MaTH 231

MiSSION 6: TANGENT SPACES & DIFFERENTIALS, CURVED CALCULUS

Same instructions as Mission 1. Thanks!
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Problem 111

Suppose S is the surface defined by F(x,y, z) = xyz = 1. Find the equation of the tangent
plane and the parametrization of the normal line through (1,1, 1).

Find a parametrization X of S from the previous problem which provides a patch in the

locality of (1,1,1). Use a, B for your parameters and find the normal-vector field N (o, B)

by computing ]\7(a, B) = 8—X x 2% Do you obtain the same normal vector at (1,1, 1) with

this patch?

Let F(x,y, z) = zy*23 = 67 define a surface and suppose (a, b, ¢) is a point on this surface.
Find the equation of the tangent plane to the surface at the point (a,b,c).

Consider the graph z = 3 + 2% + 3?. Find the equation of the tangent plane at (—1,2,8).

Let 7(s, t)

= ( t, st> be the parametrization of a surface M. Calculate the normal vector
field N(s, t) =

or \ Or - and find the equation of the tangent plane to M at (4,—1,2).
Label the solution set of 2 =y — 22 as M.

(a.) present M as a level-surface for some function F. Explicitly state the formula for F.
Find the normal vector field on M.

(b.) parametrize M and once more find the normal vector field. This time find N explic-
itly in terms of your chosen parameters.

Suppose w = x? +y — z +sin(t) and x +y = t. Calculate the following constrained partial
derivatives:

wE). wE), e, @),

0
Suppose w = 2% + y2% where  + y + ¢* = y? + 22. Calculate <8_w) .
x
Y

Suppose w = zy + yz and x + y® + z = 1. Calculate (a—w) and (%)y.

12 OK om o _ _
Suppose K = gmv®. Show 5902 = —1.

For each vector field B below, find ¥ such that V¥ = B, or explain mathematically why
no such ¥ can exist.

(a.) B(z,y, 2) = (€3 + zy22%, ycos(y?) + x2yz2, cosh? z + 2%y%2)
(b.) B(x,y,2) = 2w+ 2, 2%, y).
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The task of solving of an exact differential equation and the problem of finding a potential
for a conservative vector field on the plane are nearly the same problem. For the differential
equation, the solution should be given as a level set G(x,y) = ¢ where the value of ¢ may
be specified if a point on the solution curve is given. For the vector field, the solution is
an expression for f(x,y) such that the gradient of f reproduces the given vector field. To
make the choice of f unique we would need to specify a value for f at some point. In
physics, —f is the potential energy for the force (2xy* + cos(x), 2yx* + sinhy) .

(a.) Solve (2zy* + cos(z)) dr + (2yz? + sinhy) dy = 0.

(b.) Find f for which Vf = (2zy* + cos(x), 2yx* + sinhy).

A differential equation Mdx + Ndy = 0 is said to be exact if there exists a function G
for which dG = Mdx + Ndy. In the case the differential equation is exact it has solutions
given by G(z,y) = c. If the differential equation below is exact then find its solutions,
otherwise explain why the given differential equation is not exact.

(a.) 23dx + cos(y)dy =0

(b.) ydx + (1 +zy)dy =0

(c.) <x2+y)dx+( )dx:()

Let © = rcosf and y = rsinf. The kinetic energy of a mass m is given by K = imuv

3r

Derive the formula for kinetic energy in polar coordinates using the dot-notations & =7

2

and fg — 6 to formulate your answer.

Let f(z,y) = tan™'(y/x).
(a.) Calculate Vf and simplify answer in Cartesian coordinates,

(b.) Calculate V f and simplify answer in polar coordinates,

We defined spherical coordinates by z = pcosfsing, y = psinfsing and z = pcos ¢.
Derive the formula for ¢ ( the unit-vector field in the direction of increasing ¢ ).

We derived formulas for the gradient in the spherical coordinate system and frame. Answer
the following questions in light of those formulas:

(a.) Let f(z,y,2) = (:1:2+y2—|—z2)tan Yy/x) + cos™ (z/\/2% + y*> + 22). Calculate V.
(b.) Suppose F = 0 p+ sin®(¢) ggﬁnd f such that Vf = F.

Let o = ax + by and B = cx + dy. Find the formula for V f in terms of derivatives with
respect to «,  and the unit-vector fields in the dierction of increasing o and 5 which we
denote & and B ( that is, find the formula like V f = af P4 L 3f 50 for the o, B coordinate
system )
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A curve C in the plane may be described implicitly or parametrically. Suppose C' is given
implicitly as the solution set of G(x,y) = k. In other words, C = G~'{k} where G
is a level function for C. A path t — 7(t) = (z(t),y(t)) is a parametrization of C
fort € I C R if G(r(t)) = k for each t € 1. In other words, 7(I) = C and 7" is a
parametrization of C'. Suppose both G and 1 are smooth in what follows so all the rules
of calculus apply. Suppose dG = Mdx + Ndy.

(a.) Use the chain rule to determine how (M, N) and % relate at p = 7(to) € C.
g

(b.) Explain why C' is a solution of % =
Let F = (M, N) be a vector field. A path t — 7(t) = (z(t),y(t)) is an integral curve or
stream line of F if F(F(t)) = <. Euplicitly,
dr dy dx dy
M(7(t)), N(r(t))) =( —, — & M((r(t) = — & N(r(t)) = —=.
o), NN = (G- %) (7)) = 2 e Nrtey) =
Thus, technically, to find the integral curves (parametrically) to a given vector field we
have to solve a pair of first order differential equations. These could be rather challenging
i general. That said, there is a nice trick in the case that the vector field depends only

on coordinates of space. In this static context, we can make the following formal calculus
steps: for y and x on the integral curve,

d
dy _a _ N
de % M’

Thus, to find integral curves of (M, N) we need only solve Z—g = % But, we learned how

to solve such differential equations in Calculus II. With this background in mind, let us
consider the following tasks:

(a.) Let F = (—y, x). Show 7(t) = (Rcost, Rsint) is an integral curve of F.

(b.) Solve the differential equation g—g = % for the vector field given in (a.). Verify your
Carteisan coordinate based solution has the path given in (a.) as a parametrization.



