|MATH 321

TEST 1 |

Please show your work and use words to explain your steps where appropriate.

Notational Conventions for Test: V and W denote vector spaces over a field F. Also, L(V,W)
s the set of linear transformations from V to W. R[z] is the set of real polynomials. P,(F) =
spang{1, z, T ,a"}. Also, S <V means S is a subspace of V. LI means Linearly Independent

Problem 1 (5pt) Define what is meant by the statement: B is a basis for V (assume V #0)
I (:? s g LT gmﬂefmﬁhg;, st Hor N (@ LT 6( Iﬁaq/(é’}= Vv
Problem 2 (10pt) P3(R) has basis § = {(z +1)%,z +1,1}. If f(z) = 83%+ 6z + 21 then find [f(z)]5.
T G (X+/)2+ Clx+1) +Cs(1) = PX+6x+y
Y  X3(0) + x(R6+G) + [ (G+G+G ) = 8XT+6x +2)
Q;rvmﬁ)'n} Qaf# of LT -{X?,Xf | g Lﬁf@f.’da/
c, = 8

A +6 =6 = C=6-3908 =~=i0
C : ’ -’-E-P(x)] =(8 -0 zzﬂ
Ci'f"'C'L +C3 — a’ "é C} :al_8+‘0 _ ag F / Vs -o......."/

Problem 3 (5pt) Is Q a subspace of V = R where V is a real vector space. ?
Let €@ nk V3G g @ bt [T e/Z is an

O.Haww} if colar mm!ﬁpi{cmﬁah £ @ %’ i{ )
Problem 4 (10pt) Let W = {az’ + b2® +az +b | a,b € C}. Prove W < Clg].
\/’___‘_‘

we W= w= q(xi+x) +b {Xz-f—}J

= W = SP&Y}C{X*—X X -l-l] Shue "W 2 C(x)
K: Spoan ir I«'QJ,ML(
ﬂ"“
Problem 5 (10pt) Let T': V — W be a linear transformation. Prove Ker(T) < V.
Noke T() =0 + Ku(rl# & Let x4 e Werl)
and x € |F. Con;{aé.m_, %X, € Ve (T) meeny T(X) ":’O,« Tly)=0
Yhos T (#x+Yy) = x T (X)+T(9) =«(0)+0 = 0
= X+Y € Ko (T) & «x, X+9 € Uan(T), Hena Ku(rigV
B-a Sm(),f‘p’vtd ’F’é‘ﬁ “7!‘4‘




. Problem 6 (10pt) Let B be a fixed square matrix in R™*® and define T(A) = AB - BA for all
; A € R™™_ Show T is a linear transformation.

T(«A+C)=(«xh+c)B - B(<A+C)
= = «{AB-8BA) + CB —8C » -
= «T(A) +TCc) YA CER™ans aefp
ﬂ\uf 2 T Imear Frans formochon,

Problem 7 (10pt) Suppose T'(1,1) = (3,5) and T(0,1) = (8,8) and extend T linearly to a transfor-
mation of R?. Find the standard matrix of 7. Is T' an isomorphism ?

W)= T (2% e, ) = (35
- T(I,O):(?,S}—(g/g) =(—'5J“3)

(.T] = [T(e.) l'f_(é'z}]’:: E‘_g ;8:} = E"r] s T [Ihew

Ly R
Obge e , Fon I [T} =2 A& T ir sacjedn from [ —sfc
’Yy\\lf —T- ;“S ;ﬂ Sf Qﬁ.uﬂ g Ih Sam m'“/j T ;-r i""‘}f. an_"{)f A{f}\e"ur

treos. an " 2% T is an iremagehism
Problem 8 (10pt) Assume S = {v,w} C V is LL. Prove or disprove: T = {v + 2w, 3v + dw}is LI

AJS—U\M {‘VIW] 5.5“ i Con,rfrd,o\/ ;'F

¢, (V+2w) + G (Bv+Y4w) = 0O
Yhon €+ 36 )v +(20+9G) W =0,
T G+3G=0 ond 269G =0, bp LT of S

Uene €, = "34,' => (-3 (a)‘}"/‘fz =-2G=0 < G=9¢

"'"""'H""'n-“

ond ¢, = O . (:;am conld relue % W ¥ lofs U?"Wt?g.f)

e ———

Thee T = {v+zw, 3vedw/ is LT,




Problem 9 (20pt) IET: V — W and S : W — U are injective linear transformations then prove ST
is an injective linear transformation.

Le-l— T, S be 'm‘Jeoﬁ‘ue Hen Ker(‘lj):[&] and MM{S‘)::{O)‘

guPpapa X (= Ker(Sé"i‘) ‘H’\{«n (S“-‘T) (x) ":’:C) ﬂ“*‘f

S(T) =0 = TXe Ier(s); Thae Tix) =o.

