Name: (please print name here —)

|MATH 334: MIiSSION 4: INTEGRAL CURVES, ENERGY, LAPLACE TRANSFORM TECHNIQUE

While complex solutions may be useful as in-between work the solutions requested on this assign-
ment are real solutions. Please refer to Mission 1 for formatting rules. Thanks!

Problem 73 Determine if the vector field F' is conservative on S. If so, find the potential energy
function U for which F' = —VU.

(a.) F = (z — 2%,y — 72"y°) for § = R?
_ _ 3 2, 7
U = Lxt-Ly'+ 7x7Y

2

(b)) F=—2 (z,9) for S =R - {(0,0)}

x2 + 2

U= Ln (x*+9*)

(c) F= (~y,3) for S = {(z,9) | & > 0}

U = - ”ﬁm"/%&)

z2 + y?

(d.) F= ———1——2(—-y, z) for $ =R?— {(0,0)}

x2+y

net  wngevvahve

Problem 74 Solve the following exact equations:

(a.) (z— 72z8%")dz + (y* — 72"y®)dy = 0,

3
‘;'xz““ ’;“ﬂ - "}X?‘;ﬂ- =C

L4

rdr +ydy

0.
z2 + 92

(b.)

.

—dn (x2+417) = C

P

or fimply XY =C CFo

<~




Plot the phase plane (or Poincare plot) given the potential energy plot below. For
each energy F\, Fy, ..., FEg graph the corresponding trajectories below. Use a couple
different colors so your work is easy to follow. Be neat. If no motion is possible then
explain why.
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Problem 76 For each vector field below find the parametrization of the integral curve 7 : R — R2
for which %% = F(¥(t)). In particular, for F' = (P, Q) if we write ¥ = (z,) then we
wish to solve £ = P(z,y) and % = Q(z,v).

(a) F=(3z+y,3y)
— 3
T = (6 +at)e™, ae ?)

(b.) F={2z+y,z+2%)

v - 2
'X//{'): ("(16’/‘(_’/‘ (z.e?;{ C,ff-/- Qf'fj

/

(c.) F=(—2y,2z) |
YV #) = (¢ wosl24)+ ¢ s (2#) =~ G $ia () + G 05 (zA) )

Problem 77 For the vector fields of the previous problem, solve the differential equation g—fci = %
and show that the Cartesian solution found here is parametrized by your solution of
the previous problem.

(a.) P=3z+vy, Q=3y

lewl\: (C() $(6)

| 13X
/?n[‘Q/" _lé— =C ac%ult‘a weren't
» s bod,
(b) P=2z+y, Q=a+2
[Xmlx*‘“ﬂ -3 [x-y] = ZCY

(c.) P=-2y,Q =2z

x2+9* =R

(whewe R= G2+ G we

Stwdy hew F6c s Y [#) povometize,
e  gVven cirels of redias R)



Problem 78 Calculate £{2t%e"t}(s) = ._3__;2_{__ = 4 3
s+ [+

: 5 J
Problem 79 Calculate £{sin(2t) cos(3t)}(s) = @ [ S'%r25 - S24) U

i . . o
Problem 80 Calculate E{tets1n(2t+3)}(5) — f { cosS (3)1'6 Jin (2/{'} * f//)/j/jf’ oy /2#/}('{}
- d 3 g . _Q— S -1
= = coSB)I{[ (S’-:)‘—H] ~ o mdS [(S'l)z’* 4 ]

(Yeos 3) (5-1) + 5 (3) (5235 +?Jj
O (-1 +4)°

Problem 81 Calculate the inverse Laplace transforms below:

(@) c—l{(sf1)4}(t)= -f!—e*P :—{,{3@‘*)

5244 .

o) {2 -

@) e {iitsto = 2 lerr|w= 7 s G2))

52425+ 10

@ {5 = -{rq St

\




35—15

Problem 82 Let F(s) = P Ry

Calculate f = L71{F}.

fi#) = Ee#co:’(u)—- 3e? oin (24)

2
Problem 83 Let F(s) = 36222_—1%?58;}‘2). Calculate f = L~H{F}.
- Lyt M6
fFih)= s+e’+ e

3 _ 2 2
Problem 84 Let F(s) = s 33(2 3)5 ki 6- Calculate f = ﬁﬂl{F}-

Wtfvu(‘/h{hﬁ
r(s)--§3-+ Ly 6 .—»Lm 3*+I+Gej

Problem 85 Let F(s) = tan™ <— Calculate f = £~1{F}.

