Name: (please print name here —)

MATH 334: MissioN 3: SERIES SOLUTIONS & SYSTEMS OF DEQNS [50PTS]

While complex solutions may be useful as in-between work the solutions requested on this assign-
ment are real solutions. Please write answers in space provided, do not write scratch work on these
pages. However, for Problems 69, 70, 71, 72, please write your solution below the problem statement
printed out Thanks!

Problem 49 Find the first 4 nonzero terms in the power series solution about z = 0 for 2" —z%z = 0.

[yt |
{:; = ¢ (I + E—xw} + C, (x+5’3—x5+---j

Problem 50 Find the complete power series solution ( including a formula for the general coefficient)
about z = 0 for:

y' —2zy = 0.
= [
‘ : 2
J=k 2. 77"

N=op

Problem 51 Find the complete power series solution ( including a formula for the general coefficient)
about z = 0 for:
y' —zy +4y = 0.

Y= (1-2x"+ Lx¥+ ¢, (X £ S B (2k-s) | 2w
( d / Z (2 +1 )] X j

Problem 52 Find the first four nonzero terms in the power series solution about z = 0 for:

y' —e*y + (cosz)y =0,  y(0)=-1, y'(0)=1.

3
J= - f+ x+X 4 X enn




Problem 53 Find the first four nonzero terms in the power series solution about z = 0 for:

4o +z=x+2c+ 1.

] Y
(% = ol i b e (x-fcbe) o e fe

(probobly giing Pl gusdiahic srbn fodfuo here)

Problem 54 Find the singularities of z(z? + 2z + 2)y” + (2% + 1)y’ + 3y = 0 and determine the
largest open interval of convergence for a solution of the form y =~ _; an(z +2)™
Think. Do not try to solve this, I'm asking you about the interval of convergence, I'm
not asking for what a, are in particular

(/a/guf’ wpen I.0.0C = (-2-Vz, ’Z”"\[?D

21 .
Problem 55 Suppose we define e = Z 7—%—'-,2”. Show that e = cos(8) + isin(d).

n=0

— fee o £ hen Poage —

o 0]
Problem 56 Suppose Z(azkwgk + b2k+1x2k+1 = e® + cos(z + 2). Find explicit formulas for ag, and

k=0
bgry1 via Y-notation algebra.

. , < p
l azh = (.7::)—' ( I+ (-1) @1{3‘)/7 ?‘ AZkH: '('?I'I:U;(l - l")kf;"(a})y

Problem 57 Find a power series solution to the integrals below:
o £o -
3 .6 a 3n+y
(a.)/"”’”dw:c-,a—x--z» > T X
1— a3 Y o 3n+y

_ ) 3n+Y 22 nt+7
= C+ Z' X + Z—L [J‘/oppy l/M/z'an)
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Problem 58 Suppose =z + 4y and dy = z +y. Find the general real solution via the e-vector

method. Also, calculate etA for A = [ i 11 }

LR by M -

Problem 59 Suppose =2z +y and d” = 2y. Find the general real solution via the generalized
e-vector method

» !
") = "eu[0]+ C‘ea[:t]

Problem 60 Suppose = 42— 3y and dy = 3z +4y. Find the general real solution via the e-vector
method.

= Y£ [Cos 34 yg [ Sin 34
N = ce
=G [s:n 3;(~/+ @& [-wsrx]

Problem 61 Suppose = bx— 6y — 6z., W — g4 4y+22z and %’tﬁ = 3z — 6y —4z. Find the general
real solutlon via the e—vector method. '

3 2] 2

= o 2
Clt) = c et [—3:]+ e il + ¢, 6o
4] )

Problem 62 Suppose = 5T — by — 5z, 3 dy = —z+4y+2z and % = 3z — 5y — 3z. Find the general
real solut1on via the e-vector method.

- 2[5 24 s7 0 r "
o z -5 a s ) 0

Problem 63 Suppose =3z +vy, 3 dy = 3y + z and %‘f = 3z. Find the general real solution via the
generallzed e-vector method.