But Tx)=0 = X& Ker (1) & Xx=0. Siha oela(seT

we  hove fhiwa |er (SeT) = fof 2 §eo[ U En'}ﬁc:h"uc‘
I+ remoir 5 chow SeT ¢ a |lhear 4rons-f mohion,

(SoT)(xx+9) = S(T(xx+y)) = def® of comuite
= S( «TK) +‘T{3)) P /meav.-}'z af T
= & S(T(X)) + S(T(9)) ¢ hrewrdy o S
= X (SeT)x) + (SaT)(%) = et of Comp, .—-ﬂ\

Problem 10 (5pt) A linear manifold has the same dimension as its directing space; M =p+S t.hen7 /
dimM = dimS. If S = span{vi, vy, vs,v4} where S < V and dim(V) = 3 then what are/-

the possible dimensions of M ? C
Sihea 0/”’" V=3 we ¢n A'\Je Gplespan s ‘PDHU‘M{
a_f\_’ mos+ 3 LT wvector omon + -{\/,,\/1, Vfa,Vy] ST & L(\,: v/,

‘\/I’\Uj‘ Jlm (/UU - O, /, 2 ” 5 1,0@.!'!;3(?:?'1'(_;) i

Problem 11 (15pt) Let T'(f(z)) = [ J):'((%)) f’é()) for each f(z) € P,(R). Note T : P(R) — R?*2.

Let P(R) have basis B = {1,z,z?} and R?*? have basis v = {E11, B2, By, Eo}. Find
[T]ﬂ'r

o b
T(o+bx+c><2) = [b OJ

¢cCo oo

i




Problem 12 (20pt) If dim(V) = n and T' € L(V,V) then prove n = rank(7T") + nullity(T"). (your
. argument should involve the construction and extension of an appropriate basis)

L€+ ,F; = {l/,/ Ve, cee Vi, f be éaﬂf b, Ker(T)s V.
EX#th -PJ ‘?LQ E) ‘{V;}.or,j \/“f \‘A/tf"."; V%"'k] W}\J‘\d \A/,a ¢M’f (T)
-(:Dr /8 - | ('32 e, n—h. CW\_{JILEM/ X &€ *\/ fH\d/m

k L " N afedrn 'n-cn J
Tl =TZ 4 +g%éwé) T g

L=t

= 2% %&Vﬂ s % 95 T(W;) & span ] -rm;,g"“'
o

Il

V= 4=t
T Y‘{T(W.)/ oy T (W) §is & ganecchng se bor T (V)

We O.C ot ¥ = BE. Convidu,
C, TIW) + rer + Cpeye T (W) = O

= T(CIW: + =t oy M*k):O

/ﬂ/\u.{ QW d-ccar Gy W, )y € [Cer (T) henc C,:a,.7 Cr-i =0
(o-}’kerw:& we obfpwrn o —DE~ 1Ak henger, C; = MééKerT)

Thas Y v bani fur T(V) oand e H§ =Nn-k and #B =l ,
s + ')ch/fw/: n= d/ba(KerT}--i—df&: /T(W)
4

Problem 13 (10pt) Suppose T': V — V is an injective linear transformation. Prove T is surjective.
Hint: use result of previous problem!

e injaoh\k lineor teanr. = Wer (T)=10 = Y(T)=o0

L V] g o T
hs N --)M?) +r(T) = rk (1) -+ dim (T(V)) =N
wnd o TIV)eV . + fllowr TAV)I=7V.
Problem 14 (10pt) Suppose V, W are finite dimensional vector spaces over a field F. Show L(V,W) is
isomorphic to L(W, V). ’

[_ef’ (3 ée ée\f‘} fffw V" (#F’ -'-?/7)
Lt y be b A W ( #r=m)

Pum L (v, W)= [F™7 by N(s)=[s],,
@ut /me.n ~ /anm | by yé' (A) = /—'}T: (vnu;é/)
F77 e L(W)V) by B(S)=(ST,, has Llyw)= L(WV]



Problem 15 (10pt) Let T(A) = BAB for each A € R™*™ where B = Ei; for a particular choice of 4, j.
; Find a basis for Ker(T').

Ne ke (T) = TI(R)=BAB=0

— Eg_ A EI} =0 EJ\WQ = a’f

= J'ZM -C)D) :
ﬁjZAM EuEr =0

I

= % A &5x &1i E, =0

= A,:‘}g E9 =0 AQ" = 1) ;/AM -F;e,e‘
As. ol J

Scodor  tunzers wahix

'Fh( h # ﬁ/ ??«"
BASls For  Wen {T) m{ﬁ { Ekl k#@, e?‘.é_? )
7 Problem 16 (10pt) Let T € L{V). Show that the - matrix of ’1‘2 V — V with respect to baﬁié*b"ls —
e vén by TlaslTles ain ,

i o — e
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RAR = E;&P\tg;

)
= T
= Ql eﬂ A 8,— @a'T ,
= (& Aﬁa er
= A'Bz Eg Same  Con c(W/k;w Ag,‘, =0
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Problem 15 (10pt) Let T(A) = BAB for each A € R™*" where B = E;; for a particular choice of 1, j.
; Find a basis for Ker(7").

Problem 16 (10pt) Let T € L(V). Show that the matrix of 7% : V — V with respect to basis 4 is
given by (T's,6[T]p,p.

: , Sa =
D?’k’/ [T]% = L ,CTJ€€J— ‘[ie? l°§€ ]
L-;Lu.wiu.. [-T?']?g = [ F-T% %, ] Gn_rw[u

[TZJ% = [;eoToTc ;e“] S = To 8,

bt
= T, 0 To ;é’ 0 F, o To ;g‘e"‘j ~ (55 ]=[s](s]
- P e cawnld !
— e 1S o o N\ “Srede wdh
(5T, 15 ¢ 19\’V\H¢’,
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= [T]W [‘r_]ﬂs Y, | e @
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