[ 7

Problem 86 Solve 3" + 6y’ + 5y = 12! with y(0) = —1 and ¢/(0) = 7 via the Laplace transform
technique.
-t _-s#|
0, t<1

t—1, 1<t<2
3—1t, 2<t<3
0, 3<t

o |
]G(s) = -S’-,_- (eF-ae™+ eﬁw

Problem 87 Let g(t) = . Calculate G(s).




Problem 88 Calculate the Laplace transforms of the following functions

(a.) f(t) = sin(t) cos(2t) + sin®(3¢)

(3 __t oy -2 ]

(b.) f(t) = etu(t — 3) +sin(t)u(t — 6)

/

| =35 3/_1 - =65 [eos 6 —(—S(S""G})
'F(s)ze e(s__,)’r e ( ST r

Problem 89 Solve ¢ + 4y’ +4y = u(t — 7) — u(t — 27) with y(0) = 0 and 3/(0) = 0 via the Laplace
transform technique.

alt-m)

[ | 20w,
—q—-(t - e + a(+-me /Ufi T) + @

s ?l(l _ ez(:b-vzzr)_‘_ 3 (#-an) e?.(t—zrr)uu___zn)

Y =

: 0, O0<tx«1l
Problem 90 Solve 3’ + 5y’ + 6y = g(t) given y(0) = 0 and y’(0) = 2 where g(t) = {t, 1<t<b.
' 1, 5<t

~2(4-1) -3 (4-
F-1) -Fe 28y k) + o

)+ et —é,‘—e’g[t“r)) u(+-5s)

e s
52+ 65+ 13"

Problem 91 Let F(s) = .Calculate the inverse Laplace transform of F(s).

-1

F(s) ‘_[(81-3)- ] ws _;i__a%:?: e ("f‘(cof(z (4~ ﬂ]}——Sln(Z(t—tﬂ])U{j@

L(S+ 3)*+Y

Problem 92 Solve w” + w = 6(¢t — w) where w(0) = 0 and w'(0) = 0.

(w = Sin (at—rr)u(t~w)j




Problem 93 Solve y” +y = 46(t — 2) + t? given y(0) = 0 and 3/(0) = 2.

td,, = Asind + Ysin(E-a)ult-3) + # st — Q|

Problem 94 A hammer hits a spring mass system at time ¢ = w/2 and thus Newton’s Second Law
gives
d*z ~
Pl +9z = -35(t —7/2)
with z(0) = 1 and 2’(0) = 0 since the spring is initially stretched to l-unit and
released from rest. Calculate the equation of motion and explain what happens after

the hammer hits the spring at time ¢ = /2.

E:‘ Co;(Bi’J — Cos (34) U (*—W/L)Y

Problem 95 (Ritger & Rose section 9-6 problem la) Use convolution to find the inverse Laplace

transform of 2 for a # 0.

(s —a)

rd {;—7‘;———,) (== (e™-1- af)]

Problem 96 Find an integral solution of 4 + y = g via Laplace transforms and convolution. You
may assume g is an integrable function of time ¢.

- | + )
‘9 (;() = Y, osA + tg‘sr,,;t +I Sin (£-u) 9 (w)du

/]

whine Yl =9, ond Qi) =Y,
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@ defermin if F s Oaﬂfl/:mfl\;f on S‘/ i ro fad PE
'F"’l‘f/’;" U fr whith F=-=YVU o S

2
() Fo<x-rmy? gomigty o SR
U

= -Lx*- F=-VYU

197wty g
S

(b) P = —r <x9> o R'= {9}

. . -/ x4yt Ve s
Con eVt Sin An ( / J

- = - for (x9) #F(e9),
YU = <§f£7', xz+y’> 3

1 Q‘

_ (9, x> A S= / xo) [ x>0 |
G =t
s Aahue Sina V—h» v/x) - <)+Y‘/xl x4, 1+Y4¢
N Con I< ¢ JSin
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\eldo n - + o
\ae —_ ,_,hm—l(‘f)/x) e PE Fvn chon A/ F 1 5(

Mg U= TR0

) E =

't
gb 2 = < ik, sink > | GEES 2T parametiize : ‘;&)
Jerve
(CI) j((‘ ~sind C‘W{'>) <—-.S'mi‘/ w;l-)ob{‘

cost A +im*f
Un‘+h j'
ciee
= 2% ,.. o 5
T4 F = NV on Y\? '“00}} %WM;!;

o aservehle on S
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P24 ﬂ,/ul})p exout 1757:

