 = ext+ 7Gx
hos  no seluhun dhar T (1) =¥ [R[X] sina
1 € Tm(T). T ir net onbh sina o Sl
o e to dhe  wnarfandt patar\em{@{’.r_




[P?] fext, $d.(# (7, p. 76
Let V, W be facte dim A vectr waw aver [

and [ef TV — W e lrnear.
(a.) Pove ot it dim V<dimW Fen T it netonty
(b,) brove thet F dim V' > dim W Hhen T jr act Qe - fo ~anq

The hey o proviny befh (8] and () 11 A2
dimension  7h"™ o le.a 7P Wé/nu////yﬁ/i

dim (V) = rank (T) + ndldy (T)
hona ok (T) = dim (Tm(1)) and ity (1) = din(Her (1)),
—F
(a.) Suppote dim V< dem W than i ek (T) =dm (W)
o din V= dea W +nullity (1) = dira (W)
which it a —>e— Jhw ranle (T) # dim (W)
and we cenclvde T iy nef oo

U)) fuppcp( O//;n V > dmW, 17[ nU//:'/y (T/ =0
then  dim (V) = ranh 1] +nllity (1) = canke (T)

S dim (Im @) = dim (W) ik 8 cank (1) < dum (W)
Clews 62 ¥ ond *% Catrecdits Thw pullity (1) o ”
and So %"«/CT/#?}Q? A T ir nef r'njccﬁlre.




. Let T (fix)= [7%) ) [ dehe o

fo) [ £01)
/lnu»( "L/‘lh,fﬁ/Mén -7-: @[/?/__3 62)(2

Vi) W)
te 8= {1 x,x°f
Y= {Eu i€, Eu i€ b G, G i)
[Tlgv = [ fral, [fred], [ (Tod), |
= [ [z’ g) : ”?{] [? g]y]

y !

O o/o (1 0 o [1 O O]

00| 6 0 0 o 8’02)
_ fofofo |, |0 o 0 > ° 0
T oo flt]o fo [ o]~ [0 |

0 [0 ] O 0 0 0 o O

C
’_ofl/,Q 10 [ 2 0 o0 2
olo] ol o o d| 0o 0 o J

Thos ronk ([T](,r) =3 and a0

dim (B (R)) = rl (T) + v (T) = 3+v(T)= 3
we hnd YV (T) =nvllity (T) =0 . U (T)=0
henw T & ore — 4+ _ ore

Thak T s '\;\"ecx/)\ft

/ - B

(\/OU wuld  olyo JUH’ Salbue T('((X))':O aine
dedu £(x) =0 Dby chire of calc,wLwhw\)




| | 0 2
Pio /\’—‘[1 2 -l 3]:[7']
3 =2 4 6y -
ooa 8= xR FERIR) o V= (B B, Bt Eul f<R

\

T, -

| 3
J = TK-= E, +ZEzz+3(E"'+EZ') = [? 2]

(Tw], = [

~a
] = T e[

Z - _ [z 4
ruel = [f] > o= (@)= i ]
t{

Cﬁn f—@Wa} Z 7
T (a+bx+c>&+dx3] = aTO) + bTl)+ T (x ) +d T(X)

oK O R P e

(Ta +b+ad a+3’l>—~zc+“!olj
- “a+3b 2c+‘1d a+1b—C +3d

\Bajﬁu cref (A [ (\> -‘\ ‘J Sfhw X e N (A A)

o 0 0o O
hog X, = =Xz ~Xq and Xo =Xp=X4 D X =(-Xg-Xq, X3=Xy, X5, %)
ey (\]\.M A o Barcy {( I, 1, IlO) (- -( ')]

M(T) — I ((\Jdﬂ [T} ) as ié (s leMOIPhl,/m"?
= "(gp(m{(u,lo)(ll /)]}

= Span —/f (1.0, 16), %, (-, /0////? 2




_E /O Con Ai‘l UCJ

We And %UL(T/ hed bovi) ﬂli/m /2,
f féﬂ (~,1,1,0) , 53‘" (-~ o,///
Sow g = (L% XX we dedudk

//-f D S +x’;7

i besi e Wer (T).

