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Please show your work and use words to explain your steps where appropriate.

Note: V and W are finite dimensional vector space over a ficld IF unless otheruise specified

Problem 1 (1?])ts) IfT:V - V is a linear transformation and 7‘ 0 has T'(r) = 22 then show that
T°:V = V has x as an eigenvector with cigenvalue 8

[

T = T(T(T(x)))
T(T(29) = T (2(x) = 2(e(ex) = ¥x.

S2OX u e—vedh, with A=
Problem 2 (10pts) Let W = span{(1,1,1),(0,1,0)} find an orthonormal basis /4 for W. +or T’

Let u, = (0,1,0)

o

W, = (0= [lena-than)ene = (1,0 0) .« U =4&o)

2 { (o, I,o), %’(l,o,/]] Jerves oo F

Problem 3 (10pts) Let S = {(1,0,0.0),(2,1,-2,-3)}. Find a basis for S* (w.r.t. dot-product on

R%)
T
o) . [ oo o . S]
[;' f) -1 —(3)] -~ [O \ -l-z] £ kx,')(-_-_’ XJIX-’) G MHMC

h oo X, = 0© and Xz — 2X; — 33X = O hx;nc,e)

(.xa, X‘L/X,, Xq) = (_0 2)‘63“‘3)(1.‘), X3 X)
x,(o ,1,0) + Xq(0,3,08)

!

Y =1L ,,a),(u 0/){( s busis F ﬁ

Problem 4 (10pts) Suppose V = W, & W2 @& Ws whel( B =5 U By U B is a basis for V formed by
concatenating bases 8y, B2, 83 for Wy, Wy, W3 respective where dim(W;) = d; for j = 1,2,3.

A 0 M
Suppose [T)gg= | 0 B Mz | where A€ Fhixd B ¢ Fdaxdz apnd C e F7ds, Suppose
0n 0 C

the induced maps Tvyw, and Tvyw,ew;) are invertible. Prove 1" is invertible.
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Problem 5 (10pts) Let (V, g) be a real geometry and suppose S, T € L(V') are g-orthonormal. Prove
ST is also g-orthonormal.

Lc‘f‘ X,“a € V;

SoT)(x) (S° = Q(S(T(KU S(T(W)) %—*dr*)\ca
3(8em)e0, Gomla) = 905 SV D 3 ek

9-ohay . of T
' %(X{Vc)) V‘K,ﬂé v
L8 SOT i3 o_l_ro 0\') ‘“OFH'\O&UAJ wd We hnew Sef € L(V)

Problem 6 (10pts) Fix r € V. Let h: V* x V* = F be defined by
h(a,3) = a(x)8(r)

for all a. 8 € V*. Show h is a symmetric bilinear mapping.

_ Als,
A {("4 +C?fz, ﬁ) —(("(: _,_q;)(x) e(x) }-\[4’{3) -_—.d(x)@’(x)

= (CO(IIX) +&, (X))@CX) -—.:@(XJ o< (x)
— = h(g, )
= Cdo P(x) + «; x) F(x)

= Chix,p)+hi%p)

Thor h (g, (t) = h [(CHta,8) = chixi g) +h(xp) = chpx)m,s ).

Problem 7 (15pts) L(t 8 = {u,..., ve} and 8* = {v' ... v"} form bases for V and V* where
v' 1 V" — Fis the linear transformation for which ¢*(v;) = 4, forall 1 < 7,7 < n = dim(V).
Pm\e

(a.) if z =Y, r'v; then ' = v'(x).
(b.) ifa=3Y.", e, then o; = a(y;)

(&) Obserre VO (X) =V (X)) =2 VW) ¢ by Bty

Y i= of Viev¥
n ‘
— 2 X' S;J‘ k] dg,{'"" ‘-"d-’b-‘e
s Lovy

= ¥ . )= y?
X5 \!;x_} X 7
(é) Consi'den, St

£ (vz) =2, 4V (%)

