MaTH 231

MissioN 2: CURVES, COORDINATES, SURFACES & CALCULUS OF PATHS

Same instructions as Mission 1. Thanks!

Problem 21

Problem 22

Problem 23

Problem 24

Problem 25

Problem 26

Problem 27

Find the Cartesian equation of the surface parametrized by

—

(e, B) = (cos f cosh a, cos B sinh v, sin 3).

What did we call such a surface ?

Consider S = {(z,y,2) € R® | x + 2y + 32 = 6}

(a.) Identify this surface, what is it 7 Make a rough sketch.

(b.) Find a parametrization of S which uses z,y as parameters.

(c.) Let S; = {(z,y,2) € S| 2 +y*> < 1}. Find a parametrization of S; which has
domain for the parameters of [0, 27| x [0, 1].

Consider S = {(z,y,2) € R? | 2% + 3y? = 1}

(a.) Identify this surface, what is it 7 Make a rough sketch.

(b.) Find a parametrization of S which does not involve square roots.

(c.) Let Sg = {(z,y,2) € S| y > 0}. Find a parametrization of Sg which is formed by
approrpriately limiting the domain of the parameters in part (b.)

Consider S = {(z,y,2) e R® | (zx = 1)* + y* + (2 + 3)* = 4}

(a.) Identify this surface, what is it 7 Make a rough sketch.
(b.) Find a parametrization of S which does not involve square roots.

(c.) Let Sp = {(x,y,2) € S| x > 1}. Find a parametrization of S which is formed by
approrpriately limiting the domain of the parameters in part (b.)

For each surface below, identify the surface, make a rough sketch and finally provide a
parametrization which does not use square roots. Please indicate the domain of your
parameters as well and indicate if your parametrization does not cover the whole surface.

(a.) 2 +y*—22=0
(b.) 22 —2y* - 922 =1
(c.) 22 +y*—422 =1

Suppose C'is a circle of radius R which rests on the plane with equation x + 2y +4z = 13.
The center of the circle is at (3, 1,2). Suppose the circle goes counterclockwise with respect
to the axis (1,2,4). Find a parametrization of C' where ¢ = 0 puts your path at a point
in the (0,2, —1)-direction relative to the center of the circle.

The equations and inequalities below make use of standard cylindrical and spherical coor-
dinates as given in the notes. Determine the curve or surface described and give a rough
sketch.




(a.) rP+22=4
(b.) p=1with0< ¢ <7/4
(c.) 0 =7/3 and p=2
(d.) r=3and z=2with 0 <0 < 7/2
Problem 28 Parametrize the curve of intersection as instructed:
(a.) x+y+2z=0and p=2 using # as a parameter,
(b.) z =3 and ¢ = 7/4 using 6 as a parameter,
(c.) p=3and 0 = /6 using ¢ as a parameter,

Problem 29 Consider the vector A = 7 + 37 — 2.
(a.) express A in terms of the cylindrical frame 7, 6,
(b.) express A in terms of the spherical frame ) g?s, )

Remark: see my notes for discussion of the cylindrical and spherical frames. Unlike the
Cartesian frame 7, ¥, z, the unit-vectors 7, p, 0, ¢ have a dependence on the basepoint of
the vector.

Problem 30 Let 7(t) = (sint,e ¢, t?). Find:

(@)

(b.) the parametrization of the tangent line to the given path at (0, 1,0)

. 1 .
Problem 31 Let A = <¥, Vt, ln(t)> and suppose B is a constant vector. Calculate (leave answers in

terms of B and « and x as appropriate )

—

(a.) diff B,

(b) SAxB,

o [ (5 stat)

Problem 32 For each path below, find the parametrization of the colliding tangent line at ¢t = ¢y,

(a.) F(t) = (t,t*,3) with t; =1
(b.) Y(t) = (tcost,tsint, t?*) with tq = 7/2
(c.) 7(t) = (*In(t + 1), t + 3) with to =0

Problem 33 Calculate the following given that A(t) = (1,¢,¢2) and B(t) = (e, 2¢ In(t 4 2))

(a.) 4 [cos(tz)ff]




(b.) 4 [<1,2,3> ./q
(c.) &
(d.) %(A‘og)(t) where ¢(t) = sint

(e.) ‘ZQT? and ‘575

[é x (1,2, 3>] (you may leave answer as cross product)

Problem 34 Let g,é be a constant vectors. You should use E, C in your answers as appropriate.
Calculate:

(a) < [t§ +t26]

(b.) 4 [(t,t2,t3> x 6]
(c.) B [} (mm(ﬁ)é) dt
(d.) f(§+e—t6) dt

Problem 35 Find the colliding tangent line to J(t) = (t3 — 1,¢2,t*) at the point (0,1,1). At what
angle(s) does this line intersect the sphere p =3 ?

Problem 36 Prove 4 f; F(u)du = F(t) where F = (Fy, F5, F3) has continuous component functions.

Problem 37 Suppose A and B are both differentiable 3-vector-valued functions of time ¢. Prove the

following identities:
d(xX.n dA [ x.dB
(AeB)=ZeB+ A

(a.) T

dt
(b)) L(AxB)=4U x B4+ Ax 4B

Problem 38 Suppose ||A(t)|| = 1 for all t. Show A and dA/dt are orthogonal.

Problem 39 Find the arclength function based at ¢ = 0 in terms of an integral for each paths below.
Then, if possible with techniques from Calculus II, solve the integral:

(a.) 7(t) = (tcose!, tsinet)
(b.) 7(t) = (t,t*, %)
(c.) 7(t) = (tcost,tsint,t)

—

Problem 40 Let ((t) = (zo, Yo, 20) + t{a, b, c) where a,b, ¢ are constant and (zg, o, z0) is a given point.
Calculate the arclength as a function of time ¢ using ¢ = 0 as your base time. Does the
value of your arclength function at ¢ = 1 make sense given the geometry in play for this
curve ?