N 3 | ! 3t [ K| 34 | £72
rix)=ce |o|+ e |1]|+ ¢; € A
o 0 |




Problem 64 Suppose A is a 3 x 3 matrix with nonzero vectors i, 7, w such that
At = 31, (A -3 =1, Aw = 0.

Write the general solution of % = A7 in terms of the given vectors.

- Y | 3L - 3% -3 —
S =cwWr e Dt e (V1)

Problem 65 Suppose (A4 — M )iy = 0 and (A — Al)iiy = 4 where A= 3+ iv/2 and

@ = [3+1i,4+2i,5+ 30,6+ 447 and up = [,1,2,3 — i]”. a—t l‘:
" : ‘
(a.) find a pair of complex solutions of & — Az ~ ~r
( . [3+ 32 {
= 3+iy2 JF = U= [+ =y | ;]2
3‘ — € 4 ‘ 5+3i S 1 3
L6 Yy s 4) .

B*iﬁ)’f(ﬁ' +tﬁ.)‘

2, = ¢ : . L i) o nk
| g |4 =[] )8
L’3—-1 3 -1

(b.) extract four real solutions to write the general real solution (c1, ¢2, 3, c4 should )

be real in this answer)

Sg = Cle%(w.r(ﬁ.i‘) 5:— &h(i’t/bj) + G eﬁ(.r:hﬁﬂaf + w:[i’j) 5;)

+ e[ ws(zt) (8, +28)— s () ( B, + £3))
+ ¢, e (sin @) (G+48) ¢ wr (74 (F,+45))

Problem 66 Consider A is a 3 x 3 matrix for which there exist nonzero vectors vy, vz, v3 such that:
A’Ul = 10'1)1, A’UQ = 101)2, A’U3 = 10'1)3 + 1

derive the general solution for %—f— = A7 with appropriate arguments based on the
matrix exponential. )

= lok
Cl)= ce v + Czew\/z + C3e'°*(\/3+*v,) ’




Problem 67 Suppose A = [ g g

Also, solve & = A given \that 7(0) = (1,2).

i 24 R | + lo#
ot _ [e ste i Pl = eu[ ]
o e* | _ : J.

. Calculate 4.

Problem 68 work out problem 15 of section 8.3.2 in Zill. That is, solve ‘fi—f = AZ + f where
0 2 > e
A—l_l 3}andf(t)—-[_et]

» 2et ) et Ut +3)e?
X(t)zc'[e¢]+cz[ez*]+ ( Y +
(2t +3)e

Problem 69 Consider the constant coefficient problem ay” + by’ + cy = 0 where a, b, c are real
constants and a # 0. Use reduction of order with z; = y and xs = ¢’ to rewrite the
given second order ODE as a system of first order ODEs. Calculate the characteristic
equation for your system and comment on how it compares to the usual characteristic
equation for the given second order ODE.

Xll — ‘ﬂ/: Xz
- { - - - £
X, = 9" = L(by'+cy) = £ x, - £X,

x \' _ [0 | ] X,]
(Xz> - |" Y, ~b/4 X2
S
A

-7\ l
deb (A-AT) = OM)[‘%. -A- I’/a]
= A(a+ )+ <
=@ N+ bR¥C)g =0

\_/——V——-———”
Joma egf"l 09 m

Chacaclerich e~ P
a‘ﬁ”*b‘?l”‘c%—; @)
ax*+b3 +c =0
(juﬂ' dividad "‘7 a)
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The method outlined below is most meaningful in a larger discussion involving coor-
dinate change for linear transformations. The coordinates ¥ = P~1Z are eigenco-
ordinates. A matriz is said to be diagonalizable iff there exists some coordinate
change matriz P such that P"*AP = D where D is diagonalizable. Not all matrices
are diagonalizable. We’ve seen this.

-3 0 -3
Problem 70 To solve % =AZinthecase A=| 1 —2 3 | by the following calculations:
1 0 1

(a) find the e-values and corresponding e-vectors 4, U3, U3. (you may use technology)

A=-2 =4 A, =0

- (s} - —~ 3 - ~|
G- (8], a=[3], @=[}]

(b) construct P = [1i|u3|7s] and calculate P~1AP. (you may use technology)

i -2 0 o
‘ ©c g O

(¢) note the solution of AP;I’]' = d%” [Py] = Pfld—fqis easily found since Enultiplying by
P! yields P"'APy = P1PY = [% = & Qolye PAPF = . (this should
be really easy, just solve 3 first order problems, one at a time)

~2
49, c e 1

lg = ::" = C. E—Zt
3 C3

(d) AP7 = 4[Pj] means ¥ = Py solves £ = AZ. Solve the original system by
multiplying the solution from (3.) by P.