>

N .
=D wviy) = % o Xkl= G Vi

/



Problem 8 (10pts) If W < V then what condition is needed in order that z + W =y + W ?
e st. I

o it e Wy ew o € W)
ﬂow could r.../jo

Sy ?w,,w, e W st X+tW =49+ W, efc

Problem 9 (1(.)pts)-Let T :V — V be a linear transformation and V = W, & W, where W, W; are
T-invariant subspaces. Let us propose a definition for S : V/W, = V/(W; N W;) by the

rule S(x + Wy) = T(x) + Wy N Wy, What condition (if any) is needed for T' to be a
well-defined linear transformation ?

T(W) €W, ad T W G5 ghen by T —invariance.
Wl - dehred? X+ W, = 9+ W, & Y-x € W,
Considen, S (x+W) = T(x)+ wamw ¢ S(9W)=Tl+rWaw

NotVa X € WeW, = X=X+X whew X €W, d X, e W,
XY Tix) = TX)+T(X) We need T(9)-1) € W, nW,

Problem 10 (10pts) Suppose W < V. Let T :V = V/W be defined by T(z) =z +W. Show hoD
the first isomorphism theorem and the rank-nullity theorem for T’ can be used to prove

dim(V/W) = dim(V) ~ dim(W). [ T(9-%) € W rw={¢f
Fiest Isamwp%i/m h> fe T: Vv—V .o Y-X € Un(T)

wver V) o~ Ronge (T) Qet Teoy, W € UaT
e g = W \_“:_[;afjf

MA,\T:}XGV]X+W=W£:W :
o x4 W = T00 o each x#W e Vv,

ond T is & JU\r')f-‘-"h."ﬂ

- ) > * X vV, = J.l. [ﬁean {7)
Ay = dim | Mm'r..am( = dim(Rany
Bot, dim V= dim (K T) o dime D ( ) for) 2 dim V" ~ dim W,
dim W Aim (V/W} by X
Problem 11 (10pts) Apply the first isomorphism theorem to T : MxN = M+N where T(z,y) = z+Y
for each (z,y) € MxN (yes, T is clearly linear). Then, explain why the dimension formula
dim(M + N) = dim(M) + dim(N) — dim(M N N) naturally follows.

_ - ~ Y =-X
Ker T = { (x,9)€ M N | T3] = X2 O} mi‘é
- ﬂ(x,—X)EN\Wl x e MaN] e b MEN
co X e MaN,

Nyo, 1+ X+49 € MEN dh T (%9) = Xf2
Mg T 8 & .Iw“jl-uf\bn. Observe

. e e
MXN . ~ M+N 5 dim [Mxm)—w) dim (M+N)
™ ) = dim [M?‘N)'.

dl;nm+d(}n N - dm (mah
* s;KMnN:
No(e, «{)0()___. (x,-x) ic iIoMor[nhtJM —frum MaN - W (T). (%&.d‘%m
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1 -1
(A, B) = trace(ABT) to answer the following:

Problen 1.2 (QUpts) Let A, = 1: . ] Ay = [ i } J Ay = [ _01 (1) ] Use inner product

(a.) Show {A;, Az, A3} is orthogonal
(b.) Let W = span{A), A3, A3} and find an orthonormal basis for W'

(c.) Construct the formula for Projy, [ z 3 ]

(d.) Find a basis for ann(W).

() AN =[00] , an=[ 7] Akl

- (A,!At>";'.o / <A|:A3>:O / <A31A3>: O

ﬂ\lhl 'fA Az A_} fwm; arﬂoadm-j .FU{

(b) A AT [ ’] [2 2] CAAS =Y Sy
N Ve

L:"Lg,wiu _ 4
Il Al = 3 and //ﬂa”'—' B} e [—ofa']/f:lf -“-[t:’ +?].
@ = {E,‘[-t‘-:‘), {—[ : l[], -\‘IJ—;[?‘L}]
if ot Fhwnormid bosii  far W
==