(a.) (x- 7x497)dx * (9:-#xT9)dY =

7
= [1x* LY —-?x*«ﬁ:g

—

(nekc: F=-TU with F=<Pad>

means d[" U? = Pdx + QdY hence ~U=¢

will folve Pdx +0dY = 0/

(b-) Xd;zz*_:d\é = 0 = %—Xn(xz-u/z/ =C
+9* )

(wing 726 )

@ SLex p/aéﬁm’l JAeleL/ /Lea rdea

£ = tmvi+ Ux)
Ahus  roed E
Also

- = Uwx) Pr pG._Ulrl)l.l merons,
_ X g0 meve rfal\)f: N XV'P(“’\-Q wuth V>0
V=&

reng e Meve [eftuncd wihuem V<=0 un XV -plar .
o



= 3x+Y x\' Y i
= 3% %))’ o 3-”\9

Fod A=A =3 an (A-37)e, =0 e (A-3)e =¢

( 36) = (3x+Y, 39D A
“) 4
&
X
o

. 34 24
Yws Tl = e e + G€ (el’*ie')
lr\'tea[a/(

24
ﬁ = (C€37r+ Cf€3f) G € /j cwfvc

(6)
U F = L2x Y, X+ 29>
OX = 2x+29 X){_[Z 'HX]
%‘I_: X+ 2Y g/ \_‘/\Af—zd ‘a
2-2 1) = aea)e = G-+ )(R-271)
M(A'II) = d&;b[l 2—7\] ( ) -(7\ 1)(A=3)

- oL 2,': ) 22 =3 _
ngv“uo*‘m [l ll:] hos vV, = ["‘] w:r'n\ (A’I)V =
Lo
v = 1"] with (A-30)V; =0

—

Nc‘("\‘ul P\_. I =

Notiee A-3L = [—\' —-I'] hes

Thene fore, T l1) = e’ [’.'] + G e”[,']

Py # ce"’fj
.[_(,Le)(;e'f'z )

1

S ? M—) = (- c e




_E?‘é cpn/ﬁnMJ

(c.) {~29, XD
(5)=17 o115 Jeb (A-2T)=cbb [ 5= AH¥=0
Y’ 2 oJ Y 2 -2
A .. A =%3T
: (-2 -3]fU —s ~21U-2V =0
(A-‘MI)[‘U"J—[ 2 '3'»“\/,] Csyy=iun £ 4=/
Chowe  €- Ve chr [i’] with A=
— th o
Z= € [l} = (cos ('z*)-t—z.rm(z;f})([] ”)
(14) : Stn(?.k)J
= {:Sm[zt)lJr L [Co:(w ,)
[‘Y{ = (¢ s (24) t G om (z;t) ~Crinled] +6G CO.((Z;HZ]
[P77) skip 4o port (c) |
CC ) p= -2Y G) =2X f(“\ncl Cwl—cn'un &/m aq[ ,!"'Cufvt of ':—“-‘(-zygzx):
. , |
v _ Q- X — oxdx +29d9) = O
> P e d(x*+9*) = ©

X
. ‘Xv__‘_%z:ﬁ)zz

- 2 2 2
NOW IGTLJ CA’COA ?56 pMa/rw///w )(-{—‘{) ;:/?/
we hewe X = (gt G2t F Y= — a2t £ cor 24
Let vr

X* +Y

(6N UC/)IC/lCE/

f{_f o =2t Hoc
= (C ws 6 +CLJM(9] + ( Canb +6G C°Il9]

= ¢lew’@ GG Corbymd F G Jn'G + D
2+ C, *inte — AC G SO wr@ t G° w8

= ¢ (cos®0 +5n%B) + G 5in* B +cu?B)

= (_l +Cz — R?’ (7‘41(/ rc/w/?/ 76 ¢ ¢7?C j/
chora of (Geacrhnts




P?‘% con #n ved

(a.) Selve 24 -8 £ Q=39 ¢ P=3x+Y
dx P
4 _ 39
dX 3X+ 9
d% _ s dV
VX 3V
d9 = 4V Ly = 2 =
Tham > de Y 3x + VX V+3
AV _ 3V _y = 3v-vIvi) - ~v®
dx = Vv+3 V43 V+3
(V+3)dv . —odX
v? X
Ao+ 2 — | —dx
S(v L J—;‘
lnjvi- = = =Anlx] +C

= ~in(x]+C

—

{n (le" '«5;