- -2¢ | © |73 -
X= (e ; + C€ o + Gy !
, |




Problem 71 An ice tray has tiny holes between each of its three partititions such that the water
can flow from one partition to the next. Let z,y, z denote the height of water in the
three water troughs. The holes are designed such that the flow rate is proportional to
the height of water above the adjacent trough. For example, supposing z and z are
the edge troughs whereas y is in the middle we have % = k(y — z). For simplicity
of discussion suppose k = 1. Write the corresponding differential equations to find
the water-level in the y and z troughs. If initially there is 3.0 cm of water in the z
trough and none in the other two troughs then find the height in all three troughs as
a function of time ¢. Discuss the steady state solution, is it reasonable?
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Problem 72 Let a,b be constants which are some measure of the trust between two nations. Fur-
thermore, let z be the military expenditure of Bobslovakia and let y be the military
expenditure of the Leaf Village. Detailed analysis by strategically gifted ninjas reveal

that
e __ +2y+a
at - T
ay
E{—llz—?)y-l-b

Analyze possible outcomes for various initial conditions and values of a,b. Consider
drawing an ab-plane to explain your solution(s). Is a stable peace without a run-away
arms race possible given the analysis thus far?

- 47! st | [3a+2b
X)= G [, [+ G€ | 2|7 5[ ysebh
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Missions 3 SoruTiens

3 X% =0 Lid 1T
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|P5ﬂ /://u/ Cam/@(,vfe' power  Series Solvhon of %’-—'Z_X‘;’ =/

¥ dY
g7 _ 5 = (22 = [zxdx
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1= 2. 6x" ‘= Sngx -
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53 u
P /- ezxg’ + i(x)Y =0

diven  Y(o) = ~[  ang YY) =

J= = +X+ Gx 4G X%

9 = 1+ AGX + 20X F--

%//
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Problem 43 Suppose %‘t”- =z + 4y and % = +y. Find the general real solution via the e-vector method.

dx
%‘é‘%ﬁ‘z{"%’%

o= dud (A=~2I)

Uence A= 3

A =3)

| fe-)

A1)y, = |
i
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}
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Problem 47 Suppose X is a fundamental matrix for g; = AZ. Suppos@ a square matrix with det(B) # 0.
Show that X B is a fundamental matmx for & = A%,
a S & X Ve ‘{Hﬁj ?\!\‘Li{”\
/’-—-«\\ “%"’ !f" _f\ﬂi’z m&f’“{
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praarix
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pS-JY_ unﬁhua/ 7
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59
N Suppose %% =2z 4y and %% = 2y. Find the general real solution via the generalized e-vector

method.
x ! 2 l X 2-R \
[@] - [@ ZM%} = Mm'?‘z}”m( o H)
w e
=0 = Rt’;«"?;?am'z

Find e-vedse for R =2
N9 5{:‘_: o J l,g'_h:’@w--a-\/“‘o ---901 //
(A I) [Q ‘g][\/] w[a o Free

We And ora gof% gmmeafﬁl/
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(@ ,Mu]:{ =] and W W b achain
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136

. Suppose & & =4z —3y and —3 = 3z +4y. Find the general real solution via the e-vector method.