() Froj (A) = D (L LD e D

— (-q+b+c —d)f;\r'-c- (a4fb+c+d)%é + (b—c)_Px{_

-—

l

—-o+b+c=d [-1 arbted [ 1 b-¢ |]
q [1-‘1+ g “[n1+ =G

{ u/z+b/z_%+7<l l A '*b/t*c/z‘c/a.__
Y4 C/z b2+ % l vy + ¢/

_l_[a +b| b

2 lb+c]

4) Amiw= e Rm R | % [Ed]=0 = slew]
l t= dim (mae) #don W on: g fkrpcf,h.,?" @”"(W/= JM"/E"—E“/’

'




I

Choose your own adventure: pick just one of these to work

Problem 13 (25pts) Prove that any real symmetric matrix 4 has g cube root. In other words, show
there exists M for which M= A '

metere
Problem 14 (25pts) Let gla(x),b(z)) = fgl a(x)b(x) dr define an TErerprednil on P(R). Also, define
the dual vector « - P(R) - R by qof

f(x) = !n] zf(x)dr for each f(z) € P,(R). Let
8= {v1,v2} form a basis for Py (R) where v; = 1,95 = z. Find:

(a.) gij, (b.) g", (c.) ta (d.)Riesz vector for a
PAResLeam (3

}

AT=A = 3PeGlln) ot pYp=pe p™

Now D = dia.a (7"; 21/--‘, 7|n) and we e tube  a e
—— . , ']
Cabe-rost ob omy red %t M= diey (VA,., Vi )R

-
po— _ — oéj ve
and M= D. let M= PR and obrerve,

w2 = (pie) (e e (em P

o

= pmmm P ) y
= ppp s PAar=0 = A=ppp7)
= A,

[PRogam 1Y] Let v ={ V=X
{

(a) 9, = 9(11) =[ dx = 1 ) __[1 '/z]
g = Q{I,Xj ';L!de = .}_L G ‘(%l}') = Ve Y3
it
% = 906 %) = ,{Ixzalx = 4

|

_ | (v %] _ {‘/’ "’*J:[" “]: é"
(6.) G'— —'—-%([-V: 1]"‘?‘-'/; [ -6 (2 (9)
3

=y, Recdlf
I e
i = ds _ B}
' = g% 1 (#a(f:g“a(l £95d, =%+ Y5 SI
I = 0 and aP=|
Thas &« = e
Tan  Conclwiim, GEx = X iwly g | Nk «(4) =% 82
. tor o grecl .
(d) Yhe Rierz vec
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Please show your work and use words to explain your steps where appropriate.

Note: V and W are finite dimensional vector space over a field F unless otherwise specified

0
Problem 1 Let A = |: _3 g } find the cigenvalues and eigenvectors of A over C

deb [3 3] = F49=0 > A=23/ e-velun

A-3iT = [ 7] ~[—i :} o (% %) e Nll(A-3iT)
Nag -iX, +X, = 0

. . A X =X
Set X, =0 dbtin v = (1, ) » 21X

Hon  Av, =31V = Av¥=-3v" - Y= (1, -7)

. s C'-VC(.JW‘
Thws [ 1,1, (1, ~4)] fiom,

8/.3,(/)1 boviy b A. Mbrewer V) we ‘d C}(pecf/
ae= [ ][22 HEE R e
‘ - [zl —?i] =V
GJ‘::, ,(E:,“ 4{:6“{}

eo..,ﬂi’.f' chua

al ¢ty

g __._z_[G OJ
A=P0P Lo -6

Problem 2 Calculate e” where A is the matrix given in first problem.

~(
PDP -
el = e = pefp
3

P .
= [t e’ o A dired
[1-1][0 e-?i}[i = I % An
_ o 1) iexp(3i) expl3i] ]__l__ o split
B { 1 1][ 1&)(,](-3;) -exp(-Bij 3 W\+Lr;d:l/¢vm

) -3 3/ -3/

I

Fh ]

+ ¢ ll' frie?