Alfernehvely . Cot T (a+bxtexird’) = O
and werk oA S Y eq % m abc,d
fo Jefcr:ﬂge Mer (T}, Jhoold &/e/,/

Soma sot wa




L:P(R)—> R™ i linear franshismotren

b which L[/)- [12] ¢ [2 J/ # L1 /
Lot (3- ] e 720, 6, 6, &.] fe/;/

wi  bases fr RIR) wnd [R¥ respechin

() [T], = [[Luf]y/[l,(t)/r/[L(/)/,]

(s, (053 [ 1]

Mg Nl Etjf‘/“f = Jof = Wer (t) = 1)
[n iy (T =0)

S(‘ncx Im(L-) = (C £ [LJ Y) CU\CI Fomt([l—]fay
aL)ncp ol e (Im (L)/ =3 Jhuf (FanmL) 7

wie

©.) MUec(L) = }o) = Span(B)
Bodd [or %Cf([’} i fﬁ,



Eﬁ'&] S vppose W‘CF‘W{V over
Lot Ann(w/ = {xe“\/*[o(w“o chwj

Noth 0€ V¥ hwo 0K)=0c Vx& V thw O€ Ay

and wre Sex Aan (W) F g Lat X, € ann (W)
swpie C € [F. LA X e W

and

(c:o(—|—(,?)(x7 = co(x) +g’{x) io(w/’b‘v%i" nv*
= (C(o) + O P SinQ o(,'@eann(W)

= 0
Thas Ccot, &+@
Aest %)I\Jw M onn (W) =< \/7¥ Sin cx
W, w, £ Ve find ann(w] ana(We) =

Svuppeser X € ann (Wl) and let X € W,

Thaow  as V\/"-ﬁ\j\fz we dnd X € W, and

So O((X7 — O, Thws « € G&nn (T/\/,) and

ts &lluwf Gn, CW:.) S ann (W) . Hﬂma/,
onn (W, ) < ann (V\/,) = V*‘—

c onn (W) ond dhe Subipack

N 7 ¥
2




[P/?) foxt  $3E6#(S, p. 137

S\VPPGR W ‘U 'ffm."'e ch'M’ﬂ VCcfur J‘pﬂ\a au\,ok
/ﬂmd\’ T : V—>W iy linecar, Pruve it

-
—)

Recotl TH: wh— VY is defined by
(TF ) = o (T) VxeV 6 « e W¥

Olet « € Won (TF) Ao T ) = ©
Hence QT* () () = «(T) =20 Vxe V.
Thws (%) =0 V4=T0 & Im(T) (hsw xe V)
Thet means X & ann ( Im (T)) and
Seo Wee (TX) € ann ( ITm(T)
@ Lt ge onn(Tm(T) Ahwm F(9/= 0
V9 € Twm(T). Hma B(TC) =0 Vxe V.
Thus (T’t (p))(x):o Vx V.
which shows  TE(B =0 - pe Wor (T?)
and so  ann (Im (7)) € Han (Tt]'



2x 2

PIY) ~/ = P (@) @ -
=ind I'Jarna//a/n}m o V" and ;

£
/iD ((a+ bx+cxz+d><’+e><“9 [:h ?b

o b C
= |[d e ¢
) h 1

P+
Han (urre Lt anrwres exi/T.
R,Q/Wvos/l\ : man:> o

V= /Pr 6/733”//\"”: Af

Pis [Find f/dnmyp/ll?ﬂ\ o7£ |
s 126G Choru of N .

o C" o PP
a 5;]
V—: { lz o %

V(A) = (At'+iA‘1) Aig +1 Ru, Aw”An}

a/b/C/d/c’,j[enzj

? v ~
A[/: v —_> (C 15 oan ‘Jum"’f’h«f‘im‘

Rovmorl s it opped o gew chedid ,l'."‘“"*V
Or\.'h) 0\.’\—«.0 | - [ ‘ (Of 3“—‘.!"' O"'*U or JV./'}- . )

gut, Tive besn |y w@




mﬂ?#? p é’z/

V= R(Q)
Prove dim (V] = 0o . Uit v fhat T is tramrcend?d
Lg P (%) e @UCJ ccw which p (TT'} = 0.

g

Considn Fle LU
,@: tm, ﬂ’z/ m, /

/ /

T (3 s l«’ncmr(u& ou,oe,m Mo
roki ancd C., Gy, Co € QJ , net M Zto
/Fur which

(T +6T o+ o+ " =0

v

Nam P k)= e f + G+ -+ Gt € QI

and P(TT) = T +--+ T =0 = M is ndt
’\'YAHJC.CAM‘\/Q —& ax\lcm «Cmc/{’. /D‘\\AJ F s LT

and 50 (@ = R(@) oud [fl=2°

(I—F o“m@ (R) < &° S we  Cannet

£ o LT et with ool man7
VC(/\('vr,r the v e [TZ )