- [i “3// J

: -2 -3 2 Z
M[/?wi%f) = o&é( 3 %Q\)m(?\“‘f/ﬁ 9 =0

=) 7\&"‘{1’:%{

Cons b A=Y + 30
R ] N T g
let U=l +thm V= =i henrca &73[:‘2‘,] .
We  Ahd wmplac $o/E
) = &[]
— Vz‘(’cgsé’%)vzs‘m {?z%)/( [ ].f_ l[

1)
R )

s e vane,
s m—— i

Y= Re ( xw} xg,wm w&ﬂ[xw}

\ﬂfe’vq J/wwn a «Mm‘/zégx, IJ}" ,?4) X A){ Qm ;m 'jl’l’.'.?—
tesk  So 1*4 / Ao reed @ M\@%\r\m% pwﬂr inchizested abuve,

T,
- g [ Cos 34 Sin 34
X & = ce { ]+ C.e |
Sin 34 — tog 34
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.. Suppose % = b — Gy — 62, %’;’ = —z -+ 4y + 2z and %‘;f = 3z — By — 42. Find the general real

solution via the e-vector method.

x7! s -6 =X
i\o = |- 4 2|y

3 3 -6 -Y4/J|7

T

A
S-A -6 —¢

Jd)( - Y2 2

3T 6 4R

L

deb (A-2T)

H

(5-n }{(?\w}(%w) wa] + € [?\w -»g} -6[6"+~ 9(’?\«*;}]
(5-2) (A%~ 4) + ¢(a-2) - ¢(3A-€)
= (2-2) [{smx)(ma} +4 ""ffé*]

= [a-3)[-2%+ 3A-3]
- _(]\._a)(7\”’/){’7\"a) ~— 7\2 -7 = '/“'{3

I

o

A=l | Y -6 ~ ¢
I I
Chovse W= 3
Wome T, = (=, -1, 210

Pez2) ooz ) < F - éfm =
3 -6 -G »
I e ke
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Suppose & = bz — 5y — 5z, dt = —z + 4y + 2z and %{- = 3z — By — 3z. Find the general real
solution via the e-vector method.

x7! s -85 =-53\{x
y | = |-l v ooa )Y
Z 3 -5 =3 ?
- o
A
5-h -5 —9
~AL = M -1 Y-A 3
dap(p-23) 5 -5 -3-A

<(E-2) [(-4re3) + 10+ s a3-¢]- 5{5~3(4-A)]
- (n-s) [ 3~ A-a]+ SLA-3) + 35 - IS A
= _(2e8) (A~ Ar1)-10(A-R) e "loh4zo

- ,Q\_a)(@\ms (A1) + zo]

= -3+ = AT
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- 3 =5 =5 )fu oy C
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éa% veal Fhem W= o and U = V+aw = [ +4 =5 Thu s u /z]
A=2+1/ 31 75 7S \u (3 u-sv-sw = o}
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° m 5 z - U _éW2c; S W= -UY
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"
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Suppose %‘f = 3z+y, %‘f = 3y+z and % = 3z. Find the general real solution via the generalized
e-vector method.

x\! 3| o} X’

(0 =to 3 | ||

Z o o 3T/ 2
Ny e

A (A -7T) (7—3) =0 = A=2 =4 =2
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5?, # = eﬁiel € /{@
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2
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PG Suppose A is a.3 x 3 matrix with nonzero vectors i, ¥, 10 such that

A=3a,  (A-30)7=41, — W ' e~vecty~
Write the general solution of %‘ = AZ in terms of the given vectors. Bn "\i}i v«_(::._ T
AR L e Ve =W
S AT e"L( Iv‘—/i‘@ “35)ee) 7 =T 1t

M~3ru=
e

(A-30)V = &

- [Rki= B T+ e (Trea) |

© =D
o-f

.

L Py
(«.)] oM = (“ H b_= >,

(I+ 7&/4 2r) + Lia-2a) ) U,
= )\*((/(14-;&//*‘7\1701 + 0. ) ]
l - (3f:Fj/f(u +-;(_(7)

C;é 0o 6w %4\,% (A (%/




S 3 .
Ped Given A R with nonzers

V¢/ Vz/ Vg Pach #‘J"
> (A-10I)V, =0

=2 (A-10T)]v, =0

Av. = 10V,

AV, = L0V,

Av; = 10Vs+V, = (A-loT)V; =V,
We cCet Vv, g Vo ore efawweu"w and for V3
£A

e Vv, =

3

o' 0% (I + £ (A-10T) + 2 (a-101) 4 )V

em*(v3 + A (A-10T)V; + 3

_i_Z(A-IOI_)V,_J--—-)