[i(e ‘."'C-y) ,1,l. (Eﬁ 8“3;) ] —~ [Cﬂf 3 Sin 2 ]

i‘T e-?,- JJ'} I'LLJt+e-JJ} ] —$in 3 Col 3




Problem 3 State and prove either the first, second or third isomorphism theorems.

(onf/'o&a 7 sV — 1474 Jin car
let +: Vi .+ —>W be  defirad 53

¥ (x+WUT) = Tx). Is ¥ well - defred 7
.fuppal-c X+MM7—:~31"ZGAT Fhon 9 -X e nu T

sy T (9-X] = or T(x) =T(3) hen «
"P(X""/’CMT} 16(‘11‘-%,,\ 7‘) hen ")L Wﬂ—c&ﬁhca(

Fw,ﬂ.um..,,/ Vo, ¥ = /x-f-la\T /T(x):o] = {IG.T/

’\-

Ahos \p IS an fajecf)a'n_ (aﬂffv{M ; VK-«T "’T{V)
f\ﬂ& we TV = w= Tk) for foma Xx € V henca

AW (x+Ma T) =Tlx) = v ¥ i oa S agjechin and
ba Qs p{eurm\f Commow‘f? COﬂCL/ﬂ/ha. ’}é /641[’ /AMT/
—— N; WM — T(V/ i an ivmurphiom of %T = T(V)

and :I:”(xwtur} = T(x),

Problem 4 Find the matrix of
Q(r,y,2) = 22> + 2y* + 22% + 6zy + 6z2z + By=.

Find the eigenvalues of A and write the formula for () in terms of eigencoordinates. hint:
the vectors (—1,1,0),(—1,0,1) and (1,1,1) are all very interesting

Z 32 3
QIVI'..—.VT.??__? 74
2 3 2

A
2 3 3] [/ A 33| §
R A, L)L
s g2l bols LI TR B, BT R A
A=-| A= A=7¢




Problem 5 Let Q(z,y) = 22% + 6zy + 2y for all (z,y) € R%

(a.) Find the matrix A for @ such that Q(v) = vl Av,
(b.) find eigenvalues of A,
(c.) find an orthonormal eigenbasis 8 = {u;,us} for A

(d.) if v = Zu; + Jus then explicitly relate the eigencoordinates Z,7 to the usual z,y
coordinates

(e.) write the formula for Q(Zu; + Jus)
2- 3 X - 2 7
(4.} Q(X,Y}T-[x,‘ﬁJ[J 2.,}['3_] . A- [.? z/
=5

(6) oot 372 o Rk-2)%9 = G-S)(A+]) = A=%5 ="/

) ) _ X =X2 =
() A-sT=[13]~[L7] + ¥im0Y (,,,:,,&,...,}
A+I = [; 33 “'[;o‘]
g ={&0, A=(1,-1) ]

b= Rue B = Lural[F] ¢ et =12

_ [¢) .
g [Fl=w 3] = alia]03) = (285
9 [xﬂ

W, = J—_’z—-[l, ~/)

o ar/{ano/mj e-basur

—
-—

-

T

on. Suppose T : Ve = V¢ is defined

e a real vector space and Vg its complexificati
Is T the complexification of a map

) = 3z +y+i(x —y) foreach x +7y € Ve.
does there exist 7 € L(V) such that 7¢ = T7

= T(x+iv) = 3x+9 +1(X-Y9)
7

Problem 6 Let V' b
by T'(x +1y
r:V =V 7 Thatis,
T (XH'?} = T(x)+¢T(7)
c
T (X) = 3X+9 and T(9])= X-2
£ (9] = iTla) = T(eH2=4=07
which i (mpansble s 2#0,

Can W€ hove

MOre" ’A) H’*-t P‘”;‘*

_— and ‘L—(o) =Y
'Hr\u.f (9= ¢ s nNo Juch Z':V——DVe.m'f'f.T.