Inl49] - Aatx) —-—- = "J'Vk/"'c
_ 3% =C

Conrz'c(er/ X = (C, 2 Cz/'(")@gf y 9 = G¢

3t

MX =3 = a]eet] - 3(arah)e”
n (4] o n o M
— fnC, + 3% - 3(Ci+Cad) P o imetsi zef
C. {)7
= In €+ 3~ 38 -34 P2
S"/"hr;/a_

1

Jn €~ 3G/,




P77 tenfnved

(b) d9- Q whn Q=%+29 P=2X+Y

dx P
dy — X+129
AX 2Xx + Y
=2 2 =XV . 9_1..% = 4+ X —
VI ? o Y X
\V 4+ x_é.L/ — X +2XV — |+2V
X 2x+ XV >+ V
2
oV _ 12V _y = je2v—v (2+Y) _ |-V
ax T 24V 2 +V SV
a+y = 9x
(l—vl)dv X
2tV A $ -2 = Z+\/=A(l~v)+8(l+\/)
l-v*® v L=V
) | \/-.:.ls 3 = 28 - 623/2.
v=-l| | =zA . AFY

—‘K——'-—Jr > )dv = S_q&X_
2 J\Vv+tl { ~V X

L( galv | 3o li-vl] = Anbd+C

s — Y = x2) + 2 ] :
(fo [2+1[- 5[~ 3| = 0+ 34
36b — o .
PGy L getradt Losadt (Xeg-eef)
* —C(et+ Cze-st —C' .l._Cze?—f = C‘e + Cze
~Cit Gett -c+ et o
3 ot 2 “9%
-5 = -(eraet) = —zc. Thl try
i 2@ 1+ G o._vwf“/\”\ ’t)b-d/k




P??‘ Can/):’ldecﬂ

return o #
An /;;’—(59+X//-—3’1n/—x’—(><—‘9// = In(x?/tecC

In [ x+9] =3 dn [X=9] + da[ 5] =3In[3] = Lnlx?) +2¢

fn/X-f%/ —3Mn(x-9] = In(x%)+inx = 3Inx +2C

Orf

Un (xt9] = 3hafx-9] = 2€] (bether)
1

2% 5
X+% = Gé€ - G€é + C,€J(A+ (Ze’*:o?cze.?f

X—9 = C"ebt'cte;(‘ _Qeal——-Cz,e};t— = —dG Et

tn | 2ce™| = 3in]-2C e*| = hnlea|t3t - 3mml-2G] —34

= Jﬁ\lzctl ~-3dn]2C]
—

2C
\n Himgs af’L (ldg
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— JZ- Sin (57(‘) —_ __;T;[n (;t—)

o Jsmnesh ) = L P Jentstr] o) -

(S ) - L |- )
-2'(5"4—::5) 2 (s*+!
Z2\s+33/ = A

H

@de@

P52 ~1s - _
Fel= 4 ~4sS+10 a(si-as+5) 3((5‘-//2+l/j
3(s—1) — 12 ~l2 = =6(2) - -3(2)

FO) = 3 (s + 4) .

aRlaN ::f;e*w(zt)-— 3¢k sin (24)

P83 Es2-13s+3 _ A , 8 C
S(s-1)(s-6) S S-1 S-6 y 1=¢6A
Cst-135+2 = A(S-1)(s-€) +BS(S-€)+Cs(s-/) 25> =5 = =58
Sz¢~ Mo=30cC
s | 14
Fis)= 357 * 51 7 36-9)

-
j (ﬁ ’Hi’)=-—\3,—+ei+ _1;_961‘




’/M"(E/“
y [ &0 " %c n
Nole (’/‘hr) [)): aE :Z—J{{) -‘=Z€"/)X
n=c n=o
N n
fan(x) = —LLIL XMH
E 2N+
00 n
_ B ‘ (—l) _LGﬂ
-(s) = E ) (s)
Da n
- _ { (—~]) - { |
olp “:} - Z AN+ £ SZ"H]M)
_ f (—-l) /fzrif/-l
= 2+l (sl -1 )]
B o2 1) 2n+| I
-(Pf el )"/F'
St‘n[*)

Il

('hxn“'(a} =0, no Contaat

neak
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‘ {
@ %I‘f‘ G?I'f" 59 = ‘aer , "9(0)—..:.”)/ ‘9’/0):?-