"

|}

e (vy + 4V)

hos Selohan

o c

1o
v + C, € Vz+ ;€ (v3+;t\/,)}




Pe7] A= [o
[Ca/cu/c«ft e‘M and JSelve ;{{"Ar g:ven Shat I"[oj—/]

dev (A-2T) = M[z ! 5']'—'(/?—2)2-:-0 s A= 2 Awia
[o]

LA"'LI)-\Tz: 61: == [0 5}[‘4]:[;] = S5V=| 2 V= Ve
o eJLy U f/ee/ e/
7 o . choo Uu=o0.
J’Cuna U, = [1/5] Ly gwne/a«//}w’ ) m_:"‘““'
e—vechy o ordn A fubject b ch ar) U, = Y,
2 - _
ham ¢ A - 2r) U = (A —QJ)M, =

otNG, = (T +# (a-21)+- ]G = e (G +1H)

p-2n)i = [ JJE=[0) = @

L leewiie e,tﬂ U, “eu U ir solhen and Sy
ez,t tezt]

- - A — s )
X[k = (e’“‘u,le*“ u,} — [u,)u, = [ o M
£A P T
e :{ 24 |
o e/slle %
24 [ 1 i’“[l 0]
€ o Ys]lL® S

j 4 o 2
w [ 5#] ) etﬂg o 1™t
o 1) ] = lo ot

i

"

e
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Solobin b 4 =AZ wih 7=

- 2t
T R A Y 0+wt)e2*]

ir 3rve,\ (;7 f(i'} e




. work out problem 15 of section 8.3.2 in Zill. That is, solve %”t: =AF+f where.

a=[ 3 | mara=] %]

([~A T ) e T R -
b (A-3T) = b= ;2] = A(R-3) +2 = R —~3F+2 =B

2e® et

o ek
] Lot et TRE et get [T L™ e

i

Lef e || seftee

(fdfu.ed ohn ;/a‘[(am f/\ﬁbf)



-3 0 -3
’ - . Tosolve % = Af in the case A = { 1 -2 3 } by the following calculations:
1 0 1

1. find the e-values and corresponding e-vectors w3, U3, 3. (you may use technology)

2. construct P = [1fj|3|#s] and calculate P~1AP. (you may use technology)

3. note the solution of AP = £[Pij} = P4 i easily found since multiplying by P~! yields P~'AP§ =
P“IP%? =1 %g = %ZZ . Solve P~1AP} = %%“. (this should be really easy, just solve 3 first order
problems, one at a time)

4. APj = a‘% [P7] means ¥ = P{ solves % = AZ. Solve the original system by multiplying the solution
from (3.) by P. ‘

The method outlined above is more meaningful in a larger discussion involving coordinate change for
linear transformations. The coordinates i = P~1% are eigencoordinates. A matriz is said to be
diagonalizable iff there exists some coordinate change matriz P such that P1AP = D where D is
diagonalizable. Not all matrices are diagonalizable. We've seen this. When there are less than n-LI e-
vectors then we cannot build the P-matriz as above and it turns out there is no other way to diagonalize o
matriz. On the other hand, the generalized e-vectors always exist and cojugeting by P made of generalized
e-vectors will place any matriz in Jordan-form (possibly complexz).

5 Y o - “3. - './
1.-) Tedﬂmkmsé .& 7\\= _a/ R‘b = -’Q/ : IX3 = O W\m\ ’\A\ = [é 7 u'&: ? O-‘AA/ % s ’[
Z.} \7’\“ 0 -3 =\ -E.,.. \ -1 7 -3 - 2 o o
=\ o | = |-l o - = P AP = |6 -2 o
° ot [ S 3 | ¢ o o
u;r%;a EA.rLa \?M'li“ o«,ﬁ c,m\r‘u,'
o _ dY 'S 5
2] vy =5 > WMeH > Y=g (R=-2)
Y i O%cl‘ = Y, = Cze—% (R=-%)

o= = 9y, =g (A=aq)

= | et . c f ol goud, jub dighy
Qy Q_g:t + C3 v ?l\i\}r 0\-»‘}{'.'
| ; rn fack
s -33: gi- oy R4
= |Ce + Ge T\O | + vguad sof°
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