e —AEATE



Problem 7 (10pts) Let T : P,(R) — P,(R) be defined by T(f(x)) = %‘1{ for each f(r) = ar®*+br+ce
P,(R). Find the eigenvalue of T and determine the geometric and algebraic multiplicity
of the eigenvalue.

o 0 2
T(aszSx%c] = da = [T]FF’: © "Oj

0o 9o
z -
[o"z]["}[/ p=fixf  2[2=0 wih
»-qv._i. * ¢ olaebravc mult 3
[T'Je(;

W T = {ax2+6x+c / T (ax*tbx+c) =2a = 0/ = Jpan //I x/
’ﬂnu,.r ‘#\ﬂ [}&ame/‘/fc ma./ﬁp //'Cr;é;/ OF 2 = s QJ
Incfduq‘zﬂ.%/ v Phd e-veihe of ordu q we (an sep |

- - = ¢ ‘ —l ' .
‘g e g b g . T(—-fxtj-l thws e
oL _ § N ) i - >/ 0
‘ {'{'i ,_x/x} ’[T]rr'[odla
Problem 8 Define a(r,y,z) = z+v, 8(x,y,2) = z+z and y(z,y,2) = y—=z for all (z,y,2) € V = R®.
In fact, T* = {a, 8.7} forms a basis for V*. Find the basis T for R3 for which T* is the
dual basis. Let W = ker(a) and calculate W+ relate it to the annihilator of {cc | ¢ € R}.

If we want to identify orthogonal complements and annihilators then which isomorphism
do we need to use?

x(v)y=1 => [1,1,0)v= L(w) = O L{n) = o
g lv)=0 =» Li,o, 1]V =0 Rlw) = | Bw = o
Yy (v =0 = [0 -1)v= Yiw =0 T(w) = |
\ 1 ol O O 1l t o]l oo Il | o]l oo
Lo (|0 1 of~|0-tlistvol~ o~ I|l-11o0
ct~1lo o | O l-ljoo | o 00 -l | |

WJ-Q {o\lu, ;Jf saemJ ’ﬂ'\l Prb‘sl\c?,o} Lawrcl\'-‘to
hos  conme do  Fruttidw T = eceor.

In Gt T* is not & bayir!
{
-8 =Y

-——-—'__——-—’

ey

Socrxg. T /H'\.mL\ /H'\U C.Ow(.c’ t’! hn l'f\-k’fcffh’f\a, PNBLI-M—\._,




| Problem 9 Let A, B € C™*" and [A, B] = AB — BA (the commutator of A and B). Consider the
function f(t) = e Be~*4. Calculate f'(t) and f"(t). Assume Taylor's Theorem is
known:
! 1 " /
1(6) = £0) + fO) + 57" OF + -+

Set ¢t = 1 to derive the identity e*Be™* = B + [A, B] + 1[A,[A, B]] + ---. Finally, if
ada(B) = [A, B defines the adjoint map ad, : C*** — C"*" we can define

1
e = [ +ady + §ad3, 4+ .-+ ( yes, an infinite series of operators! )

Rewrite the identity in terms of the exponential of this adjoint map.

tA 5 - AA 5 - fA 1A - 1A
%f:ﬁ.(e ee'*’*):.- N gt e (-AeT)

1(-‘/(0)::. AB -8A = [A, 8]
- - 1A ~-1A
T Aze’m@e-ﬂ— AeM@Ae 1A _ petfshAc M, "3 A%

L) = A'B —ABA - ABA + BA
= A(Ne-BA) — (A8 -8A)A
= A (n,8) - [AG)A
= [, [nel)

Doy 4 (1) = £+ fllo)4 + -{-{"{a),tz+-..
Fik) = B+ x(AB)+ 2[4, [A;Bn*‘“'

> f(y= eh@et = g+ [n8]* bla lnell oo

= 2

¥ (g) = T(8) +oda® ¥ ada (8
o+ Ln, @)+ foda( (Al *
2+ o)t 2N ()4

ehgeh

)
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