Y +s-7 + 6(s¥+t)+5Y —:.g'__%_
(324—6: +S)Y = —S+ ]+ sl-at

Y"’ ([~ S + . la __ A, 8 ,_C
S+ 6s+5 (s-1)(S*+6s+65) S-1 St S¢S

(-s)(s-1) +1a = A(SH)(S+S) + B(S-1) (S+S)+ C(5-D5+)
s=1] 1a = 13A = A=

s=-1] 9§ = 8(-2)(v) = 8= -1
Yy

__S_-'_:_:_SJ ¢(-6) +12 = c(~-6)(-4) => c =~

G(#)={t1 1 <t<ca8
3.4 1<t <3
0 3<t

01t = (£-1) (uie-1) ~ utt-a) + (3-4)(ur-2) = ul=3))
9(t) = (t-1)utt-1) + (3-# - (£-1))Uu(#-3) + (,%-—3)01 (#-3)
q(¢) = (£-1) ult-1) + (H-at)ult-a) + (£=3)u (£=3)

S {aw]e) = L {t+1-1fu + =L u-a+a)@ +e "L -3 7w
s S Il s T -t Tw te XL+ 15

-S | AN 1 —35 [
e S? e S? S

2







%//+L/«3/+‘/:? = ult-m) —ult-am ,9t)=4%)=p
Y-4YsY +4Y¥Y = +€ - L™

s
. TS -2
(st-ds +4)Y = L(e™- ™)
\__—y.~/z
(s-2) l
~1nr ~2Tf
7 = —5 (& i
Y s(s-2)* )
__..__\ e = ._p:_ + -—B---[-
S (s-3)? ) s-a (§-3)°

| = A(s-a)°+ B8S(s-2) +CS

s=of | =YA <+ A= Y4
S=a] | =ac & €=V
<= 1=A—e+ct—-aR=A+c—-I=—'—+—‘—- =

gl

Y pA L{
o | | -Ts -2ws
Y = (qs q(s-a) 'a(s~a)2) (e ™)

g/——"_\d/—————w

G(s)

=T IRy
Y(s) = Gloye — Glae
X 4y = (- e ® " 4 L m) é@”w) Ub-71) +
(:_ ({T*T,{_ez(bzrr)‘l_ L(-an) ea(f—arr)) WE-RTT)




Pa0) 9" +59 16y = 9., 9L =0, 9') =3

9(#) = £ (alt-1) - ult=5)] +1-ult~5)
o (# = futt-1) + ((-Z)ulr-5)

Toha /\Ap/aa dranthirm of ¥ ,
Y=g+ 55Y+CY = A {tn]wre L=t ]

(*+55+6)Y = a+ e (mryg) + e (- f)

a | 1 -
= + 1) 57 l -9 _ 1
Y (Sz+8)e + = ( z)e

S eSs+6 Si%6s5+6

POJ'H(JZ Frochiongs oduep/bm/

Q - a ___I__ +—-|—- - 1 + 2 -3
Y = S+a  S+3 +<3es 6s?  d(sw) q(s+3) c
,ﬁ-- L + =3 _ Ll ) -Sy
T (365 65z = 4(s+a)  A(s+3)

r 7
- - ~2 (- -7 (4~
'tg:ae”-ae 3*+(§16—+—é(%-1)'-4-82(f ”+z}a-e j}ult-/)+

_tq [ - ?_ —-2(1'_5) - -
+ (5—"6‘(* s)+ e - A3l ”)u(f—s)

P tee problomn staot

P13) Wiw = §(#-1)  wils) =w') = 0
SPW + W = e ¥

W= (514’-1 Je™

W = Sin (*“W)u&_n—}




(93) Solve 97 #9 = 46(¢-2) +4°, )= 0, 9 1) =2

~2 Z_
s*Y-a +Y = e Y+ S?

(s5+1)Y = 2 +4E% +

Y —25

'Y:—-——-——-—"‘a + — €

+ 2

s*+)\ s¥+| +1) ) cxl%,wbm
~7 —23 as Q
Y= a4 e®+ — 3

S*+| S™+ s? S*+|
[ = asint + Hsin (-2 U lt-2) st + ot -3 )

@ homma hite @ I/D/fng Mo Jyd‘/&m ot jf: T/ g/‘ve/

a
s* (s

IX 4 oa9x = —38(4-7/2)
At
W;’H“ X(¢) = | and X'(0)= O. Find 41\1 69{& od mehion
—— ~TIS,
$*X-s+ 91X = -3e /2
s 3 ~TS/
X = s*+9 s&4+4

= cos(34) = Sin (3(£-T)) W (# Sy

X = ¢os (34) (S[” (34) eos (=34 ) = cos(3£)sin (3"72,/)14(,{——%2)

X = oS 3%) — (COS‘B}:)MH‘—W/z)

X(# =0 Fr £ >0
(hwnn\m J“}U/JJ mfiin o/’/'/'f'zﬂ/z/







