| MATH 332: FALL 2013 TEsT 1

Show your work and justify steps.

Problem 1 [5pts] Let v,w € R™. Suppose vew = 0. Show that ||v + w||> = ||v||* + [Jw]||*.

Problem 2 [5pts] Give an example of a function which is differentiable, but not continuously differ-
entiable at a point.

Problem 3 [5pts] Define what it means for U C V' to be an open set in V' where V' is a normed linear
space with norm || - ||.

Problem 4 [10pts] Suppose F(z,y) = (zy, 2%y?, 2%y®) and G(a,b,c¢) = (a +b,v/b+c). If H=G-F
then calculate H'(x,y). You may leave your answer in terms of the product of two appropriate
matrices. However, be sure the entries in the matrices are correct.

Problem 5 [5pts] Find the standard matrix of T'(z,y) = (z + 2y, 3z + 4y).




Problem 6 [10pts] Suppose w = 2% + y? + 22 and z = 22 + y%. Calculate (a—“’) )
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Problem 7 [10pts| If a € (0, 00) then it can be shown that
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Use the fact given above to derive a nice formula for
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Problem 8 [10pts] Let F(z,y,2) = (2% + y* + 2%,2?). Find a parametrization(s) of the curve(s)
P4, 1)),



Problem 9 [10pts] Suppose G(x,y, z) = (zy,yz). Answer the following questions without solving any
equations. Instead, use a theorem to justify your claims:

(a.) where is it possible to locally solve G(z,y, z) = (1, 1) for y, z as functions of x

(b.) where is it possible to locally solve G(z,y, z) = (1,1) for z, z as functions of y

Problem 10 [10pts] Let F(x,y,2) = (z+vy, 2* + 9%, 23 +y> + 2%). Calculate F'(x,y, z) and find where
I is locally invertible.

Problem 11 [10pts] Find extrema of f(z,y) = 22 4+ 4y on the unit-circle 2% + y? = 1.



Problem 12 [10pts| Let ®(t) = (¢,¢%,¢3,¢*) for all t € R. Define C = ®(R). Let p = (1,1, 1,1). Derive
the tangent and normal spaces to C' at p; that is calculate 7,,C' and N,C'. You may describe T,,C
and N,C as a span or as point-sets in R* given by cartesian equations, your choice.

Problem 13 [10pts] Suppose functions of the form f : R® — R have multivariate power series expan-
sions centered at p as given below. In each case, identify V f(p) and decide if p is a critical point.
If p is a critical point then use the theory of quadratic forms to classify the extrema.

(a.) p=(1,2,3),

f(z,y,2) = 10+(2—1)+2(2—3)+(z—1)*+(y—2)*+- - -

(b.) p=(1,2,4),

flay,2)=3—(z—1)2=(y—2)2—4(z—4)*+- -

(c.) p=1(0,0,0), hint, try A = —1.

f(l’,y,Z)=3+2xy+2xz+2yz.-.



Problem 14 [10pts] Let V, W be finite dimensional vector spaces with norms || - ||y and || - ||y respec-
tively. Assume F, G are differentiable functions from V' to W which are (Frechet) differentiable
at p. Show that F' + G is also differentiable at p.

Problem 15 [10pts] Let G : R" x R™ — R be defined by G(z,y) = 27 Jy for some invertible matrix .J.
Suppose a linear transformation 7' : R™ — R"™ has T'(x) = Ax for all z € R™. If G(T(x),T(y)) =
G(z,y) for all x,y € R™ then what condition does this force A to satisfy?

Problem 16 [10pts] Calculate dG . (H, K) for G given in the previous problem.
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Show your work and justify steps.

Problem 17 [10pts] Let V, W be finite dimensional vector spaces with norms || - ||y and || - ||w respec-
tively. Suppose T : V' — W is a linear transformation. Show 7T is continuous.



Problem 18 [10pts] Suppose R € R is a fixed, positive constant. Let X : R® — R* be defined by
X(0,¢,9) = (Rcosfsin ¢sin, Rsinfsin ¢ sin ), R cos ¢ sinh, Rcosp).

Let X(R3) = V. Let F(x,y,2,t) = 22 + y? + 22 + t*. Show that V = F'Y{R}. Let p =
X(w/4,7/4,7/6). Find T,V and N,V. You may describe T,C' and N,C as a span or as point-sets
in R* given by cartesian equations, your choice.



Problem 19 [10pts] Suppose we wish to find the extrema of F' : R* — R on some compact domain
given by G7*{0} where G = (Gy,...,G,) : R® — RPF. Consider the function H(z,A,...,\,) =
F(z) =" | \;Gi(x) where H : R" x R? — R. Explain what critical points of H yield.



